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PREFACE. 

^  I  ^HE  Opinions  of  the  Modems  concerning  the  Author  of  the 
1  Elements  of  Geometry  which  go  under  Euclid's  Name,  are 
Tery  different  and  contrary  to  one  another.  Peter  Ramus  afcribes 
the  Propofitionsj  as  well  as  their  Demonftrations,  to  Theon }  others 
think  the  Propofitions  to  be  Euclid's^  but  that  the  Demonftratioos 
are  Theon's^  and  others  maintain  that  all  the  Propofitions  and  their 
Demonflrations  are  Euclid's  own,  John  Buteo  and  Sir  Henry  Savile 
are  the  Authors  of  greatefl  Note  who  affert  this  lafl,and  the  greater 
part  of  Geometers  have  ever  fince  been  of  this  Opinion,  as  they 
thought  it  the  moft  probable.  Sir  Henry  Savile,  after  the  feveral 
Arguments  he  brings  to  prove  it,  makes  this  Concluflon  (Pag.  1 3. 
Praeleft.)  *^  That  excepting  a  very  few  Interpolations,  Explicati- 
**  ons  and  Additions,  Theon  altered  nothing  in  Euclid.'*  But,  by 
often  coftfidering  and  comparing  together  the  Definitions  and  De« 
monibations  as  they  are  in  the  Greek  Editions  we  now  have,  I 
found  that  Theon,  or  whoever  was  the  Editor  of  the  prefent  Greek 
Text,  by  adding  fome  things,  fupprcfling  others,  and  mixing  his 
own  with  Euclid's  Demonflrations,had  changed  more  things  to  th^ 
v/orfe  than  is  commonly  fuppoled,and  thofe  not  of  fmall  moment, 
efpccialiy  in  the  Fifth  and  Eleventh  Books  of  the  Elements,  which 
tills  Editor  has  greatly  vitiated,  for  inftance,  by  fubAituting  a 
fljorter,  but  infufficient  Demonftration  of  the  1 8th  Prop,  of -th^ 
5rh  Book,  in  place  of  the  legitimate  one  which  Euclid  had  given  j. 
&ud  by  taking  out  of  diis  Book,  befides  other  things,  the  good.De- 
iinition  which  Eudoxus  or  Euclid  had  given  of  Compound  Ratio^ 
and  giviog  an  ablurd  one  in  place  of  it  in  the  5ih  Definition  of  the 
<>ch  Book,  which  neither  Euclid,  Archimides,  Apollonius,  nor  any 
Oeomcter  before  Theon's  Time,  ever,  made  ufe  of,  and  of  which 
there  is  not  to  be  found  the  leafl  appearance  in  any  of  their  Writ- 
ings, and  >as  this  Definition  did  much  embarraiii  Beg^mers,  and  is 
quite  uielefs,  it  is  now  thrown  out  of  the  Elements,  and  another 
which  without  doubt  Euclid  had  .given,  is  put  in  its  proper  place 
among  the  Definitions  of  the  5  th  Book,  by  which  the  Doftrbc  of 
Compound  Ratios  is  rendered  plaip.  and  eafy.  Befides,  among  the 
Oefiuidons  of  the  1 1  th  Boqk,  there  is  this,  which  is  the  i  cth,  viz* 
£^u4  ^(i.  iiniilar  folid  figures  ^re  thofe  which  are  CQUtoined  by 
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PREFACE. 

ff  fimilar  pistes  of  the  fime  nnmber  and  magnimde.'*     Now  tliS| 
jPropofition  is  a  Theorem,  not  a  Dcfioition,  becaufe'the  eqaafity  oJF 
figures  of  any  kind  muft  be  demcxifbated,  and  not  aflbmed.  and 
therefore,  tho^  this  were  a  tme  Propofition,  it  ought  to  have  been 
demonftrated.    But  indeed  this  Propofition,  which  makes  the  i  oth 
Defimtion  of  the  nth  Book,  is  not  tnie  univerfally,  except  in  the 
cafe  in  which  each  of  the  Ibiid  angles  of  the  figures  is  contained  by 
no  more  than  three  plane  angles ;  for,  in  other  cafes,  two  fblid  fi«r 
gures  may  be  contained  by  fimilar  planes  of  the  fame  number  and 
magnitude,  and  yet  be  unequal  to  one  another  i  as  (hall  be  made 
evident  in  the  Notes  fubjoiped  to  thefe  Elements.     In  like  man* 
tier,' ill  the  jDemonftradon  of  the  26th  Prop,  of  the  nth  Book,  it 
Js  taken  for  granted,  that  thofe  folid  angles  are  equal  to  one  ano- 
ther  which  are  contained  by  plane  angles  of  die  fame  number  and. 
magnitude  placed  in  the  fame  order ;  but  nother  is  this  univerfally 
fatie,except  in  the  cafe  in  which  the  |olid  angles  are  contained  by  no 
morerthdn  three  plane  angles ;  nor  of  this  cafe  is  there  any  Demon- 
idradon  In  t^e  Elements  we  now  have,  thp'  it  be  qpite  nece/Iary 
therd  fhould  be  one.     Now  upon  the  i  oth  Definition  of  this  Book 
depend  the  25th  arid  28th  Propofitions  of  it ;  and  upon  the  25  th 
and '26th  depend  other  eight,  viz.  the  27th,  31ft,  3  2d,  33d. 
34th,  '36th,   37  th,  and   40th  of    the  fame  Book,    and  the 
1 2th  of  the  1 2th  Book  depends  upon  the  8th  of  the  fame,  and 
this  8th,  and  the  Corollary  oi  Propofition  1 7th,  and  Prop.  1 8th 
of  the  T  2th  Book  depend  upon  the  9th  Definition  of 'the  i  ith 
Book,  which  is  not  a  right  Definition,  becaufe  there,  may  be  fblids 
contained  by  the  fkme  number  df  finular  pla|\e  figure,  which  are 
not  fimilar  unto  one  another,  in  the  true  fenfe  of  fimilarity  re* 
eeived  by  all  Geometers*  and  all  thefe  Propofitions  have,  for 
thefe  reafbns,  been  infufRciendy  demonibuted  fmce  Theon*s  time 
hitherto.     Befides,  there  are  feyeral  6ther  things,  which  have 
nothing  of  EucDd^  accuracy,  and  which  plainly  fhew  that  his 
Elements  have  been  much  corrupted  by  unOdlful  Geometers. 
tmd  ^ho'  thefe  are  not  fb  grofs  as  the  others  now  mentioned. 
they  biigbt  by  no  meai^s  tp  remain  uncorrefted* 

Upon'  thefe  Accounts  it  appeared  neceffary,  and  I  hope  will 
prove  acceptable  to  all' tiovers  of  Accurate  Realbning  and  of  Ma-^. 
thematicai  Learning,  to  remove  fuch  blenufhes,  and  reflore  the 

Irincipal  Books  of  the  Elements  to  thdr  original  Accuracy,  as  fa^ 
5  I  was  able  \  efpecially  fince  thef^  Elements  ar^  the  foundation 

«%    J    .    •    H 


f'  It  £  F  A  C  e1 

«f  a  Science  by  which  the  Inveftigadon  and  Difcovery  of  tiMut 
Trnthsj  at  leaff  in  Mathematical  Leading,  is  promoted  as  far  aV 
^e  lutdted  Powers  of  the  Mind  allow  ;  and  which  likewife  is  of 
the  greateft  Ufe  in  the  Arts  both  of  Peace  a&d  War,  to  many  of 
trhich  Geometry  is  abiblntely  neceflary.  This  I  h£?e  endea- 
voured to  do  by  taking  away  the  inaccurate  and  faHe  Realbnings 
whidi  vnfldlfnl  Editors  have  pnt  into  the  place  of  fbme  of  the 
genuine  Demonftrations  of  Eodid,  who  has  ever  been  juftly  cele- 
brated as  the  moft  accurate  of  Geometersi  atld  by  reftoflilg  to  him 
thofe  Things  which  Theoh  or  others  have  fuppi  efled/  and  which 
have  theie  many  ages  been  bnried  in  Obliiaon; 

In  this  Edition  Ptolomy^s  Propofidod  concerning  a  proper- 
ty of  quadrilateral  figures  idr  a  drde  is  added  at  the  end  of  the 
fixth  Book.  Alio  the  Note  on  the  ipth  Prop.  Book  {R  is  alter- 
ed, and  made  more  explidt.  And  a  niibre  geheral  Demonftration 
h  g^Tcn  inftead  of  that  which  was  in  the  Note  on  the  i  oth  De- 
finition of  Book  I  ith.  befides  the  Tranflation  is  mudi  amended^ 
^7  tfaie  friendly  affiikanct  of  a  Icarniid  Gentleman. 
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BOOK    I. 


DEFINITIONS. 


Xx,  Point  is  thatwhich  hath  no  parts,  or  which  hath  no  magnitude.  ^  ^ouu 

n. 

A  Unc  is  length  \idthotit  breadth. 

ni. 

The  extremities  of  a  line  are  points* 

IV. 
A  flraight  line  is  that  which  lies  evenly  between  its  extreme  points. 

V. 
A  (iiperfides  is  that  which  hath  only  length  and  breadth* 

VI. 
The  extremities  of  a  fuperficies  are  fines. 

VII. 
A  plane  (uperficles  is  that  in  which  any  two  points  beuig  taken.  See  K. 
the  ifa^aight  line  between  them  lies  wholly  in  that  fuperficies. 

vin. 

•  A  plane  angle  is  the  inclination  of  two  fines  to  one  another  in  ^a  S«  N. 

**  plane,  which  meet  together,  but  are  not  in  the  fame  dircftion." 

IX. 
A  plane  re^Vifinealangle  is  the  incfinationof  twoftraightllties  to  one 

another^  which  meet  together,  but  are  not  in  the  fame  ftraight 

line. 
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Book  I. 


C  B 
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^  N.B*  When  ieveral  angles  are  at  one  point  B,anyone  of  them 
Is  exprefled  by  three  letters,  of  which  the  letter  that  is  at  thep«f« 
tcx  of  the  angle,  that  is  at  the  point  in  which  the  ftraight  lines 
that  contain  the  angle  meet  one  another,  is  put  between  the 
other  two  letters,  and  one  of  theie  two  is  fomewhere  upon  one 
of  thoie  ftraight  lines,  and  the  other  npcxi  the  other  line,  thus 
the  angle  which  is  contained  by  the  ftraighc  lines  AB,  CB  is 
named  the  angle  ABC,  or  CBA ;  that  which  is  contained  by 
AB,  DB  is  named  the  angle  ABD,  or  DBA ;  and  that  which  is 
contained  by  DB,  CB  is  called  the  angle  DBC,  or  CBD.  bnt 
if  there  be  only  one  angle  at  a  point,  it  may  be  expreifed  by  a 
letter  placed  at  that  point-,  as  the  angle  at  £•* 


When  a  flraight  line  ftanding  on  another 

(Iraight  line  makes  the  adjacent  angles 

equal  to  one  another,  each  of  the  an« 

gles  is  called  a  right  angle ;  and  the 

ftraight  line  which  ftands  on  the  other 

is  called  a  perpendicular  to  it.  '  ' 

XI. 
An  obtoft  angle  is  that  which  is  greater  than  a  right  anglCf 


«i 


XII. 

An  acute  angle  is  that  which  is  lefs  than  a  right  angle. 

xin. 

**  A  term  or  boundary,  is  the  extremity  of  any  thing.^ 

XIV. 
A  figure  is  that  which  i&  inclofed  by  one  or  more  boundapcft- 


f 

I 

OPEUCLID.  I 

^^*  Book  I. 

A  drcfc  is  z  plane  figure  contained  by-^one  Sne^  which  is  called  \^y^ 

the  drcamfiutnce,  and  i$  fnch  that  all  ftraight  lines  drawn  from 

a  ceitatn  point  i^thin  the  figure  to  the  drcoffiference,  are  eqoal  ^ 
totxie  anocfaeTf 


XVI. 
t     And  this  point  is  called  the  center  of  the  circle, 

xvn. 

A  diameter  of  a  drde  is  a  ftraight  line  drawn  thro' the  center,  and  teW 
terminated  both  ways  by  the  circumference. 

xvra. 

A  iemidrde  is  die  figure  contained  by  a  diameter  and  the  part  of 

the  drcumference  cut  off  by  the  diameter. 

XE. 
^  A  iegment  of  a  drde  is  the  figure  contained  by  a  ftnught  line 

^  and  the  drcumference  it  cuts  off.** 


ReAilineal  figures  are  thole  which  are  contained  by  ftraighc 
lines. 

XXI. 
Trilateral  figures,  or  triangles,  by  three  ftraight  lines* 

XXII. 
Quadrilateral,  by  four  Araigbt  lines, 

XXHL 
Multilateral  figuresj  or  Polygons,  by  more  than  four  ftraight  lines. 

XXIV. 
Of  three  fided  %ures,  an  eq;uilateral  triangle  is*  that  which  has 
three  equal  fides. 

XXV. 
Afi  ifofoeks  triangle,  is  that  which  has  only  two  fides  eaiiaL 

A  a 


THE     E  LE  M  E  N  T  S 


Book  I. 


XXVI. 

A  fcalene  triangle^  is  that  ^bich  has  three  unequal  fides. 

xxvn. 

A  right  angled  triangle^  is  that  which  has  a  right  angle. 

xxvnL. 

An  obttife  angled  triangle,  is  that  which  has  an  obtufe  anglew 


XXIX. 

An  acute  angled  triaaglc,  is  that  which  has  three  acute  angles;    ^ 

XXX. 
Of  four  fided  figures,  a  fquare  is  that  which  has  all  its  fides 
equal,  and  all  its  angles  right  angles. 


XXXI. 

An  oblong  is  that  which  has  all  its  angles  right  angles,  but  has 
not  all  its  fides  equal. 

xxxn. 

A  rhombus  is  that  which  has  all  its  fides  equals  bcU  its  angles, 
are  not  right  angles. 


SeeN. 


xxxm. 

A  rhomboid  is  that  which  has  its  oppofite  fides  equal  to  one  ano- 
ther, but  all  its  fides  are  not  equal,  nor  its  angles  right  angles* 


O  F     E  U  C  L  I  D.  y 

XXXIV.  g^j^  j^ 

All  other  four  flded  figures  befides  thele,  are  called  Trapeziums. 

XXXV. 
Parallel  Araight  lines,  are  fuch  as  are  in  the  fame  plane,  and 
which  bdng  produced  ever  (o  far  both  ways,  do  not  meet* 


P  O  S  T  U  L  A  T  E  S. 

I.  . 

LE  T  it  be  granted  that  a  flxalght  line  may  be  drawn  from 
any  one  point  to  any  other  point. 

,   n. 

That  a  terminated  ftraight  Ime  may  be  produced  to  any  length 
in  a  ftraight  line. 

^      in. 

And  that  a  circle  may  be  deicribed  from  any  center,  at  any 
diftancc  from  that  center. 


AXIOMS. 

I. 

THINGS  which  are  equal  to  the  iame  are  equal  to  om 
,    anodier. 

n. 

If  eqoab  be  added  to  equals,  the  wholes  ar«  equal. 

m. 

If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V. 
If  equals  be  taken  from  unequals,  the  remainders  are  unequal. 

VI. 
Things  which  are  double  of  the  fame,  are  equal  to  one  another* 

vn. 

,    Things  which  are  halves  o^  the  iame,  are  equal  to  one  another. 

*  vm. 

Magnitudes  which  ccMUCide  with  one  another,  that  is  which  exaft* 
ly  fill  the  lame  fpace,  are  equal  to  one  another. 

A3 
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t  THEELEMENT8 

Book  I.  IX 

The  vfhcit  is  greater  than  its  part. 

X. 
Two  ftraight  lines  cannot  indofe  a  ipaoe. 

XL 
All  right  angles  are  equal  to  one  another. 

xn. 

*'  If  a  ftraight  line  mecS  two  ftraught  lines,  ib  as  to  make  the 
<<  two  interior  angles  on  the  fiune  fide  of  it  taken  together  left 
<<  than  two  right  angles,  thcfe  ftraight  lines  being  continually 
^  produced  (hall  at  length  (meet  upon  that  fide  on  which  are 
^  the  angles  which  are  lefs  than  two  right  angles*  See  the 
*^  notes  on  Frop.  29*  of  Book  L* 
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OFEUCLID.  7 

PROPOSITION!.      PROBLEM.  Book  I. 

TO  deicribe  an  equilateral  triangle  upon  a  given  V/VNJ 
finite  firaight  Une. 

Let  AB  be  the  gken  ftraight  line^  it  is  required  to  defaibe  an 
equilateral  tiiangle  apoa  it. 

From  the  center  A^  at  the  di« 
ftance  AB  defcribe  *  the  circle 
BCD.  and  from  the  center  B,  at 
the  Jiftance  B  A  defcribe  the  circle 
ACE ;  and  from  the  point  C  in 
which  the  circles  cut  one  another 
draw  the  ftraight  lines  ^  CA,  CB 
to  the  points  A>  B.  ABC  (hall  be 
an  equilateral  triangle. 

Becauie  the  point  A  is^he  center  of  the  circle  BCD,  AC  is  equal 
*  to  AB.  and  becaufe  mj*  point  B  is  the  center  of  the  circle  ACE,  c.  15th  Dc- 
33C  is  equal  to  BA.  but  i%  has  been  proved  that  CA  is  equal  to     fioitioji. 
AB;  therefore  CA,  CB  are  each  of  them  equal  to  AB.  but  things 
which  are  equal  to  the  fame  are  equal  to  one  another  <>;  therefone  a.  id  Axl" 
CA  is  equal  to  CB.  wherefore  CA,  AB,  BC  are  equal  to  one  ano- 
ther, and  the  triangle  ABC  is  therefore  equilateral,  and  it  is  defcrib- 
cduponthegivenftraightline  AB.  Which  was  required  to  be  done. 


b.  Ad  Poft. 


om. 


F 


PROP.    n.     PROB. 
ROM  a  given  point  to  draw  a  ftraight  line  equal 
to  a  given  ftraight  line* 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  line ;  it 
is  required  to  draw  from  the  point  A  a  ftraight  line  equ^  %o  3C. 

From  the  point  A  to  B  draw*  the 
ftraight  line  AB ;  and  upon  it  de« 
fcribe  ^  the  equilateral  triangle  DAB, 
and  produce  « the  ftraight  lines  DA, 
DB  to  E  and  F;  from  the  center  B, 
at  the  diftance  BC  defcribe  '  the 
circle  CGH,  and  from  the  center  D, 
at  the  diftance  DG  defcribe  the 
circle  QKL.  AL  ftiall  be  equal  to 
BC. 

A4 


tu  t  Poft. 


<s.  3.  Poat 


s 
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Book  L       Bccaufe  the  point  B  is  the  center  of  the  circle' CGH,  BC  is  e- 

Vfc^YXJ  qual  *  to  BG.  and  becaufc  D  is  the  Center  of  the  circle  GKL,DL 

e.  ts.  Def.  is  equal  to  DG,  and  DA,  DB  parts  of  then^  are  equal;  therefore 

i.  3.  Ax,    the  remainder  AL  is  equal  to  the  remainder  f  BG.  but  it  has  been 

fliewn  that  BC  is  equal  to  BG ;  wherefore  AL  and  BC  are  each 

of  them  equal  to  BG.  and  things  that  are  equal  to  the  fame  are 

equal  to  one  another ;  therefore  the  ftraight  line  AL  is  equal  to 

BC.  Wherefore  from  the  given  point  A  a  ftraightline  ALhas  been 

drawn  equal  to  the  given  ftraight  line  BC.   Which  was  to  be  done. 


F 


PROP.   in.     PR  OB. 
ROM  the  greater  of  two  given  ftraight  lines  to  cut 
o£F  a  part  equal  to  the  lefs. 


a*  1. 1. 


F 


Let  AB  and  C  be  the  two  p- 
ven  ftraight  lines,  whereof  AB  is 
the  greater.  It  is  required  to  cut 
off  from  AB,  the  greater,  a  part 
equal  to  C  the  lefs.- 

From  the  point  A  draw  ■  the 

'  '      ftraight  line  AD  equal  to  C  5  and 

from  the  center  A,  and  at  the  di- 

b.  3.  Poft.  stance  AD  defcribe  ^  the  circle  DEF.  and  becaufe  A  is  the  center 

of  the  circle  DEF,  AE  (hall  be  equal  to  AD.  but  the  ftraight 

line  C  is  likewife  equal  to  AD.  whence  AE  and  C  are  each  of 

CM.  Ax.    them  equal  to  AD.  wherefore  the  ftraight  line  AE  is  equal  to  * 

C,  and  from  AB  the  greater  of  two  ftraight  lines,  a  part  AE  has 

been  cut  off  equal  to  C  the  lefs.     Which  was  to  be  done. 

PROP.  IV.  THEOREM. 

TF  two  triangles  have  two  fides  of  the  one  equal  to 

two  fides  of  the  other,  each  to  each ;  and  have 

likewife  the  angles  contained  by  thofe  fides  equal  to 

one  another :  they  fliall  likewife  have  their  bafcs,  or 

third  fides  ^  equal ;  and  the  two  triangles  fhall  be  equal  j 

and  their  other  angles  fliall  be  equal,  each  to  each,  viz. 

thofe  to  which  the  equal  fides  are  oppofite. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides  AB, 
AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB  to  DE, 
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and  AC  to  DF ;  and  die  an-     A  J)  Book  I, 

glc  BAC  equal  to  the  angle  * 


EDF.  dicbafe  BC  (hall  be  c- 

cqual  to  the  bafe  EF;  and  the 

triangle  ABC  to  theicrlangle 

D£F ;  and  the  other  angles, 

to  which  the  equal  fides  are 

oppofitej  (hall  be  equal,  eachTT 

to  each,  viz*  t)ie  angle  ABC 

to  the  angle  D£F,  and  the  angle  ACB  to  DF£. 

For  if  the  triangle  ABC  be  applied  to  D£F  fodiat  the  point  A 
may  be  on  D,  and  the  ftralght  line  AB  upon  DEj  the  point  B  fhall 
ccMudde  with  the  point  £,becauie  AB  is  equal  to  DE.  and  AB  com« 
dding  with  DE,  AC  (hall  coinddewith  DF,becaufe  the  angleBAC 
is  equal  to  the  angle  EDF.  wherefore  alfo  the  point  C  (hall  coin- 
dde  with  the  point  F^becaufe  the  firaight  line  AC  is  equal  to  DF. 
but  die  pdmt  B  coinddes  with  the  point  E  ;  wherefore  the  baic 
BC  (hall  coindde  with  the  bafe  EF.  becaufe  the  point  B  coindd* 
iog  with  E,  and  C  with  F,  if  the  bafe  BC  does  not  coindde  with 
the  bafe  EF,  two  ftraight  lines  would  inclofe  a  fpace,  which  is 
iinpoffible\  Therefore  the  bafe  BC  fhall  coincide  with  thea^io.  Ax« 
bafe  EF,  and  be  equal  to  it.  Wherefore  the  whole  triangle  ABC 
Ihall  coindde  with  the  whole  triangle  DEF,  and  be  equal  to  it; 
and  the  other  angles  of  the  one  fhaU  coincide  with  the  remaining 
angles  of  the  other,  and  be  equal  to  them,  viz.  the  angle  ABC 
to  the  juigle  DEF,  and  the  angle  ACB  to  DFE.  Therefore  if 
two  triangles  have  two  fides  of  the  one  equal  to  two  fides  of 
the  other,  each  to  each,  and  have  likewife  the  angles  contained 
by  tfaofe  fides  equal  to  one  another ;  thdr  bafes  fhall  likewife  be 
equal,  and  the  triangles  be  equal,  and  their  other  angles  to  which 
the  equal  fides  are  oppofite,  fhall  be  equal,  each  to  each.  Which 
ipras  to  be  demonffa-ated. 

PROP.   V.    THEOR. 

THE  angles  at  the  bafe  of  an  Ifofceles  triangle  are 
equal  to  one  another ;  and  if  the  equal  fides  be 
produced,  the  angles  upon  Uie  other  fide  of  the  bale 
ihall  be  equal.  • 

Let  ABC  be  an  Ifofceles  triangle,  (^  which  the  fide  ABls  equal 


••  J.  I 


ll.  4*  t. 


€>  |.  Ax. 
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Book  f.  to  AC3  and  let  the  ftraight  lines  AB,  AC  be  produced  to  D  and 
E.  the  angle  ABC  fhall  be  equal  to  the  angle  ACB,  and  the  angle 
CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE,  the  greater^  cut  off  AG 
equal  "  to  AF,  the  lefs,  and  join  FC,  GB.  • 

Becaufe  AF  is  equal  to  AG,  and  AB  to  AC  j  the  two  fides  FA, 
AC  areequaltothe  twoGA,  AB,each  to  each)  and  they  contain  the 
angle  FAG  common  to  the  two  tri- 
angles AFC,  AGBi  thcreftirc  the  bafe 
FC  is  equal  ^  to  the  bafe  GB,and  the 
triangle  AFC  to  the  triangle  AGB ; 
and  the  remaining  angles  of  the  one 
are  equal  ^  to  the  remaining  angles 
of  the  other,  each  to  each,  to  which 
the  equal  fides  are  oppofite ;  viz.  the 
angle  ACF  to  the  angle  ABG,  and  the 
angle  AFC  to  the  angle  AGB.  and  be- 
caufc  the  whole  AF  is  equal  to  the  Ti 
whole  AG,  of  which  the  parts  AB,  AC 

are  equal }  and  the  remaiader  BF  (hall  be  equal  ^  to  the  remainderCG. 
and  FC  was  proved  to  be  equal  to  GB;  therefore  the  two  fides  BF, 
FC  are  equal  to  the  two  CG,GB,each  to  each  j  and  the  angle  BFC 
is  equal  tp  the  angle  CGB ;  and  the  bafe  BC  is  common  to  the  two 
triangles  BFC,  CGB;  whercfJwre  the  triangles  are  equal**, and  their 
remaining  angles,  each  to  each,  to  which  the  equal  fides  are  oppofite* 
therefore  tbie  angle  FBC  is  equal  to  theangle  GCB,  and  the  angle  BCF 
to  the  angle  CBG.  and  fince  it  has  been  demonflrated  that  the  whole 
angle  ABGisequal  to  the  whole  ACF,the  parts  of  which,  the  angles 
CBG,  BCF  are  alio  equal;  the  remaining  angle  ABC  is  therefore 
equal  to  the  remaining  angle  ACB,  which  are  the  ai^es  at  the  bafe 
of  the  triangle  ABC.  and  it  it  has  alio  been  proved  that  the  angle 
FBC  is  equal  to  the 'angle  GCB,which  are  the  angles  upon  the  other 
|ide  of  the  baie.     Therefore  the  angles  at  the  bafe,  &c«   C^E.  D. 

Corollary.  Henceevery  equilateral  triangleisalfoequianguliu:. 

PROP.   VL     THE  OR. 

TF  two  angles  of  a  triangle  be  equal  to  one  another, 
^  the  fides  alfb  which  fubtend,  or  are  opfofitc  tOy  the 
equal  angles  ihall  be  equal  to  one  another^ 


OF     EUCLID.  ti 

Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the  Book  I. 
angle  ACB ;  the  fide  AB  h  alfo  equal  to  the  fide  AC.  K^yy^U 

For  if  AB  be  not  equal  to  AC,  one  of  them  is  greater  than  the 
other,  let  AB  be  the  greater,and  from  it  cut 'off  DB  equal  to  AC,  ,^  j,  ,^ 
the  lefs,and  join  DC.  therefore  becaofe  in 
the  triangles  DBC,  ACB,  DB  is  equal  to 
AC,  and  BC  common  to  both,  the  two 
fides  DB,  BC  are  equal  to  the  two  AC, 
CB,  each  to  each',  and  the  angle  DBC  is 
equal  to  the  angle  ACB  ;  therefore  the 
bafe  DC  is  equal  to  the  bafe  AB, 
and  the  triangle  DBC  is  equal  to  the  ^i-  ^i  /  >\  p 

angle  *»  ACB,  the  lefs  to  the  greater  j  B^-^ ^  V/  k.  4, ,. 

which  is  abfurd.     Therefore  AB  is  not  unequal  to  AC,  that  is, 
it  -is  equal  to  it.     Wherefore  if  two  angles,  &c.     Q^  E.  D. 
Cob..  Hence  every  equiangular  triangle  is  aUb  equilateraL 

PROP.  vn.    theor. 

UPON  the  fame  bafe,  and  on  the  fame  fide  of  it, see h* 
there  cannot  be  two  triangles  that  have  their 
fides  which  arc  terminated  in  one  extremity  or  the 
bafe  equal  to  one  another,  and  likewife  thofe  which 
arc  terminated  in  the  other  extremity. 

If  it  be  poffible,  let  there  be  two  triangles  ACB,  ADB  upon  the 
jame  bafe  AB,  and  upon  the  fame  fide  of  it,  which  have  their  fide^ 

CA,  DA,  terminated  in  the  extremity  A  of  the  bafe,  equal  tQ 
one  another,  and  likewife  their  fides 

CB,  DB  that  are  terminated  in  B. 
Join  CD ;  then,  in  the  cafe  in  which 

the  Vertex  of  each  of  the  triangles  is 
without  the  other  triangle,  becanfe  AC 
is  equal  to  AD,  the  angle  ACD  is 

equal  •  to  the  angle  ADC.  but  the      //  N^        a  «•  «• 

angle  ACD  is  gr^er  than  the  angle 
BCD,thereforethe  angle  ADCis  great- 
er alfo  than  BCDj  much  more  thtfi  h 

the  angle-  BDC  greater  than  the  angle  BCD.  again,  becauie  CB 
k  equal  to  DB,  the  angle  BDC  is  equal  *  to  the  angle  BCD;  but  it 
lias  been  demonftratod  to  be  mreater  diao  k;  vbkh  is  impoflible* 
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Book  I.       But  if  one  of  the  Vertices,  as  D,  be  vrithin  the  other  triangle 
V^ynJ  ACB  5  produce  AC,  AD  to  E,F.  therefore 

becaufe  AC  is  equal  to  AD  in  the  triangle 

ACD,  the  angles  ECD,  FDC  upon  the  o« 
■•  *•  «•       thcr  fide  of  the  bafe  CD  are  equal  ■  to 

one  another;  but  the  angle  ECD  is  greater 

than  the  angle  BCD,  v/hereforc  the  angle 

FDC  is  likewiie  greater  than  BCD;  much 

more  then  Is  the  angle  BDC  greater  than 

the  angle  BCD.  again,  becaufe  CB  is  e-^ 

qual  to  DB,  the  angle  BDC  is  equal  ■  to-*^ 

the  angle  BCD ;  but  BDC  has  been  proved  to  be  greater  than  the 

lame  BCD,  which  is  impofiible.     The  cafe  in  which  the  Vertex 

of  one  triangle  is  upon  a  fide  of  the  other,  needs  no  demonftradon. 
Therefore  upon  the  fame  bafe,  and  on  the  fame  fide  of  it,  there 

cannot  be  two  triangles  that  have  their  fides  which  ase  terminated 

in  one  extremity  of  the  bafe  equal  to  one  another,  and  likewife 

thofeVhich  are  terminated  in  the  other  extremity.     Q^E,  D. 


PROP.     Vin.     T  H  E  O  R. 

T  F  two  triangles  have  two  fides  of  the  one  equal  to 
•^  two  fides  of  the  other,  each  to  each,  and  have  like- 
wife  their  bafes  equal ;  the  angle  which  is  contained  by 
the  two  fides  of  the  one  fliall  be  equal  to  the  angle 
contained  by  the  two  fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  fides  AB,  AC 
tqual  to  the  two  fides  DE,  DF^  each  to  each,  viz.  AB  to  DE,  and 
ACtoDF;andalfb 

the  bafe  BC  equal /^  D      Gc 

to  the  bafe  £F. 
The  angle  BAC  is 
equal  to  the  angle 
EDF. 

For  if  the  trian- 
gle ABC  be  applied      ».««____   5-^ — ^_^ 

toDEFfothatthe  B  CE  F 

point  B  be  on  E,and  the  ftraight  line  BC  upon  EF$  the  point  C 

fliall  alfo  coincide  with  the  point  F^  becaufe  BC  is  equal  to  £F« 
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thereToreBCcoinddingwithEFyBAandACIhallcoincidewIthED  Book  !• 
aod  DP.  for  if  the  bafe  BC  coincides  with  the  bafe  £F,bat  the  fides  \^yy^ 
BA>  CA  do  not  coincide  with  the  fides  £D,FDy  but  have  a  different 
fituatlonias  e6,FG  ;  then  upon  the  fame  baie  EFand  upon  the  fame 
fide  of  it  there  can  be  two  triangles  that  have  their  lides.  which  are 
terminated  in  one  extremity  of  the  baie  equal  to  one  another^  and 
likewiie  thdr  fides  terminated  in  the  other  extremity,  but  this  is 
impoffible*.  therefore  if  the  baie  BC  coincides  with  the  baie  EF^ «,  y, ,, 
the  fides  BA,  AC  cannot  but  coincide  with  the  fides  ED,  DF  i 
"wfaerefore  likewiie  the  angle  BAC  coincides  with  the  angle  EDFy 
aad  is  equal  ^  to  it.  therefore  if  two  triangles,  &c.    Q^^  D*    b.  t.  Ai; 

PROP.    IX.     PR  OB. 

'TT*  O  bifeft  a  given  reftilineal  angle,  that  is,  to  divide 
•*•       it  into  two  equal  angles. 

Let  BAC  be  the  given  redilineal  angle,  ic  is  required  to  bifedt  it* 
Take  any  pcunt  D  in  AB,  and  from  AC  cut  *  off  AE  equal  to  t.  3.  u 

AD ;  jcnn  DE,  and  upon  it  defcribe  ^  a  k.  1. 1. 

an  equilateral  triangle  DEF,  then  join 

AF.   the  ifa-aight  line  AF  biftAs  the 

angle  BAC. 

Becauie  AD  is  equal  to  AE,  and  AF 

is  common  to  the  two  triangles  DAF, 

EAF;  the  two  fides  DA,  AF  are  equal 

to  the  two  fides  E  A,  AF,  each  to  each ; 

and  the  baie  DF  is  equal  to  the  bafe  JUJ 

£F ;  therefore  the  angle  DAF  is  equal 

*  to  the  angle  E  AF.  wherefore  the  given  reftilineal  angle  BAC  c  t.  u 

is  bifefted  by  the  ilraight  line  AF.     Wiiich  was  to  be  done. 

PROP.     I.     PROB. 

TO  bifcft  a  given  finite  ftraight  line,  that  is,  to  di- 
vide it  into  two  equal  parts. 

Let  AB  be  the  given  ibraight  line  }  it  is  required  to  divide  it 
into  two  equal  parts. 

Deicribe  *  upon  it  an  equilateral  triangle  ABC,  and  bliedl  >»  1. 1.  k 
the  angles  ACB  by  the  ftraight  line  CD.  AB  is  cut  into  two  ^-  '*  '* 
•jual  parts  ia^  the  point  D. 


Book  I. 
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Becaufe  AC  is  equal  to  CB,  and  CD 
common  to  the  two  triangles  ACD, 
BCD;  the  two  fides  AC,  CD  are  equal 
to  BC,  CD,  each  to  each ;  and  the  angk 
ACD  is  equal  to  the  angle  BCD  *,  there- 
f<»re  the  We  AD  is  equal  to  the  bafe  « 
D(B,  and  the  ftraight  line  AB  is  divided 
into  two  equal  parts  in  the  point  D.  a 
Which  was  to  be  done.  '**' 


SceK. 
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PROP.    XI.     PROBw 
O  draw  a  ftraight  line  at  right  angles  to  a  given 
ftraight  line,  from  a  given  point  in  the  fame. 

Let  AB  be  a  given  ftraight  line,  and  C  a  pdnt  g^ven  in  it  9- 
it  is  required  to  draw  a  ftraight  line  firom  the  point  C  at  right 
angles  to  AB« 

Take  any  point  D  m  AC,  and  make  *  CE  equal  to  CD,  smA 
upon  DE  defcribe  *>  the  equilateral 
tiiangle  DFE,  and  join  FC.  the  X* 

ftraight  line  FC  drawn  from  the 
g^ven  point  C,  is  at  right  angles 
to  the  given  ftraight  line  AB. 

Becaufe  DC  is  equal  to  CE, 
and  FC  common  to  the  two  tri- 
angles DCF,  ECF;  the  two  fides  A  T|       ^  ri        ^    T^ 
DC,  CF  are  equal  to  the  two  EC,    ^  V^     •    -O     1» 

CF,  each  to  each ;  and  the  bafe  DF  is  equal  to  the  bafe  EF  ; 
therefore  the  angle  DCF  is  equal  ^  to  the  angle  ECF  5  and  they 
are  adjacent  angles,  but  when  the  adjacent  angles  which  one 
ftr^pht  line  makes  with  another  ftraight  line  are  equal  to  one 
4.  10.  Pcf.  another,  each  of  them  is  called  a  ri^t  **  angle ;  therefore  each  of 
the  angles  DCF,  ECF  is  a  right  angle,  wherefore  from  the  given  , 
point  C  in  the  given  ftraight  line  AB,  FC  has  been  drawn  at 
right  angles  to  AB.    Which  was  to  be  done. 

Cor.  By  help  of  this  Problem  it  may  be  demonftrated  that 
two  ftraight  lines  cannot  have  a  common  fegment. 

If  it  be  poffible,  let  the  two  ftraight  lines  ABC,  ABD  hare  the 
fegment  AB  common  to  both  of  them,  from  the  point  B  draw 
BE  at  right  angles  to  AB  5  and  becaufe  ABC  is  a  ftraight  line,  the 


1. 
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OP     E  tr  C  L  I  D. 

angleCBE  is  equal  *  to  ibe  angle  Ij^ 

£BA}  inthelame  maaner^becaQie 
ABD  is  a  ftraight  line,  the  angle 
'DB£  is  equal  to  the  angle  £BA. 
wherefore  the  angleDBE  is  equal 
to  the  angle  CB£)the  lels  to  the 
greaten  ^hkhisimpoflihle.  there- 
fore  two  ftraight  lines  cannot  have'^' 
a  common  fegment* 


Boole  I. 
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PROP.  Xn.    PR  OB, 

To  draw  a  ftraight  line  perpendicular  to  a  givea 
ftraight  liiie  of  an  unlimited  length,  from  a 
giveii  point  without  it. 

Let  AB  be  the  ^ven  ftraight  line,  which  maybe  produced  toany 
length  both  ways,  and  let  C  be  a  pcunt  without  it.   It  is  required  t« 
draw  a  ftraight  line  perpendicular 
to  AB  from  the  point  C. 

Take  any  point  D  upon  the 
other  fide  of  AB,  and  from  the 
center  C,  at  the  diftance  CD, 
delcribe  b  the  circle  EGF  meet- 
ing  AB  in  F,  G  ;  and  bifeft 
«  FGinH,and  join  CF,CH,CG.  j^ 
the  ftraight  line  CH  drawn  from 
the  ffven  pdoatC,  is  perpendicular  to  the  given  ftraight  line  AB. 

Becauie  FH  is  equal  to  HG^  and  HC  common  to  the  two  triangles 
FHC,  GHC,  the  two  fides  FH,  HC  are  equal  to  the  two  GH,HC, 
each  to  each;  and  the  bale  CF  is  equal  ^  to  the  bafe  CG;  therefore d. 
the  angle  CHF  is  equal  *  to  the  angle  CHG  \  and  they  are  adjacente* 
angles,  but  when  a  ftraight  line  ftanding  on  a  ftraight  line  makes  the 
adjacent  angles  equal  to  one  another,each  of  them  is  aright  angle, 
and  the  ftraight  line  v^cb  ftands  upon  the  other  is  called  a  perpen* 
diculartoit.  therefore  from thegivenpointCaperpendicularCH has 
been  drawn  to  the  given  ftraight  line  AB.  Which  was  to  be  done. 

PROP.  Xni.     THEOR. 

TH  C  angles  which  one  ftraight  line  makes  with 
another  upon  one  fide  of  it,  are  either  two  right 
.  jmgles,  or  are  together  ecjual  to  two  right  angles. 


3.  Pod; 
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Let  the  ftnug^t  line  AB  make  with  CD,  upon  one  fide  of  if, 
the  angles  CB  A,  ABD ;  theie  are  either  two  right  angles,  or  are 
together  equal  to  two  right  angles. 

For  if  the  angle  CBA  be  equal  to  ABD,  each  of  diem  is  a  right* 

A  E    J. 


D— B 


-C 


^.   If.   ff. 


dL  !•  Ax. 


D  B  C 

;  angle,  but  if  not,  from  the  point  B  draw  BE  at  right  angles^to  CD. 
therefore  the  angles  CB£,EBD  are  two  right  angles*,  and  bocaafe 
CBE  is  equal  to  the  two  angles  CBA,  ABE  togcthcrj  add  the  angle 
EBD  to  each  of  thefc  equals,  therefore  the  angles  CBE,  EBD  arc 
e.  1.  Ax.  'equal  *  to  the  three  angles  CBA,  ABE,  EBD.  again,  becaufe  the 
angle  DBA  is  equal  to  the  two  angles  DBE,  EB A,  add  to  thefe 
equals  the  angle  ABC;  therefore  the  angles  DBA, ABC  are  equal  to 
the  three  angles  DBE,  EBA,  ABC.  but  the  anglesCBE,  EBD  have 
been  demonftrated  to  be  equal  to  the  fame  three  angles;  and  things 
that  are  equal  to  the  lame  are  equaH  to  one  another ;  therefore  the 
angles  CBE,  EBD  ard  equal  to  the  angles  DBA,  ABC.  but  CBE, 
EBDare  two  right  angles;  therefore  DBA,ABC  are  together  equal 
to  two  right  angles.  Wherefore  when  a  ftraight  line,  &c.  Q^E  D. 

PROP.    XIV.      THEOR. 

T  F  at  a  poiat  in  a  ftraight  line,  two  other  ftraight 
■*-  lines,  upon  the  oppofitc  fides  of  it,  make  the  adja- 
cent angles  together  equal  to  two  right  angles,  thefe  two 
Araight  lines  (hall  be  in  one  and  the  £une  ftraight  line. 

At  the  point  B  in  the  ftraight 
line  AB,  let  the  two  ftraight  lines,  .A. 

BC,  BD  upon  the  oppofite  iides 
of  AB,  make  the  adjacent  angles 
ABC,   ABD  equal  together  to 

two  right  angles.    BD  is  in  the  /  X^ 

lame  ftraight  line  with  CB. 


For  if  BD  be  not  m  the  lameo 
ftraight  line  with  CB^  let  BE  be 


D 


J 
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in  the  fomc  ftraight  line  with  it.  therefore  becanfe  the  ftraight  line      ^ 
AB  makes  angles  with  the  ftraight  line  CBE,  upon  one  fide  of  it, 
the  angles  ABC,  ABE  are  together  equal  *  to  two  right  angles ;«  "!•  »* 
but  the  angles  ABC,  ABD  are  likewife  together  equal  to  two  right 
angles }  therefore  the  angles  CBA,  ABE  are  equal  to  the  angled 
CBA,  ABD.  take  away  the  common  angle  ABC ;  the  remaining 
angle  ABE  is  equal  ^  to  the  remaining  angle  ABD,  the  lefs  to  the  !>•  3*  Aa^ 
greater,  which  is  impofTible.  therefore  BE  is  not  in  the  iame  ftraight 
line  with  BC.     And  in  like  manner,  it  may  be  demonftrated  that 
no  other  can  be  in  the  iame  ftraight  line  with  it  but  BD,  which 
therefore  is  in  the  fame  ftraight  line  with  CB.    Wherefore  if  at  a 
pomt,  &c  (^KD. 

PROP.    XV.     TllEOR. 

TF  two  ftraight  lines  cut  one  another,  the  vertical,  of 
opfoftte^  angles  fliall  be^ equal. 

Let  the  two  ftraight  lines  AB,  CD  cut  one  another  in  the  point  E^ 
the  ang^e  AEC  (hall  be  equal  to  the  angle  DEB,  and  CEB  to  AED^ 

Becaufe  the  ftraight  line  AE  makes  with  CD  the  angles  C£A^ 
AED,  thefe  angles  are  together 

equal  *  to  two  right  angles*  again,  a.  *  j.  t^ 

becaufe  th^  ftraight  line  D£  makes  ^ 
with  AB  the  angles  AED,  DEB  -,  ^ 
thefe  alfo  are  together  equal  ■  to 
two  right  angles,  and  CEA,  AED  J^ 
have  been  demonftrated  to  be  e- 
qua!  to  two  right  angles  j  where- 
fore the  angles  CEA,  AED  are 

equal  to  the  an^s  AED,  DEB.  take  away  the  common  angle 
AED,  and  the  remaining  angle  CEA  is  equal  ^  to  the  remaining  b.  3.  As. 
angle  DEB.     In  the  fame  manner  it  can  be  demonftrated  that 
the  angles  CEB,  AED  are  equal,  -therefore  if  two  ftraight  lines, 
&c.    (^E.  D. 

Cou-  I.  From  this  it  is  manifcft  that  if  two  ftraight  lines  cut 
one  another,  the  angles  they  make  at  the  point  where  they  cut, 
are  together  eqiJal  to  fothr  right  angles. 

.  'CoR.  2.  And  confcquently  that  all  the  angles  made  by  any 
nmnber  of  lines  meedag  in  one  point,  are  together  equal  to  foar 
ri^t  angles^ 
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Book  L  PROP.    XVI.     THEOR- 

F*  one  fide  of  a  triangle  be  produced,  the  exterior 
angle  is  greater  than  either  of  the  interior  oppo- 
fite  angles. 

Let  ABC  be  a  triangle,  and  let  its  fide  BC  be  produced  to  D. 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior  op» 
pofite  angles  CBA,  BAC. 

Bifeft  •  AC  in  E,  join  BE 
and  produce  k  to  F,  and  maktf 
EF  equal  to  BE ;  join  alfo 
FCy  and  produce  AC  to  G. 

Becauie  A£  is  equal  to 
EC,  and  BE  to  £F ;  A£,  EB 
are  eqW  to  CE,  EF,  each  to 
each ;  and  the  angle  AEB  is 
equal  ^  to  the  a&gk  CEF,  be- 
cauie they  art  oppofite  verti- 
cal angles,  therefore  the  baie 
C4  4.  t..       AB  is  equal  *  to  the  bafe 

CF,  and  the  triangle  AEB  to  the  triangle  CEF^  and  the  remaining 
angles,  to  the  reniaining  angles,  each  to  each,  to  which  the  equal 
fides  are  (^pofite.  wherefore  the  angle  B A£  is  equal  to  the  angle 
ECF.  but  the  angle  ECD  is  greater  than  the  angle  ECF,  there- 
fore the  angle  ACD  is  greater  than  BAE.  in  the  fame  manner, 
if  the  fide  BC  be  Irifcfted,  it  may  be  demonftratcd  that  the  angle 
A  IS.  K  BCG,  that  is  •>,  th^  angle  ACD,  is  greater  than  the  angle  ABC 
therefore  if  one  fide,  &c.     (^E*  D. 

PROP.    X\TI-     THEOR. 
KY  two  angi  s  of  a  triangle  are  together  lefs  thaa 
two  right  angles. 
Let  ABC    be   anv   triangle^ 
any  two  of  its  angles  together  are 
le&*than  two  right  angles. 

Produce  BC  to  D;  and  be- 
cauie ACD  b  the  exteriOT  anrrle 
of  the  triangle  ABC,   ACD  is 
•«  ttf.  t.     greater  *  than  the  interior  an ' 
eppolke  angle  ABC ;  to  each  oC 
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tliefe  arfd  the  angle  ACB,  therefore  the  angles  ACD,  ACB  afe  Bool  t 
greater  than  the  angles  ABC,  ACB-  but  ACD,  ACB  are  together  V,^y^/ 
equal  *>  to  two  right  angles  ;  therefore  the  angles  ABC^  EC  A  areb.  ij.  04 
lefs  than  two  right  angles,  in  like  manner  it  may  be  demonftrated  ^ 
(hat  BAC,  ACB,  as  alfo  CAB,  ABC  arc  lefs  than  two  right  an- 
gles, therefore  any  two  angles,  &c.     (^E.  D. 


T 


PROP-    XVm.     THE  OR. 

HE  greater  fide  of  every  triangle  is  oppofite  to  tint 
gieatcr  angle. 


Let  ABC  be  a  triangle  of 
%hich  the  fide  AC  Is  greater  thad 
the  fide  AB ;  the  angle  ABC  i» 
aUb  greater  than  the  angle  BC A^ 

Becaufe  AC  is  greater  than 
AB,  make  •  AD  equal  to  AB,      J^^^i^^^T""^  ^\:       t.  4  12 

and  join  BD.  and  becaufe  ADB 
is  the  exterior  angle  of    the  tri*- 

ingle  BDC,  it  is  greater  *»  than  the  interior  and  oppofite  angle  j,.  ,^,  ^^ 
DCB.    but  ADB  is  equal  «  to  ABD,  becaufe  the  fide  AB  isc.  j.  u 
equal  to  the  fide  AD ;  therefore  the  angle  ABD  is  likewife  greater 
than  the  angle  ACB  \  wherefore  much  more  is  the  angle  ABC 
greater  &aH  ACB^  therefore  the  greater  fide,  &c.    (^E.  D. 


PROP.    XIX.    THEOR. 


T 


HE  greater  angle  of  every  triangle  is  fubtended  by 
the  greater  fide,  or  bijs  the  greater  Jide  opfoftte  to  it  4 


Let  ABC  be  a  triangle  of  which  the  angle  ABC  is  greater  than 
&e  angle  BCA.  the  fide  AC  is  likewife  greafier  than  the  fide  AB^r 

Fc*  if  it  be  not  greater,  AC 
muA  either  be  equal  to  AB,  or  le& 
than  it.  it  is  not  equal,^  becaufe 
then  the  angle  ABC  would  be  e« 

qaal  ■  to  the  angle  ACB ;  but  it        /  ^\^  ■•  !•  ^* 

IS  not ;  therefore  AC  is  not  equal 
to  AB.  neither  is  it  lefs  ;  becaufe.^ 
then  the  angle  ABC  would  be  lefs"^ 


2^  THE     ELEMENTS 

Book  I.  ^  than  the  angle  ACB ;  but  it  is  not ;  therefore  the  fide  AC  k 
^^VKri^  Qot  lefs  than  AB.  and  it  has  beta  (hewn  that  it  is  not  equal  to 
b.  15. 1.    AB.  therefore  AC  is  greater  than  AB.   ivhcrefore  the  greater 
angle,  &c.  (^E.  D. 


•ecN. 


PROP.   XX.     THE  OR. 

ANY  two  fides  of  a  triangle  arc  together  greater 
•^^     than  the  third  fide. 

Let  ABC  be  a  triangle ;  any  two  fides  of  it  together  are  greats 
cr  than  the  third  fk^e,  viz.  the  fi::^es  BA,  AC  greater  than  the  fide 
BC ;  and  AB,  BC  greater  than  AC  ^  and  BC,CA  greater  than  AB, 
Produce  BA  to  the  point  D, 

».  3. 1.       and   make  *  AD  equal  to  AC,  D 

and  join  DC. 

Bccaufe  DA  is  equal  to  AC,  -A; 

the  anjyle  ADC  is  likewife  equal 

»^ •^«•.      *»  to  ACD.   but  the  angle  BCD 

is  greater  than  the  angle  ACD  ;  lo 
therefore  the  angle  BCD  is  great- 
er than  the  angle  ADC.  and  beci^ufe  the  angle  BCD  of  the  tri- 

e.  tp*  I.  angle  DCB  is  greater  than  its  angle  BDC,  and  that  the  greater  * 
fide  is  oppofite  to  the  greater  angle*  thei  cforc  the  fide  DB  is  greater 
than  the  fide  BC.  but  DB  is  equal  to  BA  and  AC;  therefore  the 
fides  BA,  AC  arc  greater  than  BC.  in  the  fame  manner  it  may  bo 
demonftrated  that  the  fides  AB,BC  are  greater  than  CA;  and  BC^ 
CA  greater  than  AB.  therefore  any  two  fides^  &c«  Q^JL  D* 

l^ROP.    XXI.     THE  OR. 
s«cN.       T^  from  the  ends  of  the  fidr  of  a  triangle  there  he 

drawn  two  ftraight  Imes  to  a  point  within  the 
triangle,  thefe  fhalkbe  lefs  than  the  other  two  fides  of 
the  triangle,  but  fiiall  contain  a  greater  angle. 

Let  the  two  ftraight  lines  BD,  CD  be  drawn  from  B,  C,  the 
ends  of  the  fide  BCof  the  triangle  ABC,  to  the  point  D  within  it. 
BD  and  DC  are  lefs  than  the  other  two  fides  B  A,  AC  of  the  tri- 
angle, but  contain  an  angle  BDC  greater  than  the  angle  BAC. 

Produce  BD  to  £ ;  and  becaufe  two  fides  of  a  triangle  are  great-' 
cr  thaathe  third  fide,  the  two  Hdcs  BA^  A£  of  the  triangle  ABC 
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arc  greater  than  BE.  to  each  of  tfaefc  add  EC,  therefore  the  fides  Book  T. 

BA,  AC  are  greater  than  BE, 

Ev^-  again,  became  the  two  fidec 

CE,  ED  of  the  triangle  CED 

;^c  greater  than  CO,  add  DB  to 

each  of  thefe  j  therefore  the  fides 

Cli,  EiJ  are  greater  than  CD, 

Di3.  bat  it  has  been  (hewn  that 

BA,  AC  are  greater  than  BE, 

EC ;  much  more  then  are  BA,  AC  greater  thaa  BD,  DC. 

Again  becavfe  the  e^tc^-ior  angle  of  a  triangle  is  greater  tham 
the  interior  and  oppofite  angle,  the  exterior  angle  BDC  of  the  tri- 
angle CDE  is  greiater  than  CED.  for  the  fame  reafon,  the  exterior 
angle  CEB  of  the  triangle  ABE  is  greater  than  BAG.  and  it  has 
hcfp^  deuaonftrated  that  the  angle  BDC  is  greater  than  the  angle. 
jCEB ;  much  more  then  is  the  angle  BDC  greater  than  the  angle 
£AC.  therefore  if  from  the  ends  of,  &c.  (^E.  D. 

PROP.    XXII.     PR  OB. 

I  I 

TO  ipake  a  triangle  of  which  the  fides  fliall  be  equal  Sec  n, 
to  three  given  ftraight  lines ;  but  any  two  what- 
jever  of  thefe  muft  be  greater  than  the  third*. 

Let  A,  B,  C  be  the  three  given  ftraight  lines,  of  which  any  two 
.vrhaterer  are  greater  than  the  third,  viz.  A  and  B  greater  than  G ; 
A  and  C  greater  than  B ;  and  B  and  C  than  A.  It  is  required  to  make 
a  triangle  of  which  the  fides  fiiall  be  equal  to  A,  B,  C,each  to  each^ 

Take  a  ftraight  line  DE  terminated  at  the  point  D,  but  unli? 
mited  towards  E,  and  make 
»  DF  equal  to  A,  FG  to  B, 
and  GH  equal  to  C;  and 
from  the  center  F  at  the 
diftance  FD  defcribe  ^  the  U 
drcle  DKL.  and  from  the 
center  G,  at  the  diftance 
.GH  delcribe  •>  another  cir- 
cle HLK,and  join  KF,Ka 
the  triangle  KFG  has  it^ 
fides  equal  to  the  three  ftraight  lines  A,  B,  C. 

Bccanfc  the  point  F  is  the  center  of  the  circle  DKL,  FI)  \i 

?  3 


ft.  %0,  U      * 


^  3-  ?• 
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Book  I.  equal  '  to  FK ;  but  FD  Is  equal  to  the  ftraight  line  A ;  therefore 
Ijf^V^*/  FK  is  equal  to  A.  again,  becaule  G  is  the  center  of  the  circle  LKH. 
p  ^f.  Def.  GH  is  equal  *=  to  GK ;  'but  GH  is  equal  to  C,  therefore  alio  GK 
is  equal  to  C.  and  FG  is  equal  to  B  ^  therefore  the  thrpe  ftralght 
lines  KF,  FG,  GK  are  equal  to  the  three  A,  B,  C.  and  therefore 
the  triangle  KFG  has  its  three  fides  KF,  FG,  GK  equal  to  the 
ihree  given  flraight  lines  A,  B,  C.     Which  was  to  be  done. 

•      PROP.    xxin.    P  R  O  B. 

T  a  given  point  in  a  given  ftraight  line  to  make  a, 
rectilineal  angle  equal  to  a  given  rectilineal  angle* 

Let  A3  be  the  given  Araight  line,  aad  A  the  g^ven  point  in  it, 

^d  DCE  the  given  redilinea|  angle  ^  it  is  required  to  make  aa 

angle  at  the  given  point 

A  in  the  given  ftraight 

line  AB  that   fhall  be 

equal  to  the  given  refti- 

lineal  angle  DCE. 
Take  in  CD,  CE,  any 

points  D,  E,  and  join  DE ; 
i*  #$.  1.     and  make  •  the  triangle 

AFG  the 'fides  of  which 

ftiall    be    equal  to   the 

three  ftraight  lines  CD,  DE,  EC,  fo  that  CD  be  equal  to  AF,  CE 

^o  AG,  and  DE  to  FG.  and  becaufe  DC,  CE  are  equal  to  FA^ 

AG,  each  to  each,  and  the  bafe  DE  to  the  bafe  FG  j  the  angle 
J^.  I.  u      DCE  is  equal  «>  to  the  angle  FAG.  therefore  at  the  given  point  A 

in  the  given  ftraight  line  AB,  the  angle  FAG  is  made  equal  t^ 

the  given  reftilineal  angle  DCE.     Which  was  to  be  done. 

PROP.    XXIV.'   THEOR. 
^  K.       T  F  two  triangles  have  two  fides  of  the  one  equal  to 

two  fides  of  the  other,  each  to  each,  but  the  angle 
contained  by  the  two  fides  of  one  of  them  greater  than 
the  angle  contained  by  the  two  fides  equal  to  them,  of 
the  other  ;  the  bafe  of  that  which  has  the  greater  angle 
piall  be  greater  than  the  bafe  of  the  other. 

JiCt  ABC,  DEF  be  two  triangles  which  have  the  two  fides  AR 
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AC  equal  to  the  two  DE,  DF,  each  to  each,  viz.  AB  equal  to  DE,  Book  I. 
and  AC  to  DF  i  but  the  angle  BAC  greater  than  the  angle  £DF.^,^y^ 
the  bafe  EC  is  aJfb  greater  than  the  bafe  EF. 

Of  the  two  fides  DE,  DF  let  DE  be  the  fide  which  is  not 
greater  than  the  other,  and  at  the  point  D  in  the  ftraight  line  DE 
make  '  the  an^e  EDG  equal  to  the  angle  BAC  i  and  make  DGa«  »)•  t* 
equal  k  to  AC  or  DF,  and  join  EG,  GF,  b,  3.  u 

Becaufe  AB  is  equal  to  DE,  and  AC  to  DG,  the  two  fides 
BA,  AC  are  equal  to  the  two  ED,  DG,  each  to  each,  and  the 
angle  BAC  is  equal  to  ^ 

the  angle  EDG  j  there- ^  J^ 

fore  the  bafe  EC  is  e-lV  , 

qual  ^  to  the  bafe  EG.  I    \.  I   ^^  c.  4.  I4 

and  becaufe  DG  is  e-  I  \^ 

qual  to  DF,  the  angle  1  ^v 

DFG  is  equal  ^  to  the  1  \.  \  \    \^     d-  S-  «• 

angle  DGF;  but  the^-  ■'  ^  I- 

angle  DGF  is  greater^  C  E 

than  the  angle  EGF,  ^ 

therefore  the  angle  DFG  is  greater  than  EGF ;  and  much  more 
is  the  angle  EFG  greater  than  the  angle  EGF.  and  becaufe  the 
angle  EFG  of  the  triangle.  EFG  is  greater  than  its  angle  EGF, 
and  that  the  greater  *  fide  is  oppofite  to  the  greater  angle  j  thee.  ip.  1; 
fide  EG  is  therefore  greater  than  the  fide  EF.  but  EG  is  equal 
to  BC ;  and  therefore  alfo  BC  is  greater  than  £F«  therefore  if  ^ 
two  triangles,  &c.    Q^E.  D. 

PROP.    XXV.      THEOJL 

IF  two  triangles  have  two  fides  of  the  on^  equal  to 
two  fides  of  the  other,  each  to  each,  but  the  bafe 
of  the  one  greater  than  the  bafe  of  the  other ;  the  angle 
alio  contained  by  the  fides  of  that  which  has  the  greater 
bafe,  (hall  be  greater  than  the  angle  contained  by  the 
fides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides  AB, 
AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB  equal 
to  DE,  and  AC  to  DF ;  but  the  bafe  CB  greater  than  the  baft 
SF*  the  angle  BAC  is  likewife  greater  than  the  angle  £DF» 

»4 
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For  if  it  be  not  greater,  it  mnft  either  be  equal  to  it,  or  left* 
but  the  angle  BAC  is  not  equal  to  the  angle  EDF,  becattfe  then 
the  bafe  BC  would  be 
equal  *  to  EF,  but  it 
is  not ;  therefore  the 
angle  BAC  is  not  e- 
qual  to  the  angle  EDF. 
neither  is  it*  lefs  ;  be- 
caufe  then  the  bafe  BC 
would  be  lefs  *>  than 

the  bafe  EF ;  but  it  is      . 

not  J  therefore  the  an-  -B  C     E  J? 

gle  BAC  is  not  lefs  than  the  angle  EDF.  and  it  was  (hewn  that 
it  is  not  equal  to  it  j  therefore  the  angle  BAC  is  greater  than  the 
^gle  EDF.     Wherefore  if  two  triangles,  &c  Q^E.  D. 

PROP.    XXVI.     THE  OR. 

TF  two  triangles  have  two  angles  of  one  equal  to  two 
angles  of  the  other ;  each  to  each,  and  one.fide  equal 
to  one  fide,  viz.  either  the  fides  adjacent  to  the  equal 
angles,  or  the  fides  oppofite  to  equal  angles  in  each  ; 
then  {hail  the  other  fides  be  equal,  each  to  each,  and  alfb 
the  third  angle  of  th<;  one  to  the  third  angle  of  the  other. 

•  •  •  ' 

Let  ABC,  DEF  be  two  triangles  which  have  the  angles  ABC, 
BCA  equal  to  the  angles  DEF^EFD,  viz.  ABC  to  DEF,  and  BCA 
to  EFD;  alfo  one  fide  equal  to  one  fide;  and  firft,  let  thoie  fides  be 
equal  which  are  adjacent  to  the  angles  that  are  equal  in  the  two  tri- 
kngles,  viz.  BC  to  EF,  the  other  fides  fliall  be  equal,  each  to  each^ 
viz.  AB  to  DE,  and     A  "Tk 

ACtoDFj    and  the      I  ^ 

third  angle  BAC  to  the  G;  ^ 
third  angle  EDF,- 

For  if  AB  be  not 
equal  to  DE,  oae  of 
them    muft    be    the 

greater.     Let  AB  be    n  /^   TT  "O 

the  greater  of  the  two,  '     i^    Xli  J!. 

taxd  make  BG  equal  to  D£»  and  jdn  GC.  therefore  becaufe  BG  m 


•t . 


I 
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mqpsl  to  DE,  and  BC  to  EF,  the  two  fides  GB,  BC  arc  equal  to  Book  I, 
the  two  DE^  EF,  each  to  each ;  and  the  angle  GBC  is  equal  to  thev 
angle  DEF ;  therefore  the  bafe  GC  is  equal  *  to  the  bafe  DF,  and  a.  4.  i. 
the  triangle  GBC  to  the  triangle  DEF,  and  the  other  angles  to  the 
i>ther  angles,  each  to  each,  to  which  the  equal  fides  are  oppofite; 
therefore  the  angle  GCB  is  equal  to  the  angle  DFE ;  but  DFE  is, 
by  the  hypothefis,  equal  to  the  angle  BCA ;  wherefore  alfb  the 
angle*  BCG  is  equal  to  the  angle  BCA,  the  lefs  to  the  greater, 
which  is  impofCble.   therefore  AB  is  not  unequal  to  DE,  that  is, 
U  is  equal  to  it.  and  BC  is  equal  to  EF;  therefore  the  two  AB,  BC 
are  equal  to  the  two  DE,  EF,  each  to  each ;  and  the  angle  ABC 
is^etjual  to  the  angle  DEF,  the  bafe  therefore  AC  is  equal  *  to  the 
bafe  DF,  and  the  third  angle  BAC  to  the  third  angle  EDF. 

Next,  let  the  fides  ' 
which  are  oppofite  to 
^qual  angles  in  each 
triangle  be  equal  to 
one  another,  viz.  AB 
to  DE  }*  likewife  in 
this  cafe,  the  other 
jides  fhall  be  equal, 
AC  to  DF,   and  BC 

to  EF;  and  alfo  the     iH  JEt  C 

third  angle  BAC  to  the  third  EDF. 

For  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater  of  them, 
and  make  BH  eq\ial  to  £F,  and  «join  AH.  and  becaufe  BH  is  .equal 
to  EF,  and  AB  to  DE  ^  the  two  AB,  BH  are  equal  to  the  two 
DE,  EF,  each  to  each  ^  and  they  contain  equal  angles ;  therefore 
the  bafe  AH  is  equal  to  the  bafe  DF,  and  the  triangle  ABH  to 
the  triangle  DEF,  and  the  other  angles  (hall  be  equal,  each  to 
each,  to  which  the  equ  J  fides  are  oppofite.  therefore  the  angle 
BHA  is  equal  to  the  a:  gle  EFD.  but  EFD  is  equal  to  the  angle 
BCA ;  therefore  aUb  the  angle  BHA  is  equal  to  the  angle  BCA, 
that  is,  the  exterior  angle  BHA  of  the  triangle  AHC  is  equal  to 
its  interior  and  oppofite  angle  BCA  j  which  is  impoffible*>.  where-  b.  16.  i; 
fore  BC  is  not  unequal  to  EF,  chat  is,  it  is  equal  to  it ;  and  AB 
is  equal  to  DE ;  therefore  the  two  AB,  BC  are  equal  to  the  two 
DE,  EF,  each  to  each ;  and  they  contain  equal  angles ;  wherefore 
the  bafe  AC  is  equal  to  the  bafe  DF,  and  the  third  angle  BAC 
to  the  third  angle  EDF.  therefore  if  two  triangles,  &c.    QJSi.  D« ' 
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Book  I.  PROP.  XXVn,    THEOR, 

TF  a  firaight  line  falling  upon  two  other  ftraight  lines 
^  makes  the  alternate  angles  equal  to  one  another, 
thefe  two  ftraight  lines  ihall  be  parallel* 

Let  the  ftralght  line  EF  wWch  falls  upon  the  two  ftraight  lines 
AB,  CD  make  the  alternate  angles  A£F,  £FD  equal  to  one  ano- 
ther ;  AB  is  parallel  to  CD. 

For  if  it  be  not  parallel,  AB  and  CD  being  produced  (hall  meet 
cither  towards  BD  or  towards 'AC.  let  them  be  produced  and  meet 
towards  BD  in  the  pdnt  G ;  therefore  G£F  is  a  triangle,  and  its 
exterior  angle  AEF  is  greater  *  than  the  interior  and  oppofite  angle 
EFG ;  but  it  is  alfo  equal  to 
it,  which  is  impoflible.  ther^  / 

fore  AB  and  CD  being  pro-  A.         J</  B 

duced  do  not  meet  towards 
BD.  in  like  manner  it  may  be 


a«i€.i. 


demonftrated  that  they  do  not  ^.     zn  y\ 

meet  towards  AC.  but  thofe  ^  /  *  -»-^ 

flraight  lines  which  meet  nei-  ' 
1^.  35.  Def  ther  way  tho'  pioduced  ever  fo  far  arc  parallel  ^  to  one  another.  AB 
thciefore  is  parallel  to  CD.  wherefore  if  a  ftraight  line, &c.  Q^E. D. 

PROP.  XXVffl.  THE  OR. 
T  F  a  ftraight  line  falling  upon  two  other  ftraight  lines 
•*•  makes  the  exterior  angle  equal  to  the  interior  and 
oppofite  upon  the  fame  fide  of  the  line ;  or  makes  the 
interior  angles  upon  the  fame  fide  together  equal  to 
two  right  angles ;  the  two  ilraight  lines  fhall  be  parallel 
to  one  another. 

Let  the  (baight  line  EF  which  falls  upon  the  two  ffaraight  fines 
AB>  CD  make  the  exterior  angle      "p 
£GB  equal  to  the  interior  and  op- 
pofite angle  GHD  upon  the  fame  -  ^,^ 
fide ;  or  make  the  interior  angles  A      '    X^'  B 
pn  the  fame  fide  BGH,  GHD  to- 
gether equal  to  two  right  angleSf  ri^ 
^  is  paraUcl  to  CD. 

Becaufe  the  angle  EGB  is  equal 
fD  the  angle  GHD|  and  the  aagl^ 
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EGB  eqvial  *  to  the  angle  AGH,  the  angle  AGH  Is  equal  t«  the  Book  I, 
angle  GHD ;  and  they  are  the  alternate  angles ;  therefore  AB  is\,^y^\J 
parallel  ^  to  CD.  again,  becaufe  the  angles  BGH,  GHD  are  equal  ^a.  15.  '• 
10  two  right  angles,  and  that  AGH,  BGH  arc  alio  equal  «*  to  two^-  *^-  '• 
right  angles  •,  the  angles  AGH,  BGH  are  equal  to  the  angles  BGH,^*  ^^  ^^^' 
GHD.  take  away  the  common  angle  BGH,  therefore  the  remain-  *   ^' 
ing  angle  AGH  is  equal  to  the  remaining  angle  GHD  j  and  they 
are  aiternatc  angles  j  therefore  AB  is  parallel  to  CD.  wherefore 
]t  a  ftriiight  line,  &c.    (^E.  D. 

PROP.  ^^X.     T  H  E  O  R. 
T  F  a  ftraight  line  falls  upon  two  parallel  ftraight  lines,     ^  ^^ 
•"•   it  makes  the  alternate  angles  equal  to  one  another  ;t'^tpro^ 
and  the  exterior  angle  equal  to  the  interior  and  oppofiterition. 
upon  the  fame  fide ;  and  likewifc  the  two  interior  angles 
upon  the  fame  fide  together  equal  to  two  right  angles. 

Let  the  ftraight  line  EF  fall  upon  the  parallel  ftraight  Fmes  AB, 
CD.  the  alternate  angles  AGH,  GHD  are  equal  to  one  another  j 
and  the  exterior  angle  EGB  is  equal  to  the  interior  and  oppofitc,    ' 
upon  the  fame  fide,  GHD  j  and  the 
two  interior  angles  BGH,  GHD  upon    -fci 
the  iame  fide  are  together  equal  to 
.two  right  angles.  A 

For  if  AGH  be  not  equal  to  GHD, 

one  of  them  muft^be  greater  than  the— ^ ■ 

other  5  Jet  AGH  be  the  greater,  and  be-  O  xl  \       ]D 

caufe  the  angle  AGH  is  greater  than  \j\ 

the  angle  GHD,  add  to  each  of  them  ' 

the  angle  BGH ;  therefore  the  angles  AGH,  BGH  are  greater  than 

the  angles  BGH,  GHD.  but  the  angles  AGH,  BGH  are  equal  *  to  a.  13. 1; 

two  right  angles ;  therefore  the  angles  BGH,  GHD  are  lefs  than 

two  right  angles,  but  thofe  ftraight  lineswhich  with  another  ftraight 

£ne  falling  upon  them  make  the  interior  angles  on  the  fiime  fide 

Ids  than  two  right  angles,  do  meet  ♦  together  if  continually  pro-  •  «»•  Af . 

duced ;  therefore  the  ftraight  lines  AB,CD  if  produced  far  enough       *"  ^^* 

fliall  meet  but  they  never  meet,  fince  they  are  parallel  by  the  Hy- "j^.^  PropL 

pothefis.  therefore  the  angle  AGH  is  not  unequal  to  the  angle  GHD,  q^^^ 

that  is,  it  b  equal  to  it.  but  the  angle  AGH  is  equal  ^  to  the  angle  b.  15.  f  • 

^B }  therefore  likewife  EGB  is  equal  to  GHD.  add  to  each  c£ 
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Book  I  thcTc  the  angle  BGH,  therefore  the  angles*  EGB,  BGH  are  equal 
to  the  angles  BGH,  GHD }  but  EGB,  BGH  are  equal  '  to  two 
right  angles  j  therefore  alfo  BGH,  GHD  arc  equal  to  two  right 
angles,  wherefore  if  a  ftraight  line,  &c.    (^E.  D. 


PROP.    XXX.     THE  OR, 

O  Traight  lines  which  arc  parallel  to  the  famp 
^     ftraight  line,  arc  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EFj  AB  is  alfo  parallel 
to  CD. 

I^et  the  ftraight  line  GHK  cut  AB,  EF,  CD  j  and  bccaufe  GHK 
cuts  the  parallel  ftraight  lines  AB, ' 
EF,  the  angle  AGH  is  equal  ■  to 
the  angle  GHF.  again,becauie  the 

ftraight  line  GK  cuts  the  parallel Aj*"    .  ■  '    ^  TSt 

ftraight  lines  Ef*,  CD,  the  angle 

GHF  is  equal  •  to    the   angle  E  ^Y — : "F 

GKD.  and  it  was  (hewn  that  the^  "K./  •»% 


m*  ip.  ii 


b.  XJ,  I. 


ft.  13.  IV 


N 


angle  AGK  is  equal  to  the  angle 
GHF ;  therefore  alfo  AGK  is  e- 
qual  to  GKD.  and  they  are  alter- 
nate angles;  therefore  AB  is  parallel ^to  CD.  wherefore  ftraight 
lines,  &c.    Q.  E.  D. 

PROP.    XXXI.     P  R  O  B. 

TO  draw  a  ftraight  line  thro'  a  given  poiqt  .parallel 
to  a  given  ftraight  line. 

Let  A  be  the  g^ven  point,  and  BC  the  given  ftraight  line ;  it  is 


required  to  draw  a  ftraight  line  thro* 
the  pomt  A,  parallel  to  the  ftraight 
line  BC. 

In  EC  take  any  point  D»  and  join 
AD ;  and  at  the  point  A  in  the  ftraight 


E 


F 


line  AD  make  *  the  angle  DAE  e- a  J)  0 

qual  to  the  angle  ADC  j  and  produce  the  ftraight  line  EA  to  F. 

Becaufe  the  ftraight  line  AD  which  meets  the  two -ftraight 

lines  BC,  EF,  makes  the  alternate  angles  EAD,  ADC  equal  to  one 

b.  xy.  I.    another^  EF  as  parallfl  ^  to  BC.  therefore  the  ftraight  line  EAF  b 
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«f 


drawn  thro'  the  g^Tcn  point  A  parallel  to  the  given  ib^ght  line  Book  I. 
BC  Which  was  to  be  done* 


b.  %p.  U 


PROP.    XXXIl.    THE  OR. 

T  F  a  fide  of  any  triangle  be  produced,  the  exterior 
angle  is  equaJ  to  the  two  interior  and  oppofite* 
angles ;  and  the  three  interior  angles  of  every  triangle 
are  equal  to  two  right  angles. 

Let  ABC  be  a  triangle^  and  let  one  of  its  fides  BC  be  pro^ 
duced  to  D.  the  exterior  angle  ACD  is  equal  to  the  two  interior 
and  oppofite  angles  CAB,  ABC;  and  the  three  interior  angles  of 
the  tnangle,  viz.  ABC,  BCA,  CAB  are  together  equal  to  two 
right  ^gles. 

Thro'  the  point  C  draw  CE  parallel  *  to  the  ftraight  line  AB«  »•  3i-  u 
and  becaufe  AB  is  parallel  to 
CE,  and  AC  meets  them,  the 
altjemate  angles  BAC,  ACE  are 
equal  ^.  again  becaufe  AB  is 
parallel  to  CE,  and  BD  falls 
upon  them,  the  exterior  angle 
ECD  is  equal  to  the  interior 
and  oppofite  angle  ABC.  butB  v  U 

the  angle  ACE  was  /hewn  tobe  equal  to  the  angle  BAC|  therefore 
the  whole  exterior  angle  ACD  is  equal  to  the  two  interior  and  op^ 
poCte  angles  CAB,  ABC  to  thefe  equals  add  the  angle  ACB,  and 
the  angles  ACD,  ACB  are  equal  to  the  three  angles  CBA,  BAC, 
ACB.  but  the  angles  ACD,  ACB  are  equal  ^  to  two  right  angles;  <.  13.  ■• 
therefore  alfo  the  angles  CBA,  BAC,  ACB  are  equal  to  two  right 
angles,  wherefore  if  a  fide  of  a  triangle,  &c.  C^E.  D.: 

CoR.  I.  All  the  interior  angles 
of  any  rectilineal  figure,  together 
-vath  four  right  angles,  are  equal 
to  twice  as  many  right  angles  as 
the  figure  has  fides. 

For  any  reftilineal  figure  ABCDE 
4an  be  divided  into  as  many  trian-* 
gles  as  the  figure  has  fides,  by 
drawing  (Inught  lines  from  a  point 
F  within  the  figure  to  each  of  its 
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Book  I.   angles.     And,  by  the  preceding  Propofition,  all  the  angles  of  the& 

V,^-y->^  triangles  are  equal  to  twice  as  many  right  angles  as  there  are  tri-* 

angles,  that  is,  as  there  arc  fides  of  the  figure,  and  the  fame  angled 

are  equal  to  the  angles  of  the  figure,  together  with  the  angles  at 

1.  %.  Cor.  the  pomt  F  which  is  the  common  Vertex  of  the  triangles  j  that  is  ■, 

'5i'     together  with  four  right  angles.     Therefore  all  the  angles  of  the 

figure,  together  with  four  right  angles,  are  eqtial  to  twice  as  manj^ 

right  angles  as  the  figure  has  fides. 

CoR.  2.  All  the  exterior  angles  of  any  rectilineal  figure  are  to* 
gether  equal  to  four  right  angles. 

Becauie  every  interior  angle 
ABC  with  its  adjacent  exterior 
*•  «3'  »•  ABD  is  equal  *»  to  two  right  an- 
gles ;  therefore  all  the  inteiior  to- 
gether with  all  the  exterior  angles 
of  the  figure,  are  equal  to  twice 
as  many  right  angles  as  there  ar6 
fides  of  the  figure,  that  is,  by  the  -  ^ 

foregoing  Corollary,  they  are  equal  -U  JB 

to  all  the  interior  angles  of  the  figure,  together  with  four  right 
angles,  therefore  all  the  exterior  angles  are  equal  to  four*  right 
angles. 

PROP.    XXXin.    THE  OR. 

'T^HE  ftraight  lines  which  join  the  extremities  of  twa 
***       equal  and  parallel  ftraight  lines^  towards  the 
fame  parts,  are  alfo  themfelves  equal  and  parallel. 

Let  AB,  CD  be  equal  and  parallel  ftraight  lines,  and  joined  to-f 
.  wards  the  fame  parts  by  the  ftraight^  'J^ 

lines  AC,  BD^  AC,  BD  arc  aifo 
equal  and  parallel. 

Join  BC,  and  becauie  AB  is  pa- 
rallel to  CD,  and  BC  meets  them;  -  - 
the  alternate  angles  ABC,  BCD  C  JjT 
m.  a>.  1.  are  equal  •  ;  aqd  becauie  AB  is  equal  to  CD,  and  BC  common  to 
the  two  triangles  ABC,  DCB,  the  two  fides  AB,  BC  are  equal  to 
the  two  DC,  CB ;  and  the  angle  ABC  is  equal  to  the  angle  BCD; 
^  4-  !•  therefore  the  bafe  AC  is  equal  *>  to  the  bafe  BD,  and  the  triangle 
ABC  to  the  triangle  BCD|  and  the  other  angles  to  the  other  an^ 
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dies  S  each  to'  each,  to  \irhich  the  equal  fides  are  oppoiite.  there*  Book  I. 
fore  the  angle  ACB  is  equal  to  the  angle  CBD.  and  becaule  the 
ftraight  line  BC  meets  the  two  ftraight  lines  AC,  BD  and  makes  b.  4*  i* 
the  sdtemate  angles  ACB>  CBD  equal  to  one  another,  AC  is  pa- 
rallel *  to  BD.   and  it  was  (hewn  to  be  equal  to  it.  tbereibre^  *'*  '* 
fin^t  linesy  &c  (^E-  D. 

PROP.  XXXIV,     THEOIL 

THE  dpp<^te  fides  and  angles  of  parallelograms  are 
equal  to  one  another,  and  the  diameter  bifeds 
them,  that  is,  divides  them  into  two  equal  parts. 

M.  B.  ./^  Parallelogram  is  a  four  ftded  figure  of  which 
the  oppofite  fides  art  parallel,  and  the  diameter  is  the 
ftraight  Fine  joining  two  of  its  oppofite  angles. 

Let  ABCD  be  a  parallelogram,  of  which  BC  Is  a  diameter. 
the  oppofite  fides  and  angles  of  the  figure  are  equal  to  one  ano« 
ther ;  and  the  diameter  BC  bi(e<fls  it. 

Becaule  AB  is  parallel  to  CD,  and  BC  meets  them,  the  alternate 
angles  ABC,  BCD  are  equal  '  to    ^  '  .^  a.  »p.  «• 

one  another,  and  becauie  AC  is 
parallel  to  BD,  and  BC  meets 
them,  the  alternate  angles  ACB, 
CBD  are  equal  ■  to  one  another, 
wherefore  the  two  triangles  ABC, 
CBD  have  two  angles  ABC,  BC  A 
in  one,  equal  to  two  angles  BCD,  CBD  in  the  other,  each  to  each, 
and  one  fide  BC  common  to  the  two  triangles,  which  is  adjacent 
to  their  equal  angles;  therefore  their  other  fides  fhall  be  equal, 
•ach  to  each,  and  Uie  third  angle  of  the  o^e  to  the  third  angle  of 
the  other  \  viz.  the  fide  AB  to  the  fide  CD,  and  AC  to  BD,  and  b. »«.  i« 
the  angle  BAC  equal  to  die  dngle  BDC.  and  becanfe  the  angle 
ABC  is  equal  to  the  angle  BCD,  and  the  angle  CBD  to  the  angle 
ACB ;  the  whole  angle  ABD  is  equal  to  the  whole  angle  AC3C). 
and  the  angle  BAC  has  been  fhewn  to  be  equal  to  the  angle  BDC| 
^therefore  the  oppofite  fides  and  angles  of  parallelograms  are  equal 
to  one  another,  alfo,  their  diameter  bife^s  them,  for,  AB  bdng 
equal  to  CD,  and  BC  common;  the  two  AB,  BC  are  equal  to  the 
Hwo  DC|  CB^  «ach  to  each ;  and  the  angle  ABC  is  equal  to  the 
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angle  BCD  ;  therefore  the  triangle  ABC  is  equal  ^  to  the  ttiaagftf 
BCD,  and  the  diameter  BC  diodes  the  parallelogram  ACDB  into 
two  equal  parts.    Q^E.  D. 

PROP.    XXXV.     THEOR. 

PARALLELOGRAMS  upoD  thc  fame  bafe  and  between: 
the  fame  parallels,  are  equal  to  one  another. 

Let  the  parallelograms  ABCD,  EBCF  be  upon  the  lame  baftr 
BC  and  between  the  fame  parallels  AF,  BC«  the  parallelogiam 
ABCD  fhall  be  equal  to  the  parallelogram  EBCF. 

"  If  the  fides  AD,  DF  of  the  parallelograms  ABCD,  DBCF  oppo^ 
fite  to  the  baie  BC,  be  terminated  in 
the  fame  point  D ;  it  is  plain  that  each  ^ 
of  the  parallelograms  is  double  '  of  the  A. 
triangle  BDC^  and  they  are  therefore 
equal  to  one  another. 

Butif  the  fides  AD,EFoppofitetothe 
bafe  BC  of  the  parallelograms  ABCD, 
EBCF  be  not  terminated  in  the  fameB 

point }  then  becaufe  ABCD  is  a  parallelogram,  AD  is  eqaal  •  tm 
BC ;  for  the  fimie  reafon,  EF  is  equal  to  BC ;  wherefore  AD  is* 
equal  *»  to  EF ;  and  DE  is  common  ;  therefore  the  whole,  or  the 
c.  A.  or  3.  remainder,  AE  is  equal  *^  to  the  whole,  or  thc  remainder  DF  ^ 
Ax  AB  alfo  is  equal  to  DC  *,  and  the  two  EA,  AB  are  ^erefore  equal 

F  A  E  I)  V 
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^^^ 


to  the  two  FD,  DC,  each  to  each ;  and  the  exterior  angle  FDC 
Jl.  19'  t.  is  equal  *  to  the  interior  EAB ;  therefore  the  bafe  EB  is  equal  to 
c.  4. 1.       the  bafe  FC,  and  the  triangle  EAB  equal  *  to  the  triangle  FDC. 

take  the  triangle  FDC  from  the  trapezium  ABCF,  and  from  the 

fame  trapezium  take  the  triangle  EAB  5  the  remainders  therefore  are 
f.  |.  Ax.     equaU,that  is,theparallelogram  ABCDisequal  to  the  parallelogram 

£BCF.  therefore  parallelograms  upon  the  fame  bafe,  &c.    C^E.  I>r 


p 
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l?ROP.   XXXVI.     THEOR.  v!^^ 

A  R  A  L  L  E  LOG  RAMS  upon  equal  bafcs  and  between 
the  feme  parallels,  are  equal  to  one  another. 


Let  ABCD,  EFGH  be  parallelograms  upon  equal  bafcs  BC,  FG, 

and  between  the  fame  ?*-     ^  T\    t?  t 

rallels  AH,  BG;  the  paral-   A X>    £ H 

lelogram  ABCD  is  equal 
to  EFGH. 

Join  BE,  CH;  and  bc- 
cade  BC  is  equal  to  FG, 

and  FG  to  •  EH,  BC  is  ^ -pff- :^ -^  1.14.1; 

equal  to  EH  ;  and  they 
are  paralldsi  and  joined  towards  the  fame  parts  by  the  ftraight 
lines  BE,  CH.  but  ftraight  lines  which  join  equal  and  parallel 
Araight  lines  towards  the  fame  parts,  are  themfelves  equal  and 
parallel  ^  ;  therefore  EB,  CH  are  both  equal  and  parallel,  and^-  '!•  '< 
EBCH  is  a  parallelogram  -,  and  it  is  equal  «  to  ABCD,  becaufe  it*^-  3^-  «• 
is  upon  the  fame  bafe  BC,  and  between  the  fame  parallels  BC, 
AD.  for  the  like  rcafon  the  parallelogram  EFGH  is  equal  to  the 
fame  EBCH.  therefore  alfo  the  parallelogram  ABCD  is  equal  to 
EFGH.     Wherefore  parallelograms,  &c    Q^  E.  D. 

PROP.    XXXVn.     THEOR. 

T^RiANGLEs  upon  the  fame  bafe,  and  between  the 
fame  parallels,  are  equal  to  one  another* 

Let  the  triangles  ABC,  DBC  be  upon  the  fame  bafe  BC  and 
between   the  fame    parallelsYj^  A    Tl  T? 

AD,  BC.  thetriangle  ABC  is-^^.  -tV  JJ  J? 

equal  to  the  triangle  DBC. 

Produce  AD  both  ways  to 
the  points  E,  F,  and  thro'  B 
draw  •  BE  parallel  to  CA j  \Z/  \/  ^  13.  *. 

and  thro*  C  draw  CF  parallel  ^ "yl; 

to  BD.  therefore  each  of  the  ^  ^ 

figures  EBCA,  DBCF  is  a  parallelogram  j  and  EBC A  is  equal «» to'^-  31.  «• 
DBCF,  becaufe  they  are  upon  the  fame  bafe  BC,  and  between  the 
iame  parallels  BC,  EF5  and  the  triangle  ABC  is  the  half  of  the  pa, 
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Book  I.  rallelogram  EBCA,  becaufe  the  diameter  AB  hiieCts  ^  it ;  and  the 

Vi^/vO  triangle  DBC  is  the  half  of  the  parallelogram  DBCF,  becaufe 

c-  34-  «.     the  diameter  DC  bifefts  it.  but  the  halves  of  equal  things  sure  e- 

d.  7.  Ax.    qyjj  d  .  therefore  the  triangle  ABC  is  equal  to  tlxe  triangle  DBC 

Wherefore  triangles^  &c.    (^E.  Dr 

PROP.    XXXVni.     T  H  E  O  R. 

TRIANGLES  Upon  equal  bafes,  and  between  the 
fame  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bafes  BC,  EF^Sffld 
between  the  fame  parallels  BF,  AD.  the  triangle  ABC  is  equal 
to  the  triangle  DEF. 

Produce  AD  both  ways  to  the  points  G,  H,  and  thro^  B  draw 

a.  3««  «•     BG  parallel  ■  to  CA,  and  thro'  F  draw  FH  parallel  to  ED.  then 

each  of  the   figures  ^^ 

GBCA,  DEFH  is  aW  A  D  1± 

parallelogram  ^    and 

b.  3^.  I.     they  are   equal  *»  to 

one  another,  becaufe 
they  are  upon  equal 

bafes  BC,  EF  and  l>e-      -jj  r^T^  TTi 

tween  the  fame  paral-     4^  v^  XU  X^ 

<^-  34.  t.  lels  BF,  GH.5  and  the  triangle  ABC  is  the  half  «  of  the  paral- 
lelofram  GBCA,  becaufe  the  diameter  AB  bifefts  it ;  and  the 
triangle  DEF  is  the  half  ^  of  the  paiallelogram  DEFH,  becaufe 
the  diameter  DF  bifedls  it.  but  the  halves  of  equal  things  are 

d.  7.  Ax.  equal «» ;  therefore  the  triangle  ABC  is  equal  to  the  triangle 
DEF.    Wherefore  U'iangles,  See.    QJE..  D. 
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PROP.    XXXK.     THEOR. 

QUA  L  triangles  upon  the  fame  bafe,  and  upon  the 
fame  fide  of  it,  are  between  the  fame  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  die  fame  bafe  BC, 
and  upon  the  fame  fide  of  it ;  diey  are  between  the  fame  parallels. 

Join  AD ;  AD  is  parallel  to  BC ;  for  if  it  is  not,  thro'  the  point 
A  draw  •  AE.  parallel  to  BC,  and  joia  EC.  die  triangle  ABC  is 
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equal  ^  to  the  triangle  EBC,  becaufe  it  is  upon  the  fame  bale  BQ  Book  I. 
and  between  the  fame  parallels  BC,  AE.   K  T\ 

but  the  triangle  ABC  is  equal  to  the  tri- 
angle BDC ;  therefore  alfo  the  triangle 
BDC  is  equal  to  the  triangle  £BC,  the 
greater  to  the  leis,  which  is  impofTible. 
therefore  A£  is  not  parallel  to  BC.  in 
the  fame  manner  it  can  be  demonftrated 

that  no  other  line  but  AD  is  parallel  to  BC  ;  AD  is  therefore  pa- 
rallel to  it.     Wherefore  equal  triangles  upon,  &c.    (^E.  D. 


PROP.     XL.     THEOR- 

EQUAL  triangles  upon  equal  bafes,  and  towards  the 
fame  parts,  are  between  the  fame  parallels. 

Let  the  equal  triangles  ABC,  DEF  be  upon  equal  bales  BC,  EF, 
and  towards  the  fame  parts )  A  tv 

they  are  between  the  fame 
parallels. 

Join  AD  5  AD  is  parallel 
to  BC.  for  if  it  is  not,  thro' 
A  draw  ■  AG  parallel  to  BF,  • 

and  join   GF.   the  triangle^       •       g\     n^  ~T?  ^- 38.  f . 

ABC  is  equally  to  the  trianglei>  Kj     Jh  IS 

GEF,  becaufe  they  are  upon  equal  bafes  BC,  EF,  and  betweei?  the 
fame  parallels  BF,  AG.  but  the  triangle  ABC  is  equal  to  the  tri- 
angle DEF  5  therefore  alfo  the  triangle  DEF  is  equal  to  the  tri- 
angle GEF,  the  greater  to  the  Icfs,  which  is  impoffible.  therefore 
AG  is  not  parallel  to  BF.  and  in  the  fame  manner  it  can  be  demon- 
ftrated that  there  is  no  other  parallel  to  it  but  AD,  AD  is  there- 
fore parallel  to  BF.    Wherefore  equal  triangles,  &c.    C^E.  D* 


a.  31.  ti 


PROP.    XU.     THEOR. 

IF  a  panllelognim  and  triangle  be  upon  the  fame 
bafe,  and  between  the  fame  parallels  ;  the  paral~ 
Idogram  fball  be  double  of  the  triangle. 
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d.  38.  I. 


e.  41.^1. 


THE     ELEMENTS 

Let  the  parallelogram  ABCD  and  the  trianrfe  EBC  be  trpon 
the  fame  bafe  BC,  and  between  the  fame  parallels  BC,  AE  5  the 
parallelogram  ABCD  is  double  of  the  A  Hi? 

triangle  EBC. 

Join  AC;  then  the  triangle  ABC  is 
equal  •  to  the  triangle  EBC,  becaufe 
they  are  upon  the  fame  bafe  BC,  and 
between  the  fame  parallels  BC,  AE. 
but  the  parallelogram  ABCD  is  double** 
of  the  triangle  ABC,  becaufe  the  dia- 
meter AC  divides  it  into  two  equal 
parts ;  wherefore  ABCD  is  alfo  doable  of  the  triangle  EBC«  there- 
fore if  a  parallelogram,  &c.    Qj^E.  D. 

PROP.    XLIL     PR  OB. 

TO  defcnbe  a  parallelogram  that  fhall  be  equal  to 
a  given  triangle,  and  have  one  of  its  angles 
equal  to  a  given  re(ftilineal  angle* 

Let  ABC  be  the  given  triangle,  and  D  the  given  reAilineal  an- 
g^e.  It  18  required  to  defcribe  a  parallelogram  that  ihall  be  equal 
to  the  g^ven  triangle  ABC,  and  have  one  of  its  angles  equal  to  D. 

Bifcft  *  BC  in  E,  join  AE,  and  at  the  point  E  in  the  ftraight 
line  EC  make  ^  the  angle  CEF  equal  to  D  •,  and  tliro'  A  draw  ^  AG 
parcel  to  EC,  and  thro'C  draw*  \  Tp        Q 

CG  parallel  to  EF.  therefore 
PECG  is  a  parallelogram,  and  be- 
caufe BE  is  equal  to  EC,  the  tri- 
angle ABE  is  likewife  equal  ^  to 
the  triangle  AEC,  fmce  they  are 
upon  equal  bafes  BE,  EC  and  be- 
tween the  fame  parallels  BC,  AG  jr»  -to  f^, 
therefore  the  triangle  ABC  is  dou-*^       •"  ^ 

ble  of  the  triangle  AEC.  anji  the  parallelogram  FEC6  is  likewUe 
double  *  of  the  triangle  AEC,  becaufe  it  is  upon  the  fame  bafe, 
&S9A  between  the  iame  parallels,  therefore  the  parallelogram  FECG 
is  equal  to  the  triangle  ABC,  and  it  has  one  of  itaanglos  CEP  ^ 
qual  to  the  g^vea  angle  D.  wherefore  theire  has  beea  dcfcribed  a 
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parallelogram  FECG  equal  to  a  given  triangle  ABC>  having  one  of  Rnnlr  r 
its  angles  C£F  equal  to  the  given  angle  D.   Which  was  to  be  done. 

PROP.    XLHL     THEOR. 
TT^HE  complements  of  the  parallelograms  which  arc 
about  the  diameter  of  any  parallelogram,  arc 
equal  to  one  another. 

L^  ABCD  be  a  parallelogram,  of  which  the  diameter  is  AC, 
and  EH,  FG  the  parallelograms  A         XT  T\ 

about  AC,  that  is,  thro*  whicb 
AC  paffisy  and  BK,  KD  th^ 
other  parallelograms  which 
ipake  up  the  whole  figure 
ABCD,  which  are  therefore 
called  the  complements,  the 

complement  BK  is  equal  to      -^         ri  r^ 

the  complement  KD.  U         'x  w 

Becaufe  ABCD  is  a  parallelogram,  and  AC  its  diameter,  the 
triangle  ABC  is  equal  *  to  the  triangle  ADC,  and  becaufc  EKHA**  34-  «• 
Is  a  parallelogram,  the  diameter  of  which  is  AK,  the  triangle  AEK 
is  equal  to  the  triangle  AHK.  by  the  fame  reaibn,  the  triangle 
KGC  Is  equal  tq  the  triangle  KFC.  then  becaufe  the  triangle  AEK 
is  equal  to  the  triangle  AHK,  and  the  triangle  KGC  to  KFC ; 
the  triangle  AJX  together  with  the  triangle  KGC  is  equal 
to  the  triangle  AHK  together  with  the  triangle  KFC.  but  ^c 
whole  triangle  ABC  is  equal  to  the  whqle  ADC  \  therefore  the 
remaining  complement  BK  is  equal  to  the  remaining  complement 
ISSi*     Wherefore  the  complements,  &c    (^  E.  D. 

PROP,    XLIV.     PR  OB. 

TO  a  given  ftraight  line  to  apply  a  parallelogram, 
which  fliall  be  equal  to  a  given  triangle,  and  have 
one  of  its  angles  equal  to  a  given  redilineal  angle,. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  triangle,  »id 
P  the  given  rectilineal  angle.  It  is  required  to  apply  to  the 
firaight  line  AB  a  parallelogram  equal  tQ  ^^  triangle  C|  and  haY« 
ijig  an  angle  e<jual  ;p  D^ 
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Make  ■  the 
parallelogram 
BEFG  equal  to 
the  triangle  C 
and  having  the 
angle  EBG  e- 
qualto  the  angle 

D,  fo  that  BE  -Cr  A  -r 

be  in  the  fame  Jul  J\^    .  X* 

ftraight  line  with  AB,  and  produce  FG  to  H ;  and  thro'  A  draw 
b  AH  parallel  to  BG  or  EF,  and  join  HB.  then  becaufe  the  ftraight 
line  HF  falls  upon  the  parallels  AH,  EF,thc  angles  AHF,  HFE 
arc  together  equal  ^  to  two  right  angles ;  wherefore  the  angles 
BHF,  HFE  are  left  than  two  right  angles,  biit  ftraight^  lines 
which  with  another  ftraight  line  make  the  interior  angles  upon  the 
i,  i».  Ax.  fg^^Q  ^jg  lefs  than  two  right  angles,  do  meet  ^  if  produced  far 
enough,  therefore  HB,  FE  (hall  meet,  if  produced ;  let  them  meet 
in  K,  and  thro'  K  draw  KL  parallel  to  E  A  or  FH,  and  produce 
HA,  GB  to  the  points  L,  M,  then  HLKF  is  a  parallelogram,  of 
which  the  diameter  is  HK,  and  AG,  ME  are  the  parallelograms 
about  HK;  and  LB,  BF  are  the  complements ;  therefore  LB  is  e- 
qtlal  *  to  BF.  but  BF  is  equal  to  the  triangle  C ;  wherefore  LB  is 
equal  to  the  triangle  C.  and  becaufe  the  angle  GBE  is  equal  ^ 
to  the  angle  ABM,  and  likewife  to  the  angle  D ;  the  angle  ABM 
is  equal  to  the  angle  D.  therefore  the  parallelogram  LB  is  applied 
to  the  ftraight  line  AB,  is  equal  to  the  tiiangle  C,  and  has  the 
angle  ABM  equal  to  the  angle  D.     Which  was  to  be  done. 

PROP.   XLV.     PR  OB. 

TO  defcribc  a  parallelogram  equal  to  a  givcQ  reclili- 
neal  figure,  and  having  an  angle  equal  to  a  gi- 
ven reftilineal  angle. 

Let  ABCD  be  the  given  reftilineal  figure,  and  E  the  given  rec-. 

tilineal  angle.     It  is  required  to  defcribe  a  parallelogram  equal  to 

ABCD  and  having  an  angle  equal  to  E. 
g.  41.  f.  Join  DB,  and  defcribe  '  the  parallelogram  FH  equal  to  the 

triangle  ADB,  and  having  the  angle  HKF  equal  to  the  angle  E  j 
b.  44. 1,     and  to  the  ftraight  line  GH  apply  b  the  parallelogram  CM  cqwl 


i.  ly  I. 
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to  the  triangle  DBC  having  the  angle  GHM  equal  to  the  angle  E.  Book  I. 
and  becaufe  the  angle  E  is  equal  to  each  of  the  angles  FKH,  GHM, 
the  angle  FKH  is  equal  to  GHM;  add  to  each  of  thele  the  angle 
KHG  ;  therefore  a  -.^  II        f^     T 

the  angles  FKH,-^^: J^        ,  -^         T     4^ 

KHG  are  equal  to 

the  angles  KHG,       \  /   \    /  E 

GHM.  but  FKH, 


KHG  are  equal  *  \      /  \  /  /        /        c,  aj.  t. 

to  two  right  an- 
gles; thereforealfo  ^ — ^   ^ 

KHG,  GHM  are  i>  \j   JV     J±    JVL 

equal  to  two  right  angles,  and  becauie  at  the  point  H  in  the  ftraight 
line  GH,  the  two  ftraight  lines  KH,  HM  upon  the  oppofite  fides 
of  it  make  ^e  adjacent  angles  equal  to  two  right  angles,  KH  is  in 
the  fame  ftraight  ^  line  with  HM.  and  beqauie  the  ftraight  lined.  14.  i« 
HG  meets  the  parallels  KM,  FG,the  alternate  angles  MHG,  HGF 
are  equal  ^ ;  add  to  each  of  thefe  the  angle  HGL ;  therefore  the 
angles  MHG,  HGL  are  equal  to  the  angles  HGF,  HGI^  but  the 
angles  MHG,  HGL  are  equal  *  to  two  right  angles ;  wherefore 
alio  the  angles  HGF,  HGL  are  equal  to  two  right  angles,  and  FG 
is  therefore  in  the  fame  ftraight  line  with  GL.  and  becaufe  KF  is 
parallel  to  HG,  and  HG  to  ML;  KF  is  parallel «  to  ML.  and  KM,  e.  30.  t* 
FL  are  parallels;  wherefore  KFLM  b  a  parallelogram,  and  becauie 
the  triangle  ABD  is  equal  to  the  parallelogram  HF,  and  the  tri- 
angle DBC  to  the  parallelogram  GM ;  the  whole  redilineal  figure 
ABCD  is  equal  to  the  whole  parallelogram  KFLM.  therefore  the 
parallelogram  KFLM  has  been  deicribed  equal  to  the  given  rec-. 
dlineal  figure  ABCD,  having  the  angle  FKl^  equal  to  the  given 
angle  E.     Which  was  to  be  done. 

Cor.  From  this  it  is  manifeft  how  to  a  given  ftraight  line  to 
apply  a  parallelogram,  which  fliall  have  an  angle  equal  to  a  given 
reAilineal  angle,  and  (hall  be  equal  to  a  given  reAilineal  figure, 
^z.  by  applying  ^  to  the  ^ven  ftraight  line,  a  parallelogram  equal  b.  44.  r> 
to  the  firft  triangle  ABD,  and  having  an  angle  equal  to  the  given 
Wtgfc, 
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PROP.  XLVl.    PR  OB. 
O  defcribe  a  fquare  upon  a  given  flraight  line. 


Let  AB  be  the  given  ftraight  line ;  it  is  required  to  defcribe  a 
fquare  upon  AB. 

From  the  point  A  draw  '  AC  at  right  angles  to  AB;  and  make 
b.  J.  I.      *>  AD  equal  to  AB,  and  thro'  the  point  D  draw  DE  parallel  *  to 
«•  3''  »•     it,  and  thro'  B  draw  BE  parallel  to  AD.  therefore  ADEBis  a  p9r 
4-  34*  '•     rallelogram ;  whence  AB  is  equal  ^  to  DE,  and  AD  to  BE.  bat 
B A  is  equal  to  AD  ;  therefore  the  four    f^, 
ftraight  lines  BA,  AD,  DE,  EB  are  c-  ^ 
qual  to  one  another,  and  the  parallelo- 
gram ADEB  is  equilateral,  likewife  all  x) 
its  angles  are  right  angles;  becauie  the 
Araight  line  AD  meeting  the  parallels 
AB,  DE,  the  angles  BAD,  ADE  are 
(T*  »f  •  I*     equal  ®  to  two  right  angles ;  but  BAD 

is  a  right  angle,  therefore  aUb  ADE  is  .  . 
a  right  angle,  but  the  oppofite  angles  oju 
of  parallelograms  are  equal  ^ ;  therefore  each  of  the  oppofite  angles 
ABE,  BED  is  a  right  angle ;  wherefore  the  figure  ADEB  is  rec- 
tangular, and  it  has  been  demonftrated'that  it  is  equilateral ;  it  is 
therefore  a  fqpare>  and  it  is  defcribed  upon  the  g^ven  ftraight  line 
AB.     Which  was  to  be  done. 

Cor.  Hence  every  pgralldognHXi  that  has  one  right  angle  has 
all  its  angles  right  angles. 


PROP.    XLVn.     THE  OR. 


I 


N  any  right  angled  triangle,  the  fquare  which  is  de- 
fcribed upon  the  fide  fubtending  the  right  angle, 
is  equal  to  the  fquares  defcribed  upon  (he;  iides  which 
contain  the  right  angle. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angle 
BAC  ;   the  fquare  defcribed  u{»on  the  fide  BC,  is  equal  to  the 
fquares  defcribed  upon  BA,  ACl 
^.  4«.  f .     '    On  BC  defcribe  •  the  fquare  BDEC,  and  on  BA,  AC  the  fquares 
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4« 


b.  |i.  f. 

c.  3».  D<f» 


d«  I4<  U 


GB,  HC ;  and  thro'  A  draw  ^  AL  paralfcl  to  BD  or  CE,  and  join  Boole  I. 
AD,  FC  then  bccaufc  each  of  the  angles  BAC,  BAG  is  a  right 
angle  ^,  the  two  firaight  lines 
AC,  AG  upon  the  oppofite 
fides  of  AB,  make  with  it  at 
the  point  A  the  adjacent  angles 
equal  to  two  right  angles  ; 
therefore  CA  is  in  the  feme 
ftraight  line  ^  with  AG.    for 
the  Tame  reiafon,  AB  and  AH 
are  in  the  fame  ftraight  line, 
and  becanfe  the  angle  DBC  is 
equal  to  the  angle  FBA,  each 
of  them  being  a  right  angle, 
add  to  each  the  angle  ABC, 
^d  the  whole  angle  DBA  is 
equal  *  to  the  whole  FBC.  and  becaufe  the  two  fides  AB,  BD  are  c.  ».  Ax. 
equ4  U>  the  two  FB,  BC,  each  to  each,  and  the  angle  DBA  equal 
to  the  angle  FBC;  therefore  the  bale  AD  is  equal  f  to  the  bafe  FC,  f.  4.  i. 
and  the  triangle  ABD  to  the  triangle  FBC  now  the  parallelogram 
BL  is  double  '  of  the  triangle  ABD,  becaufe  they  are  upon  the  s«  4»»  ■• 
fame  bafe  BD,  and  between  the  fame  parallels  BD,  AL;  and  the 
fquare  GB  is  double  of  the  triangle  FBC,  becaufe  thefe  alio  are 
upon  the  fame  bafe  FB,  and  between  the  fame  paiallcls  FB,  GC. 
but  the  doubles  of  equals  are  equal  ^  to  one  another,  therefore  the  ^'  ^  A** 
parallelogram  BL  is  equal  to  to  the  fquare  GB.  and  in  the  fame 
manner,  by  joining  AE,  BK,  it  b  demonftrated  that  the  parallelo- 
gram CL  is  equal  to  the  fquare  HC.     Therefore  the  whole  fquare 
BDEC  is  equal  to  the  two  fquares  GB,  HC.  and  the  fquare  BDEC 
is  defcribed  upon  the  ftraight  line  BC,  and  the  fquares  GB,  HC 
upon  BA,  AC.  wherefore  the  fquare  upon  the  fide  BC  is  equal 
to  the  fquares  upon  the  fides  BA,  AC.     Therefore  in  any  right 
angled  triangle,  &c    C^E.  D. 

PROP.   XLVm.     THEOR.  . 

IF  the  fquare  defcribed  upon  one  of  the  fides  of  a 
triangle,  be  equal  to  the  fquares  defcribed  upon 
the  other  two  fides  of  it ;  the  angle  contained  by  thefe 
^wo  £des  is  a  right  angle. 


4Z  THEELEMENTS 

S^  1^       If  the  fqnare  defcribed  upon  BC  one  of  the  fides  of  the  trian- 
I^Y>J  B^^  -^^  ^  equal  to  the  fquares  upon  the  other  fides  B  A,  AC ; 

the  angle  B AC  is  a  right  angle. 
«.  ir.  z«         From  the  point  A  draw  *  AD  at  right  angles  to  AC,  and  make 

AD  equal  to  BA,  and  join  DC.  then  becaufe  DA  is  equal  to  AB> 

the  £}uare  cS  DA  is  equal  to  the  fquare  of 

AB;  to  each  of  thefe  add  the  fquare  of  AC, 

therefore  the  fquares  of  DA,  AC  are  e- 

qual  to  the  Iquares  (^  BA,  AC.  but  the 
W4l«'»»     iquare  of  DC  is  equal  *>  to  the  iquares  of 

DA,  AC,  becaufe  D AC  is  a  right  angle ; 

and  the  fquare  of  BC,  by  Hypothefis,  is 

equal  to  the  iquares  of  BA,  AC ;  therefore 

the  fquare  of  DC  b  equal  to  the  iquare  of  «D. 

BC ;  and  therefore  alio  the  fide  DC  is  equal  to  the  fide  BC.  and 
becauie  the  fide  DA  is  equal  to  AB,  and  AC  common  to  the  two 

triangles  DAC,  BAC,  the  two  DA,  AC  are  equal  to  the  two  B A, 

AC;  and  the  bale  DC  is  equal  to  the  bafe  BC ;  therefore  the  an- 
c.  1. 1,      gle  DAC  is  equal  ^  to  the  angle  BAC.  but  DAC  is  a  right  angle, 

therefore  alfo  BAC  is  a  right  angle.     Therefore  if  the  fquare,  &c. 

(^KD. 
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BOOK    11. 


DEFINITIONS. 


I. 

EV  E  RT  right  angled  parallelogram  is  faid  to  be  contained 
by  any  two  of  the  ftraight  lines  which  coAtain  one  of  the 
right  angles.  / 

II. 
In  every  parallelogram,  any  of  the  parallelograms  about  a  diame- 
ter, together  with  the  two 
complements,   is    called    a    A 
Gnomon.     *  Thus  the  pa-  '^ 

*  rallelogram  HG  together 

*  with  the  complements  AF, 

*  FC  is  the  gnomon,  which  -»j., 

*  is  more  briefly  exprefled      . 

*  by  the  letters  AGK,  or  J^ 

*  EHC  which  arc  at  the  op- 
f  pofite  angles  of  the  parallelograms  which  make  the  gnomon.' 

PROP.   L     THEOR. 

.  ■  > 

TF  there  be  two  ftraight  lines,  one  of  which  is  divid* 
•*•  cd  into  any  number  of  parts ;  the  reftangle  con* 
taincd  by  the  two  ftraight  lines,  is  equal  to  the  rec- 
tangles contained  by  the  undivided  line,  and  the  fe- 
yeral  parts  of  the  divided  liae. 
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Let  A  and  BC  be  two  ftraigbt  lines }  and  let  BC  be  divided  into 
any  parts  in  the  points  D,  £ ;  the  reAangle  contained  by  the 
fbraight  lines  A,  BC  is  equal  to  t>  TI     IP       f*^ 

the  reftangle  contained  by  A,  BD  ^ 
and  to  that  contained  by  A,  DE\ 
and  alfo  to  that  contained  by  A, 
EC. 


L  H 


A 


From  the  point  B  draw  ■  BF 
at  right  angles  to  BC,  and  make 
BG  equal  »>  to  A  -,  and  thro'  G  p 
draw  ^  GH  parallel  to  BC;  and 
thro'  D,  E,  C  draw  «  DK,  EL,  CH  parallel  to  BG.  then  the 
reAangle  BH  is  equal  to  the  redangles  BK,  DL,  EH ;  and  BH 
is  contained  by  A,  BC,  for  it  is  contained  by  GB,  BC,  and  GB 
is  equal  to  A ;  and  BK  is  contained  by  A,  BD,  for  it  is  contained 
by  GB,  BD,  of  which  GB  is  equal  to  A ;  and  DL  is  contained 
by  A,  D£,  becaufe  DK,  that  is  ^  BG,  is  equal  to  A ;  and  in  like 
mannertthe  reflangle  EH  is  contained  by  A,  EC*  therefore  the 
rcftangle  contained  by  A,  BC  is  equal  to  the  feveral  reAangles 
contained  by  A,  BD,  and  by  A,  DE,  and  alfo  by  Ai  EC.  Where- 
fore if  there  be  two  ftraight  lines.  Sec.  Q-  E.  D, 

PROP.    n.    THE  OR. 

T  F  a  ftraight  line  be  divided  into  any  two  parts,  the 

redangles  contained  by  the  whole  and  each  of  the 

parts,  are  together  equal  to  thq  fquare  of  the  whole  line. 


Let  the  ftraight  line  AB  be  divided  into  A^ 
any  two  parts  in  the  point  C ;  (te  reAangle 
contained  by  AB,  BC  together  with  the 
rectangle  *  AB,  AC  ihall  be  equal  to  the 
fquare  of  AB. 

Upon  AB  defcribe  ♦  the  fquare  ADEB, 
and  thro'  C  draw  ^  CF  parallel  to  AD  or 
BE.  then  AE  is  equal  to  the  reftangles  AF,— ^ 
C£;  and  AE  is  the  fquare  of  AB  $  and  AFXI 


C  B 


F  E 


•  M.  B.  To  ivoM  repeating  the  word  Contained  too  frequently,  the  re^hinfle 
•ontaincd  by  two  ftraight  Uoe»  AB,  AC  is  fometittcs  fimply  called  the  reOangU 
A0«  AC. 


i 
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is  the  rejhngle  contained  by  BA,  AC ;  for  It  h  contained  by  Book  If. 
DA,  AC,  of  which  AD  is  equal  to  Afi ;  and  C£  is  contained  by  K^y'^ 
AB,  BC,  for  B£  is  equal  to  AB.  therefore  the  reftangle  contained 
by  AB,  AC  together  with  the  reftangle  AB,  BC,  is  equal  to  the 
fqoare  of  AB.    If  therefore  a  ftraight  line,  &c.   Q^E.  D^ 

PROP.    m.     THEOR- 

IF  a  ftraig^ht  line  be  divided  into  any  two  parts,  the 
reftangle  contained  by  the  whole  and  one  of  the 
parts,  is  equal  to  the  redangle  contained  by  the  two 
parts,  together  with  the  fquare  of  the  forefaid  part. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the 
point  C  *,  the  re£langle  AB,  BC  is  equal  to  the  reflangle  AC,  CB 
together  with  the  fquare  of  BC. 

Upon  BC  defcribe  •  the  fquare      /t       ^  "O      «.  46.  u 

CDEB,and  produce  ED  to  F,  and  ^"^ 

thro'  A  draw  »»  AF  parallel  to  CD  |      *•  l«.  w 

or  BE.  then  the  reAangle  AE  is 
equal  to  the  reftangles  AD,  CE; 
and  AE  is  the  reftangle  contain- 
ed by  AB,  BC9  for  it  is  contained 

by  AB,  BE,  of  which  BE  is  equal      

to  BC  I  and  AD  is  contained  by    x         O  1*4 

AC,  CB,  for  CD  is  equal  to  CB ;  and  DB  is  the  fquare  of  BC 
therefore  the  reftangle  AB,  BC  is  equal  to  the  reAangle  AC,  CB 
together  with  the  fquare  of  BC.  If  therefore  a  ftraight  line,  &c«: 
Q^E.D. 

PROP.    IV.     THE  OR. 

T  F  a  ftraight  line  be  divided  into  any  two  parts,  the 
^  iquare  of  the  whole  line  is  equal  to  the  fquarei 
of  the  two  parts,  together  with  twice  the  reftangle  con- 
tained  by  the  parts. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  C; 
the  iquare  of  AB  is  equal  to  the  fquares  of  AC,  CB  and  to 
twice  the  reftangle  contained  by  AC,,  CB. 
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Book  II.  Upon  AB  defcribe  *  the  fquare  ADEB,  and  join  BD,  and 
thro'  C  draw  »>  CGF  parallel  to  AD  or  BE,  and  thro'  G  draw  HK 
parallel  to  AB  or  DE.  and  becaufe  CF  is  parallel  to  AD,  and  JiD 
falls  upon  them,  the  exterior  angle  BGC  is  equal  *  to  the  intericM- 
and  oppofite  angle  ADB  j  but  ADB  is  equal  ^  to  the  angle  ABD, 
becaufe  BA  is  equal  to  AD,  being  fides  of  a  fquare;  wherefore  the 
angle  CGB  is  equal  to  the  angle  GBC, 
and  therefore  the  fide  BC  is  equal  *^to 
the  fide  CG.  but  CB  is  equal  abb  f  to 
GK,  and  CG  to  BK-,  wherefore  the 
figure  CGKB  is  equilateral,  it  is  like- 
wife  reftangular  ;  for  CG  is  parallel  to 
BK,  and  CB  meets  them^  the  angles 
KBC,GCB  are  therefore  equal  to  two 
right  angles  ;  and  ILBC  is  a  right  an-  J)  JP       ^Et 

gle,  wherefore  GCB  is  a  right  angle ;  and  therefore  alfo  the  ao- 
gles  f  CGK,  GKB  oppofite  to  thefe  are  right  angles,  and  CGKB 
is  re£tangular.  but  it  is  alio  equilateral,  as  was  demonftrated  \ 
wherefore  it  is  a  fquare,  and  it  is  upon  the  fide  CB.  for  the  fame 
reafon  HF  alfo  is  a  fquare,  and  it  is  upon  the  fide  HG  which  is 
ccjual  to  AC.  therefore  HF,  CK  arc  the  fquares  of  AC,  CB.  and 
g.  43. 1,  'becaufe  the  complement  AG  is  equal  «  to  the  complement  GE, 
and  that  AG  is  the  reftangle  contained  by  AC,  CB,  for  GC  is 
eqUal  to  CB ;  therefore  GE  is  alfo  equal  to  the  reftangle  AC, 
CB  )  wherefore  AG,  GE  are  equal  to  twice  the  reftangle  AC, 
CB.  and  HF,  GK  are  the  fquares  of  AC,  CB  ;  wherefore  the  four 
figures  HF,  CK,  AG,  GE  are  equal  to  the  fquares  of  AC,  CB 
and  to  twice  the  reftangle  AC,  CB.  but  HF,  CK,  AG,  GE  make 
up  the  whole  figure  ADEB  which  is  the  fquare  of  AB.  therefore 
the  fquare  of  AB  is  equal  to  the  fquares  of  AC,  CB  and  twice 
the  reftangle  AC,  CB.  Wherefore  if  a  ftraight  line,  &c. 
(^E.D. 

CoR.  From  the  demonftration  it  is  manifeft,  that  the  pai'allelo-' 
grams  about  the  diameter  of  a  fquare  are  likewtfe  fquares* 
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PROP.  V.    T.HEOR. 

TF  a  fbraight  line  be  divided  into  two  equal  parts,  and 
-^  and  alfo  into  two  unequal  parts  ;  the  reAanglc 
contained  by  the  unequal  parts,  together  with  the 
iquare  of  the  line  between  the  points  of  fedion,is  equal 
to  the  fquare  of  half  the  line. 

Let  die  ftraight  line  AB  be  divided  into  two  equal  parts  in  the 
point  C,  and  into  two  unequal  parts  at  the  point  D;  the  rcAangle 
AD,  DB  together  with  the  fquare  of  CD,  is  equal  to  the  fquare 
of  CB. 

Upon  CB  defcribe  *  the  fquare  CEFB,  join  BE,  and  thro'  D«.  4^  & 
draw  ^  DHG  parallel  to  C£  or  BF ;  and  thro'  H  draw  KLM  pa^b.  31.  u 
rallel  to  CB  or  £F ;  and  alfo  thro'  A  draw  AK  parallel  to  CL  or 
BM.  and  becauie  the  complement  CH  is  equal  ^  to  the  comple-^^^  '* 
ment  HF,  to  each  of  thefc      ^  ^        -tt^      t% 

add  DM,theref<M^thc  whole     ^  ^  -^     " 

CM  is  equal  to  the  whole        I      _         Jj 

DF  J  but  CM  is  equal  ^  to  R' r A      MTl^  !«•«- 

AL,  becauie  AC  is  equal  to 
CB ;  therefore  alfo  AL  is  e- 
qual  to  DF.  to  each  of  thefe 
add  CH,and  the  whole  AH 
is  equal  to  DF  and  CH.  but 

AH  is  the  reAangle  contained  by  AD,  DB,  for  DII  is  equal  *  to«-Cor, 
DB ;  and  DF  together  with-CH  is  tlie  gnomon  CMG  j  therefore 
the  gnomon  CMG  is  equal  to  the  reAangle  AD,  DB.  to  each  of 
thefe  add  LG,  which  is  equal  *  to  the  fquare  of  CD,  therefore  the 
gnomon  CMG  together  with  LG  is  equal  to  the  reAangle  AD, 
DB  together  with  the  (quare  of  CD.  but  the  gnomon  CMG  and 
LG  make  up  the  whole  figure  CEFB,  which  is  the  fquare  of  CB« 
therefore  the  redlangle  AD,  DB  together  with  the  fquare  of  CD 
is  equal  to  the  fquare  of  CB.     Wherefore  if  a  ftraight  line,  &c. 
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^''^"'  PROP..  VI.     THE  OR. 

T  F  a  ftraight  line  be  bifeded,  and  produced  to  any 
point  J  the  rectangle  contained  by  the  whole  line 
thus  produced,  and  the  part  of  it  produced,  together 
with  the  fquare  of  half  of  the  line  bifefted,  is  equal  to 
the  fquare  of  the  ftraight  line  which  is  made  up  of  the 
half  and  the  part  produced. 

Let  the  ftraight  line  AB  be  bifefted  in  C,  and  produced  to  the 
point  D  5  the  reftangle  AD,  DB  together  with  the  fquare  of  CJR, 
is  equal  to  the  fquare  of  CD. 

Upon  CD  dcfcribe  •  the  fquare  CEFD,  join  DE,  and  thro'  B 
draw  «>  BHG  parallel  to  CE  or  DF,  and  thro'  H  draw  KLM  paral- 
lel to  AD  or  EF,  and  alfo  thro'  A  draw  AK  parallel  to  CL  or  DM. 
and  becaufe  AC  is  equal  to  CB,  the  reftangle  AL  is  equal  ^  to 
CH  5  but  CH  is  equal  ^  to     Jj^  Q  B        X> 

HF;  therefore  alfo  AL  is 
equal  to  HF.  to  each  of 
thcfe  add  CM,  therefore 
the  whole  AM  is  equal  to 
the  gnomon  CMG.  and 
AM  is  the  reftangle  con- 
tained  by  AD,  DB,  for 
cCor.4.».DM  is  equal  *  to  DB. 

therefore  the  gnomon  CMG  is  equal  to  the  reftangle  AD,  DBb 
add  to  each  of  thefe  LG,  which  is  equal  to  the  fquare  of  CB  ; 
therefore  the  reftangle  AD,  DB  together  with  the  fquare  of  CB 
is  equal  to  the  gnomon  CMG  and  the  figure  LG.  but  the  gnomon 
CMG  and  LG  make  up  the  whole  figure  fcEFD,  which  is  the 
iquare  of  CD ;  therefore  the  reftangle  AD,  DB  together  with 
the  Iquare  of  CB,  is  equal  to  the  fquare  of  CD.  Wherefore  if  a 
ftraight  line,  &c.    Q^  E.  D. 

P  R  O  P.  VIL     T  H  E  O  R. 

IF  a  ftraight  line  be  divided  into  any  two  parts,  the 
fquares  of  the  whole  line,  and  of  oiie  of  the  parts  are 
equal  to  twice  the  reftangle  contained  by  the  whole  and 
that  party  together  with  the  fquare  of  the  other  part. 
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Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the  Book  II. 
piMnt  C;  the  fqoares  of  AB,  BG  are  equal  to  twice  the  reAangle  Vk^v*^ 
ABy  BC  toge&er  with  the  fqnare  of  AC 

Upoft  AB  deferibe '  the  fquare  ADEB,  and  conftruft  the  figure  m  46.  i. 
^  in  the  preceding  Propofitions-  and  becaufe  AG  is  equal  ^  to  GE,  **•  *3-  *• 
add  to  each  of  them  CK,  the  whole  AK  is  therefore  equal  to  the 
whole  CE  $  therefore  AK,  C£  are 
double  of  AK.  bnt  AK,  CE  are  the    ^  ^ 

gnomon  AKFtogetherwith  the  fquare  -A- ^         Jq 

CK  i  therefwe  the  gnomon  AKF  to- 
gether with  the  fquare  CK  is  double  J[J 
of  AK.  but  twice  the  reAangle  AB, 
BC  is  double  of  AK,  for  BK  is  equal« 
to  BC.  therefore  the  gnomon  AKF 
together  with  the  fquare  CK  is  equal 
to  twice  the  refkangle  AB,  BC.  to 
each  of  thefe  equals  add  HF,which  is 

equal  to  the  fquareof  AC;  therefore  the  gnomon  AKFtogetherwith 
the  fquares  CK,  HF  is  equal  to  twice  the  redangle  AB,  BC  and 
Che  fquareof -AC.  but  the  gnomon  AKF  together  wich  the  iquares 
CK,  HF  make  up  the  whole  figure  ADEB  and  CK,  which  are 
the  fqoares  of  AB  and  BC.  therefore  the  fquares  of  AB  and  BC 
are  equal  to  twice  the  rectangle  AB,  BC  together  with  the  fquare 
of  AC     Wherefore  if  a  ftraight  line,  &c   Q^  E*  D. 

PROP.    Vm.     THE  OR. 

TF  a  ftraight  line  be  divided  into  any  two  parts,  four 
"*•  times  the  rcftangle  contained  by  the  whole  line, 
and  one  of  tlie  parts,  together  with  the  fquare  of  the 
other  part,  is  equal  to  the  fquare  of  the  ftraight  line 
which  is  made  up  of  the  whole  and  that  part. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the 
point  C  i  four  times  the  reflangle  AB,  BC,  together  with  the  (qoar^ 
of  AC,  is  equal  to  the  fquare  of  the  ftraight  line  made  up  of  AB 
and  BC  together. 

Produce  AB  to  D  fo  that  BD  be  equal  to  CB,  and  upon  AD 
deferibe  the  fquare  AEFD ;  and^conftruft  two  figures  fuch  as  in 
the  preceding.  Becaufe  CB  .is  equal  to  BD,  and  that  CB  is  equal* 
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Book  If.  to  GK|  and  BD  to  KN ;  therefore  GK  is  equal  to  KN.  for  the 
fame  reafon  PR  is  equal  to  RO.  and  becauie  CD  is  equal  to  BD/ 
and  GK  to  KN,  the  reAangle  CK  is  equal  ^  to  BN,  and  GR  to 
RN.  but  CK  is  equal  ^  to  Ktf,  becaufe  they  are  the  complements 
of  the  parallelogram  CO  y  therefore  alio  BN  is  equal  to  GR.  and 
the  four  rectangles  BN»  CK,  GR,  RN,  are  therefore  equal  to  one 
another,  and  fo  are  quadruple  of  one  of  them  CK.  again,  becauic 
CB  is  equal  to  BD,  and  that  BD  is 

4  Cor.  4. 1,  equal  ^  to  BK,  that  is  to  CG ;  and 

CB  equal  to  GK,  that  «i  is  to  GP  j  ^ 
therefore  CG  b  equal  to  GP.  and  ^^ 
becaufe  CG  is  equal  to  GP,  and  PR  M 
to  RO,  the  reftangle  AG  is  equal  'XT 
to  MP,  and  PL  to  RF.  bttt  MP  is  "^ 

^  43.  t.  equal  ^  to  PL,  becaufe  they  are  the 
complements  of  the  parallelogram 
ML;  wherefore  AG  alfois  equal  to 
RF.  therefore  the  four  reAangles 
AG,  MP,  PL,  RF  are  equal  to  one 

another,  and  fb  are  quadruple  of  one  of  them  AG.  And  it  was 
demonftratcd  that  the  four  CK,  BN,  GR^  RN  are  quadruple  of 
CK.  therefore  the  eight  rectangles  which  cont»n  the  gnomon  AOH, 
are  quadruple  of  AK.  and  becaufe  AK  is  the  rectangle  contained 
by  AB,  BC,  for  BK  is  equal  to  BC ;  four  times  the  reftangle  AB^ 
BC  is  quadruple  of  AK.  but  the  gnomon  AOH  was  demonftrated 
10  be  quadruple  of  AK ;  therefore  four  times  the  redtangle  AB, 
BC  is  equal  to  the  gnomon  AOH*  to  each  of  thele  add  XH,  which 

4tCor.4. ».  is  equal  *  to  the  fquare  of  AC ;  therefore  four  times  the  reAanglc 
JkRj  BC  together  with,  the  fquare  of  AC  ib  equal  to  the  gnomon 
AOH  and  the  fquare  XH.^  but  the  gnomon  AOH  and  XH  make 
up  the  figure  AEFD  which  is  the  fquare  of  AD.  therefore  four 
times  the  rectangle  AB,  BC  together  with  the  fquare  of  AC  if 
equal  to  the  fquare  of  AD,  that  is,  of  AB  and  BC  added  together 
itt  one  firaight  line.     Wherefore  if  a  ftraight  line^  &c«  Q^JL  D» 
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Bookir. 
PROP.    IX,     THEOR. 

IF  a  ftraight  line  be  divided  into  two  equal,  and  alfo 
into  two  unequal  parts  ;  the  fquares  of  the  two 
unequal  parts,  are  together  double  of  the  fquare  of  half 
the  line,  an^  of  the  fquare  of  the  line  between  the 
points  of  feclion. 

Let  the  ftraight  line  AB  be  divided  at  the  pcnnt  C  into  two 
eqaal,  and  at  D  into  two  unequal  parts,  the  fqoares  of  AD,  DB 
are  together  double  of  the  fquares  of  AC,  CD. 

From  the  point  C  draw  *  C£  at  right  angles  to  AB,  and  make  it  a.  u.  u 
equal  to  AC  or  CB,  and  join  EA,  EB;  thro'  D  draw  ^  DF  parallel  *>•  |«.  u 
to  CE,  and  thro*  F  draw  FG  parallel  to  AB ;  and  join  AF.  then 
becauie  AC  is  equal  to  CE,  the  angle  EAC  is  equal  ^  to  the  tngle  c  r  u 
AEC ;  and  becauie  the  angle  ACE  is  a  right  angle,  the  two  others 
AEC,  EAC  together  make  one  right  angle  <>;  and  they  are  equal  ^-  i^*^ 
to  one  another  j  each  of  them  therefore  is  half  of  a  right  angle* 
for  the  fame  reaibn  each  of  tlie  an«- 
gles  CEB,  EBC  is  half  a  right  an- 
gle; and  therefore  the  whole  AEB 
b  a  right  angle,  and  becaufe  the 
angle  GEF  is  half  a  right  angle, 
and  EGF  a  right  angle,  for  it  is 

equal  *  to  the  interior  and  oppo-  A^'^*'       5*5 — j^   *  ^-r>     **  *^'  ** 
fitc  angle  ECB,  the  remaining  an-  "^ 

gk  EFG  is  half  a  right  angle ;  therefore  the  angle  GEF  is  equal 
to  the  ai^le  EFG,  and  the  fide  EG  equal  ^  to  the  fide  GF.  again,  f*  ^.  r» 
becauie  the  angle  at  B  is  half  a  right  angle,  and  FDB  a  right  an- 
gle,for  it  is  equal  ^  to  the  interior  and  oppofite  angle  ECB,  the 
remaining  angle  BED  is  half  a  right  angle  -,  therefore  the  angle  at 
B  is  equal  to  the  angle  BFD,  and  the  fide  DF  to  f  the  fide  DB.  and 
becanfe  AC  is  equal  to  CE,  the  fquare  of  AC  is  equal  to  the  fquare 
of  CE;  therefore  the  fquares  of  AC,  CE  are  double  of  the  fquare 
of  AC.  but  the  fquare  of  EA  is  equal  ^  to  the  fquares  of  AC,  C£,  f  •  47*  u 
becauie  ACE  is  a  right  angle;  therefore  the  fquare  of  EA  isdouble 
of  the  iquare  of  AC.  again,  becauie  EG  is  equal  toGF,  the  fquare 
of  EG  is  equal  to  the  fquare  of  GF;  therefore  the  fquares  of  EG, 
GF  are  double  of  the  fquare  of  GF ;  but  the  fquare  •f  EF  }$ 

D    2 


5« 

BookU. 


b.  J4.  I. 


f*47« 


a.  II.  I. 

b.  31. 1, 


c.  19.  I. 


C\D     B 


d.  lA.  As. 


c.  5.  I. 


THE     £L«MEUTS 

equal  to  the  fquares  of  EG,  GF ;  therefore  the  Iqiiare  of  EF  b 

double  of  the  fquare  GF.  and  GF  is  equal  ^  to  GD. }  therrfoce  tbc 

fquare  of  £F  is  double  of  the 

fquare  of  CD.  but  the  fquare  of 

A£  is  likewife  double  of  the  fquare 

of  AC ;  therefore  the  fquares  of 

A£,  £F  are  dottble  of  the  fqtiafisr 

of  AC,  CD.  and  the  fquare  of 

AF  is  equal  «  to  the  fquares  of 

AE,  EF  becaufe  AEF  is  a  right 

angles  therefore  the  fquare  of  AF  is  double  of  the  fquares  of  AQ 

CD.  but  the  fquares  of  AD,  DF  are  equal  ta  the  fquare  of  AF^ 

becaufe  the  angle  ADF  is  a  rig^t  angle ;  therefore  the  fquares  of 

AD,  DF  are  double  of  the  fquares  of  AC,  CD.  and  DF  is  equd 

to  DB ;  therefore  the  fquares  of  AD,  DB  are  double  of  the  fquares 

•f  AC,  CD.     if  therefore  a  fbaight  line,  &c  Q^E.  D. 

PROP,    i     THE  OR. 

TF  a  ftraight  line  be  bifede^^  and  produced  to  any  point, 
'^  the  fquare  of  the  whole  lin«  thus  produced,  and  the 
fquare  of  the  part  of  it  produced  are  together  double 
of  the  fquare  of  half  the  line  bifeded,  and  of  the  fquare 
of  the  line  made  up  of  the  half  and  the  part  produced. 

Let  the  flraight  line  AB  be  bifeAed  in  C,  and  produced  to  At 
point  D ;  the  fquares  of  AD,  DB  are  double  of  the  fijuares  of 
AC,  CD. 

From  the  point  C  draw  *  CE  at  right  angles  to  AB,  and  make 
it  equal  to  AC  or  CB,and  join  AE,  EB;  thro'E  draw  ^  EF  parallel 
to  AB,  and  thro^  D  draw  DF  parallel  to  CE«  and  becaufe  the 
fh^ght  line  EF  meets  the  parallels  EC,  FD,  the  angles  CEF, 
EFD  are  equal  *  to  two  right  angles ;  and  therefore  the  angles 
BEF,  EFD  are  lefs  than  two  right  angles,  but  ffraight  lines  which 
with  another  fh^ght  line  make  the  interior  angles  upon  the  fame 
fide  lefs  than  two  right  angles,  do  meet  '  if  produced  far  enough, 
therefore  EB,  FD  fhall  meet,  if  produced,  toward  BD.  let  them 
meet  in  G,  and  join  AG.  then  becaufe  AC  is  equal  to  CE,  the 
angle  CEA  is  equal  *  to  the  angle  EAC ;  and  the  angle  ACE  ts  a 
righi:  angle  •,  therefore  each  of  the  an^es  CEA,  EAC  is  half  ^ 
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nght  angle  *.  for  the  fame  reaibn,  each  of  the  angles  CEB,  £BC  Book  XL 
is  half  a  ri^t  angl^ ;  diereftw^  A£B  is  a  right  angle*  and  becauie  \,^y*\J 
EBC  is  half  a  right  angle,  DBG  is  alio  f  liaif  a  right  angle,  for*  3».  t. 
Aef  are  ycrticaUy  o}^ofite ;  but  BDG  is  a  right  angle,  becaufe  it'^-  '^'  '- 
i$  equal  *  to  the  alternate  angle  DCE ;  therefore  the  remaining  an-^*  ^'*  '* 
gle  DGB  is  half  a  right  angle,  and  is  therefore  equal  to  the  angle 
DBG;  wherefore  aUb  the  fide  BD  is  equal  <  to  the  fide  DG.|.  6.u     . 
again,  becauie  £GF  is  half  a 
right  angle,  and  that  the  an« 
gle  at  F  is  a  right  angle,  be- 
cauie it  is  equals  to  the  op- 
pofite  angle  £CD,  the  re- 
maining angle  F£G  is  half  a   A 
right  angle,  and  equal  to  the 
angle  £GF ;  wherefore  alio 
the  fide  GF  is  equal  <  to 

the  fide  FE.  And  becaufe  EC  is  equal  to  C  A,  the  fquare  of  EC 
is  equal  to  the  fquare  of  CA ;  therefore  the  fquares  of  EC,  C A 
are  double  of  the  fijuare  of  CA.  but  the  fquare  of  £A  is  equal  >  i.  47-  u 
to  the  iquares  of  £C,  CA ;  therefore  the  fquare  of  £A  is  double 
of  the  fquare  of  AC.  again,  becauie  GF  is  equal  to  F£,  the  fquare 
of  GF  is  equal  to  the  fquare  of  FE;  alld  therefore  the  iquares  of 
GF,  FE  are  double  of  die  fquare  of  £F.  but  the  fquare  of  EG  is 
equal  >  to  the  fquares  of  GF,  FE ;  therefore  the  fquare  of  EG  is 
double  of  the  iquare  of  £F.  and  EF  is  equal  to  CD,  wherefore 
the  iquare  of  EG  is  double  of  the  fquare  of  CD.  but  it  was  de-* 
monflrated  that  the  iquare  of  EA  is  double  of  the  iquare  of  AC ; 
therefore  the  fquares  of  AE,  EG  are  double  of  the  iquares  of  AC, 
CD.  and  the  iquare  of  AG  is  equal  >  to  the  iquares  of  AE,  EG ;  i*  47-  u 
therefore  the  fquare  of  AG  is  double  of  the  iquares  of  AC,  CD. 
but  the  iquares  of  AD,  DG  are  equal  >  to  the  iquare  of  AG ; 
jtherefore  the  iquares  of  AD,  DG  are  double  of  the  iquares  of  AC, 
CD.  but  DG  is  equal  to  DB;  therefore  the  iquares  of  AD,  DB 
^Lce  double  of  the  fquares  of  AC,  CD.  Wherefore  if  a  ftraight 
Jiney  &c.  C^E.  D, 
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PROP.    XI.     PR  OB, 

TO  divide  a  given  flraight  line  into  two  parts,  fo  that 
the  rectangle  contained  by  the  ^hole,  and  one  of 
the  parts,  (hall  be  ^qual  to  the  fquare  of  the  other  part. 

Lpt  AB  be  the  given  ^aight  line ;  it  is  required  to  divide  it 
into  two  parts,  fo  that  the  reftangle  contained  by  the  whole,  and 
one  of  the  pai  ts,  (hall  be  equal  to  the  fquare  of  the  other  part. 

Upon  AB  defcribe  *  the  fquare  ABDC,  bifeft  »>  AC  in  E,  and 
join  BE ;  produce  CA*  to  F,  and  make  *  EF  equal  to  EB  |j  and 
upon  AF  defcribe  *  the  fquare  FGHA,  and  produce  GH  to  K, 
AB  is  divided  in  H  io,  that  the  reiflangle  AB,  BH  is  equal  tq 
the  fquarq  of  AH. 

Becauie  the  Araight  line  AC  is  biieiled  in  E,  and  produced  to 
the  ppiat  F,  the  reftangle  CF,  FA,  together  with  the  fquare  of 
A£,  is  equal  <>  to  the  fquare  of  £F.  but  EF  is  equal  to  EB;  there? 
fore  the  reftangle  CF,  FA,  together  withTJ  r^ 

the  fquare  of  AE  is  equal  to  the  fquare  of*  k 
EB.  a{id  the  fquares  of  BA,  AE  are  equal  ^ 
to  the  fquare  of  EB,  becauie  the  angle  EAB 
is  a  right  angle ;  therefore  the  reftangle  CF,  A 
FA,  together  with  thp  fquare  of  AE  is  equal  •     " 
to  the  fquares  of  BA,  AE.   take  a>vay  the 
fquare  of  AE,  which  is  common  to  both,JR 
therefore  the  remaining  reftangle  CF,  FA 
js  equal  to  the  fquare  of  AR  and  the  figure 
FK  is  the  reftangle  contained  by  CF,  FA,^ 
for  AF  is  equal  to  FG ;  and  AD  is  theC 
fquare  of  AB ;  therefore  FK  is  equal  to 
AD.  take  away  the  common  part  AK,  and  the  remainder  FH  is 
lequal  to  the  remainder  HD.   and  HD  is  the  reftangle  contained 
l>y  AB,  BH,  fw  AB  is  equal  to  BD  ;  and  FH  is  the  fquare  of 
AH.  therefore  the  reftangle  AB,  BH  is  equal  to  the  fquare  of 
AH.  wherefore  the  ftraight  line  AB  is  divided  in  H,  fo  that  die 
reftangle  AB,  BH  is  equal  to  the  fquare  of  AH,     ^Vhich  w^ 
fo  be  done. 
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PROP.    XIL     THEOR. 

IN  obtufe  angled  'triangles,  if  a  perpendicular  be 
drawn  from  any  of  the  acute  angles  to  the  oppo- 
fite  fide  produced,  the  fquare  of  the  fide  fubtending 
the  obtufe  angle,  is  greater  than  the  fquares  of  the 
fides  containing  the  obtufe  angle,  by  twice  the  redan- 
gle  contained  by  the  (ide  upon  which  when  produced 
the  perpendicular  falls,  and  the  ftraight  line  intercept- 
ed without  the  triangle  between  the  perpendicular  and 
the  obtufe  angle. 

Lee  ABC  be  an  obtufe  angled  tiiangle,  having  the  obmie  angle 
ACB,  and  from  the  point  A  let  AD  be  drawn  '  perpendicular  to**  **•  '• 
BC  produced,  the  fquare  of  AB  is  greater  than  the  fquares  of  AC, 
CB  by  twice  the  reftangle  BC,  CD.  ^' 

Becaufe  the  ftraight  line  BD  is  divided  iuto  two  parts  lfr-4he 
pomt  C,  the  fquare  of  BD  is  equal 

k  to  the  fquares  of  BC,  CD,  and  j^    k.  4.  a. 

t^ce  the  reftangle  BC,  CD.  to 
each  of  thefe  equals  add  the  fquare 
of  DA ;  and  the  fquares  of  BD,D A 
are  equal  to  the  fquares  of  BC,  CD, 
DA,  and  twice  the  reftangle  BC, 
CD.  but  the  fquare  of  BA  is  equal 
*  to  the  fquares  of  BD,  DA,  be-  Tl' 
cauie  the  angle  at  D  is  a  nght  an- 
gle ;  and  the  fquare  of  C A  is  equal  ^  to  the  fquares  of  CD,  DA. 
therefore  the  fqu^e  of  BA  is  equal  to  the  fquares  of  BC,  CA, 
and  twice  the  reftangle  BC,  CD ;  that  is,  the  fquare  of  BA  is 
greater  than  the  fquares  of  BC,  CA,  by  twice  the  reftangle  BC| 
X:%     Therefore  in  obtufe  angled  triangles,  &c..  (^£.  D. 
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JPROP.  XIII.  THEOR. 
T  N  every  triangle  the  fquare  of  the  fide  fubtending 
^'  any  of  the  acute  angles,  is  lefe  thaa  the  fquares  of 
the  fides  containing  that  angle,  by  twice  the  reftangle 
contained  by  either  of  thefe  fides,  and  the  ftraught  line 
intercepted  between  the  perpendicular  let  faU  upon  it 
from  the  oppofite  angle,  and  the  acute  angle. 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its  acute 
angles,  and  upon  BC  one  of  the  fides  containing  it  let  fall  die 
perpendicular  *  AD  from  the  oppofite  angle,  the  fquare  of  AC 
oppofite  to  the  angle  B,  is  lefs  than  the  fquares  of  CB,  BA  by 
twice  the  reftangle  CB,  BD. 

Firft,  Let  AD  fall  within  the  triangle  ABC  \  and  becaofe  die 
firaight  line  CB  is  divided  into  two 
parts  in  the  pdnt  D,  the  fquares  of 
CB,  BD  are  equal  *>  to  twice  the 
reAangle  contained  by  CB,  BD, 
and  the  fquare  of  DC.  to  each  of 
thele  equals  add  the  fquare  of  AD, 
therefoie  the  fquares  of  CB,  BD, 
DA  are  equal  to  twice  the  reAangle 

CB,  BD,  and  the  fquares  of  AD,irt  ^K  {^ 

DC.  but  die  fquare  of  AB  is  equal «-"  -^  ^ 

to  the  fquares  of  BD,  DA,  becaufc  the  angle  BDA  is  a  right 
angle  ^  and  the  fquare  of  AC  is  equal  to  the  fquares  of  AD,  DC 
therefore  the  fquares  of  CB,  BA  are  equal  to  the  fquare  of  AC, 
and  twice  the  rectangle  CB,  BD  j  that  is,  the  fquare  of  AC  akxie 
is  lefs  than  the  fquares  of  CB,  BA  by  twice  die  re£bngle  CB, 
BD. 

Secondly,  Let  AD  fall  without 
the  triangle  ABC.  then  becaufe  the 
angle  at  P  is  a  right  angle,  the 
angle  ACB is  greater  ^  than  aright 
angle)  and  therefore  die  fquare  of 
AB  is  equal  ^  to  the  fquares  of  AC, 
CB  and  twice  the  reAangle  BC, 
CD.  to  thefe  equals  add  the  fquare  ^ 
o[  BC^  and  the  fquares  of  AB,BC 
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are  equal  to  the  iquare  of  AC,  and  twice  the  fquare  of  BC,  and  Book  II. 
twice  the  rcftangle  BC,  CD.  but  bccaufe  BD  is  divided  into  two 
parts  in  C,  the  reAangle  DB,  BC  is  equal  f  to  the  reAangle  BC,  f.  3.  %. 
CD  and  the  fquare  of  BC.  and  the  doubles  of  (hcie  are  equal, 
therefore  the  fquares  of  AB,  BC  are  equal  to  the  fquare  of  AC, 
and  twice  the  reftangle  DB,  BC.  therefore  the  fquare  of  AC 
alone,  is  lefs  than  the  fquares  of  AB,  BC,  by  twice  the  rectangle 
DB,  BC.  ^ 

Laftlj,  let  the  fide  AC  be  perpendicular  to  J^ 

BC  i  then  is  BC  the  ftraight  line  between  the 
perpendicular  and  the  acute  angle  at  B.  and  it 
is  manifeft  that  the  Iquares  of  AB,  BC  are  e- 
/qnal  ^  to  the  fquare  of  AC,  and  twice  the  fquare 
of  BC  Therefore  in  every  triangle^  &c. 
(^E.  D. 
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PROP.  XIV.   PROB. 

TO  defcribe  2,  fquare  that  fliall  be  equal  to  a  given  See  n. 
rectilineal  figure. 

Let  A  be  the  given  reftilineal  figure  ;  it  is  required  to  defcribe 
a  fquare  that  fhall  be  equal  to  A. 

Defcribe  *  the  reftangular  parallelogram  BCDE equal  to  the  rec-^  ^-  ,^ 
tilineal  figure  A.  If  then  the  fides  of  it  BE,  ED  are  equal  to  one  ano-  ' 
ther,  it  is  a  fquare, 
and  what  was  re- 
quired is  now  done. 
but  if  they  are  not 
equals  produce  one 
of  them  BE  to  F, 
and  make  EF  equal 
to  ED,  and  bifeft 
BF  in  G ;  and  from  the  center  G,  at  the  diflance  GB  or  GF  de* 
icribe  the  femicircle  BHF,  and  produce  DE  to  H,  and  join  GH, 
therefore  becaufe  the  ftraight  line  BF  is  divided  mto  two  equal 
parts  in  the  point  G,  and  into  two  unequal  at  E,  the  rectangle  BE, 
EF,  together  with  the  fquare  of  EG,  is  equal  ^  to  the  fquare  of  GF.  b,  5, 1- 
but  GF  is  equal  to  GB;  therefore  the  reftangle  BE,  EF,  together 
with  the  fijuare  of  EG,  is  equal  to  the  fquare  of  GU.  but  the  fquares 
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3ook  If.  of  HE,  EG  arc  equal  •  to  the  fquare  of  GH*  therefore  the  rec- 
^^^y^^  tangle  BE,  EF  together  with  the  fquare  of  EG  is  equal  to  the 
^  41.  i;  fquares  of  HE,  EG. 
take  away  the  fquare 
of  EG,  which  is  com- 
mon to  both  \  and 
the  remaining  refl- 
angle  BE,  EF  is  e- 
qual  to  the  fquareof 
EH.  but  the  rectan- 
gle contained  by  BE,  EF  is  the  parallelogram  BD,  becaufe  EF  is 
equal  to  ED ;  therefore  BD  is  equal  to  the  fquare  of  EH.  but  BD 
is  equal  to  the  rectilineal  figure  A  $  therefore  the  rectilineal  figure 
A  is  equal  to  the  fquare  of  EH.  wherefore  a  fquare  has  been 
made  equal  to  the  ^ven  rectilineal  figure  A,  viz.  the  fquare  de* 
fcribed  upon  EH.     Which  was  to  be  done* 
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Book  III. 


THE 

ELEMENTS 

O  F 

EUCLID. 

B  o  o  K  ra. 

DEFINITIONS. 

I. 

> 

EQJJ  A  L  circles  are  thofe  of  which  the  diameters  are  eqaal^ 
or  from  the  centers  of  which  the  ftraight  lines  to  the  cim 
<nimferences  are  equal. 

*  This  is  not  a  Definition  but  a  Theorem,  the  truth  of  which  is 

*  evident ;  for  if  the  circles  be  applied  to  one  another,  {o  that 
^  their  centers  coincide,  the  circles  mnft  likewilc  coincide,  fincc 

*  the  flraight  lines  from  their  centers  are  equal/ 

n. 

/i  fh^ght  line  is  faid  to  touch 
a  circle,  when  it  meets  the 
circle  and  being  produced 
does  not  cut  it. 

m. 

Grcles  are  faid  to  touch  one 

another,  which  meet  bat  do 

cut  one  another. 
IV. 
Straight  lines  are  faid  to  be  equally  diftant 

from  the  center  of  a  drcle,  wh«i  the 

perpendiculars  drawn  to  them  from 

tb9  center  are  eqnaL 
V. 
^d  the  fbaight  line  on  which  the  greater 

perpendicular  falls,  is  feid  to  be  far- 
ther from  the  ccQter* 


(o 
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Book  III.  VI. 

A  iegmcut  of  a  circle  is  the  figure  con- 
tained by  a  ftraight  Une  and  the  cir- 
cumference it  cuts  off. 

vii; 

<^  The  angle  of  a  fegmenc  is  that  which  is  contained  by  the  ftraight 
**  line  and  the  circumference.'' 

vm. 

An  angle  in  a  fegment  is  the  angle  con- 
tained by  two  ftraight  lines  drawn 

horn  any  point  in  the  circumference 

of  the  {egment,  to  the  extremities  of 

the  ftraight  line  which  is  the  bale  of 

the  legracnt. 

IX. 
And  an  angle  is  faid  to  infift  or  ftand 

upon  the  drcumference  intercepted 

between  the  ftraight  lines  that  con- 

^n  the  angle. 


X. 

The  feftor  of  a  circle  is  the  figure  con- 
tained by  two  ftraight  lines  drawn 
irom  the  center^  and  the  circumfe- 
rence between  them* 

XL 

Similar  fegmcnts  of  a  circle, 
are  tho&  in  which  the  an- 
gles are  equal,  or  which 
contain  equal  angles. 


ll«  SI.  I. 


PROP.   I.     PROB. 


T 


O  find  the  center  of  a  given  circle. 


Let  ABC  be  the  pvca  circle ;  it  is  required  to  find  its  center<r 
Draw  within  it  any  ftraight  line  AB,  and  biieft  *  it  in  D;  frop 
the  point  D  draw  ^  DC  at  right  angles  to  AB,  and  produce  it  to  E,^ 
andWfeftCEmF.  the  point  F  is  the  center  of  die  drdc  ABC 


or    EUCLID. 


(ft 


For  if  it  be  not,  let,  if  poflible,  G  be  the  cetiter,  tnd  join  G A,  Bodt  III, 
GD,  OB.  then  becaufe  DA  is  equal  to  DB,  and  BG  common 
to  the  two  triangles  ADG,  BDG,  the  r^ 

two  fides  AD,  DG  are  equal  to  the 
two  BD,  DG,  each  to  each ;  and  the 
bafe  GA  is  equal  to  the  bafe  GB,  be- 
caufe they  are  dtawn  from  the  center 
G*.  therefore  the  angle  ADG  is  equal 


*  to  the  angle  GDB.  but  when  a  ftrdght   iV 
line  {landing  upon  another  ftraight  line,  -*^ 


C.  t*  !• 


makes  the  adjacent  angles  equal  to  one  — ^ 

another,  each  of  the  angles  is  a  right  *^ 

angle  ^.  dierefore  the  angle  GDB  is  a  right  angle,  but  FDB  isd.io.l>ctt« 

likewiie  a  right  angle  $  wherefore  the  angle  FDB  is  equal  to  the 

an^  GDB,  the  greater  to  the  lefs,  which  is  impoffible.  therefore 

G  is  not  the  center  of  the  drde  ABC.  in  the  fame  manner  it 

can  be  Ihewn,  that  no  other  point  but  F  is  the  center ;  that  is,  F 

is  the  center  of  the  circle  ABC.     Which  was  to  be  found. 

Cor.  From  this  it  is  manifeft,  that  if  in  a  drcle  a  ftraight  line 
biieA  another  at  right  angles,  the  center  of  the  drcle  is  in  the 
which  bifeAs  the  other. 


PROP.   n.    THE  OR. 

IF  any  two  points  be  taken  in  the  circumference  of 
a  circle,  the  ftraight  line  which  joins  them  fliall 
fall  within  the  circle. 

Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  circum- 
ference ;  the  ftraight  line  drawn  frtMn  A 
to  B  (hall  fall  within  the  circle. 

For  if  it  do  not,  let  it  fall,  if  poffible, 
without,  as  AEB ;  iind  *D  the  center  of 
the  cirde  ABC,  and  join  AD,  DB,  and 
produce  DF  any  ftraight  line  meeting  the 
drcumference  AB,  to  E.  then  becaufe 
DA  is  equal  to  DB,  the  angle  DAB  is 
equal  ^  to  the  angle  DBA }  and  becaufe  ^^  ^^  ^^ 

*  K.  B.  Wheoever  the  eypreflion  *'  ftraight  lines  from  the  center"  or  *'  drawn 
**  from  the  ccstet**  occurf^  it  is  ^o  be  UD^erftood  that  they  are  drawn  to  the  cir- 
cnmftreiief. 


a,  I.  ]. 


AEB 
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4.  ip.  1. 


Book  III.  A£  a  iidc  of  the  triangle  DAE  is  produced  to  B»  the  angle  D£8 
is  greater  ^  than  the  angle  DAE ;  but  DAE  is  equal  to  the  angle 
DBE,  therefore  the  angle  DEB  is  greater  than  the  angle  DB£« 
but  to  the  greater  angle  the  greater  fide  is  oppofite<< ;  DB  is  there- 
fore greater  than  DE.  but  DB  is  equal  to  DF ;  wherefore  DF  is 
greater  than  DE,  the  lefs  than  the  greater,  which  is  impoffible. 
therefore  the  ftraight  line  drawn  from  A  to  B  does  not  iFall  vdth- 
out  the  circle,  in  the  fame  manner,  it  may  be  dcmonftrated  that  it 
does  not  fall  upon  the  circumference*  it  falls  therefore  within  it« 
Wherefore  if  any  two  points^  &c.  C^E.  D. 

PROP.    IIL    T  H  E  O  R. 
TF  a  ftraight  line  drawn  throVthe  center  of  a  circle, 
•*"    bifeft  a  firaight  line  in  it  which  docs  not  pafs  thro* 
the  center,  it  fliall  cut  it  at  right  angles,  and  if  it  cuts 
it  at  right  angles,  it  ihall  bifeA  it. 

Let  ABC  be  a  drcle ;  and  let  CD  a  ftraight  line  "Srawn  thro* 
the  center  bifeft  any  ftraight  line  AB,  which  does  not  pafs  thro* 
the  center,  in  the  point  F.  it  cuts  it  alfb  at  right  angles. 

».  I.  3;  Take  '  E  the  center  of  the  circle,  and  join  EA,  EB.  then  bc- 

caufe  AF  is  equal  to  FB,  and  FE  common  to  the  two  triangles 
AFE,  BFE,  there  are  two  fides  in  the  one  equal  to  twa  fides  in 
the  other,  and  the  bafe  E A  is  equal  to  the 
bafe  EB  \  therefore  the  angle  AFE  is  equal 

b,.  8. 1.  ^  to  the  angle  BFE.  but  when  a  ftraight 
line  ftanding  upon  another  makes  the  ad- 
jacent angles  equal  to  one  another,  each 

c«io.Dcf.i.  of  them  is  a  right  ^  angle,  therefore  each 
of  the  angles  AFE,  BFE  is  a  right  angle; 
wherefore  the  ftraight  line  CD  drawn  thro* 
the  center  bifeAing  another  AB  that  does 
not  pafs  thro'  the  center,  cuts  the  fame  at 
right  angles. 

But  let  CD  cut  AB  at  right  angles  -,  CD  alfo  bifefls  it,  that 
is,  AF  is  equal  to  FB. 

The  fame  conftruftion  being  made,  becaufc  EA,  EB  from  the 

4.  J,  I.  center  are  equal  to  one  another,  the  angle  EAF  is  equal  <>  to  the 
angle  EBF ;  and  the  right  ^gle  AFE  is  equal  to  the  right  angje 
BFE.  therefore  in  the  two  triangles  EAF,  EBF  there  are  two  aa» 


O  F     E  U  C  L  I  D.  «3 

gks  in  one  eqtud  to  two  angles  in  the  other,  and  the  fide  EF  which  Bookl  if* 
is  oppofite  to  one  of  the  equal  angles  in  eachj  is  common  to  both ;  Vm^v^^ 
thcrrfore  the  other  fides  are  equal  \  AF  therefore  is  equal  to  FB^c-  *^  <• 
Wherefore  if  a  ftraight  line^  &c«    Q.E.D* 


PROP.    IV.    THE  OR. 

TF  10  a  circle  two  ftraight  lines  cut  one  another  which 
'*'  do  not  both  pafs  thro'  the  Center,  they  do  not  bi- 
&cl  each  the  other. 

Let  ABCD  be  a  drde,  and  AC,  BD  two  ftraight  lines  in  it 
"which  cut  one  another  in  the  point  £,  and  do  not  both  pafs  thro* 
the  center*  AC,  BD  do  not  biileA  one  another. 

For,  if  it  is  poffible,  let  A£  be  equal  to  EC,  and  BE  to  ED.  if 
one  of  the  lines  pafs  thro'  the  center,  it  is  plain  that  it  cannot  be 
bifeAed  by  the  other  which  does  not 
pais  thro'  the  center,  but  if  neither  of 

them  pafs  thro*  the  center,  take  •  F  the        /  \__    **  *^  ^ 

center  of  the  circle,  and  join  EF.  and 
becauie  FE  a  ftraight  line  thro'  the   ^  - 
center,  biiefts  another  AC  which  does  A\ 
Bot  pafs  thro'  the  center,  it  fhall  cut  it 
at  right  ^  angles;  wherefore  FEA  is  a  ^^*C.....,--^C       ^  »•  J^ 

light  angle,  again,  becaufc  the  ftraight 

fine  FE  bifedls  the  ftraight  line  BD  which  does  not  pafs  thro'  the 
center,  it  (hall  cut  it  at  right  ^  angles ;  wherefore  FEB  is  a  right 
angle,  and  FEA  was  (hewn  to  be  a  right  angle ;  therefore  FEA  Is 
equal  to  the  angle  FEB,  the  lets  to  the  greater,  which  is  impo& 
fible.  therefore  AC,  BD  do  not  bifeft  one  another.  Wherefore 
if  in  a  circle,  &c    Q^E.  D. 

PROP.V.     THEOR. 

T  F  two  cirdes  cut  one  another,  they  fball  not  have 
^     the  Cunc  center. 

Let  the  two  circles  ABC,  CDG  cut  one  another  In  the  points 
Bj  C ;  thcj  hare  not  the  fame  center. 
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Booklir.  For,  if  it  be  poffiblc,  let  E  be  their  center ;  join  EC,  aiKl  draV 
any  flraight  line  EFG  meedng 
them  m  F  and  G.  and  becaufe  E 
is  the  center  of  the  drcle  ABC, 
CE  is  equal  to  £F.  again,  becaufe 
E  is  the  center  of.  the  circle  CPO,  J^j 
CE  IS  equal  tu  EG.  but  CE  was 
(hewn  to  be  equal  to  EF  5  there- 
fore EF  is  equal  to  EG,  the  lefs 
to  the  greater,  which  is  impoffible. 
therefore  E  is  not  the  center  of 
the  circles  ABC,  CDG.    Wherefore  if  two  drdcs,  &c,  Q.  E.  D. 


I 


PROP.    VI-     THE  OR. 

F  two  circles  touch  one  another  internally,  they  fhall 
not  have  the  fame  center. 


Let  the  two  circles  ABC,  CDE  touch  one  another  intemallf 
in  the  point  C.  they  hare  not  the  fame  center. 

For  if  they  can,  let  it  be  F ;  join  FC,  and  draw  any  ftralghc 
line  FEB  meeting  them  in  E  and  B. 
and  becaule  F.is  the  center  of  the 
drcle  ABC,  CF  is  equal  to  FB.  alfo 
becaufe  F  is  the  center  of  the  circle 
CDE,  CF  is  equal  to  FE.  and  CF 
was  (hewn  equal  to  FB ;  therefore  /U 
FE  is  equal  to  FB,  the  lefs  to  the 
greater,  which  is  impoiGSble.  where- 
fore F  is  not  the  center  of  the  cir- 
cles ABC,  CDE.     Therefore  if  two  cL 
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OF    EUCLID. 

P  R  O  P.  Vn.     T  H  E  O  R. 

Y  IF  any  point  be  taken  in  the  diameter  of  a  circle^ 
•*•  which  is  not  the  center,  of  all  the  firaight  lines 
which  can  be  drawn  from  it  to  the  circumference,  tho 
greatefi  is  that  in  which  the  center  is,  and  the  other 
part  of  that  diameter  is  the  leaft ;  and  of  any  others, 
that  which  is  nearer  to  the  line  which  pafles  thro*  thcf 
center  is  always  greater  than  one  more  remote,  and 
from  the  fame  point  there  can  be  drawn  only  twa 
firaight  lines  that  are  equal  to  one  another,  one  upon 
each  fide  of  the  fhortefl  line. 


Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let  any 
point  F  be  taken  which  is  not  the  center,  let  the  center  be  £}  of 
all  the  ftraight  lines  FB,  FC,  FG,  &c.  that  can  be  drawn  from  F 
to  the  circumference,  FA  is  the  grcateft,  and  FD  the  other  part 
of  the  diameter  AD  is  the  leaft ;  and  of  the  others,  FB  is  greater 
than  FC,  and  FC  than  FG. 

Join  BE,  CE,  GB ;  and  becaufe  two  fides  of  a  triangle  are 
greater  •  than  the  third,  BE,  EF  are  greater  than  BF  •,  but  AE  is  «.  »•.  ^ 
cqoal  to  £B,  therefore  AE,  EF,  that 
is  AF,  is  greater  than  BF.  again,  be* 
cade  BE  is  equal  to  CE,  and  FE 
common  to  the  triangles  BEF,  CEFj 
the  two  fides  BE,  £F  are  equal  to  the 
two  CE,  EF  •,  but  the  angle  BEF  is 
greater  than  the  ai^leCEF,  therefore 

the  bale  BF  is  greater »» than  the  bafc         Ns^^  I  ""^^^t      ft-**-"^ 
FC.  for  the  lame  realb&,CF  is  grea- 
ter than  GF.  again,  becaufe  GF,  FE 

are  greater  *  than  EG,  and  EG  is  equal  to  ED ;  GF,FE  are  greyer 
than  ED.  take  away  the  common  part  FE,  and  the  remainder  GP 
b  greater  than  the  remainder  FD.  therefore  FA  is  the  greatefi,  and 
FD  the  leaft  of  all  the  ftraight  lines  from  Fto  the  circumference^ 
and  BF  is  greater  than  CF,  and  CF  than  GF. 

Alfi>  there  can  be  drawn  only  two  equal  fbaight  lines  from  the 
point  F  to  the  drcnmferencei  one  upon  each  fide  of  the  Ihorteft  line 


c.  »3«  i< 
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BookllL  ro.  at  the  pdnt  Ein  the  ftraight  line EF, make  «  the  angle  FEU 

equal  to  the  angl^  GEF^  and  join  FH. 

then  becaufe  GE  is  equal  to  EH,  and 

EF  common  to  the  two  triangles  GEF, 

HEF  i  the  two  fides  GE,  EFare  equal 

to  the  two  HE,  EF ;  and  the  angle 

GEF  is  equal  to  the  angle  HEF,  there- 
in 4.  t.      fore  the  bafe  FG  is  equal  '  to  the 

bafe  FH.  but  befides  FH  no  other 

ftraight  line  can  be  drawn  from  F  to 

the  circumference  equal  to  FG.  for 

if  there  can,  let  it  be  FK,  and  becaufe  FK  is  equal  to  FG,  and  FG 

to  FH,  FK  is  equal  to  FH^  that  is,  a  line  nearer  to  that  whid» 
I  paffes  thro'  the  center  is  equal  to  one  which  is  more  remote  j  whidi 

is  impoi&ble.     Therefc^-e  if  any  point  be  taken,  &c*  C^E.  D. 

PROP.   Vra.     THEOR. 

IF  any  point  be  taken  without  a  circle,  and  ftraight 
lines  be  drawn  from  it  to  the  circumference, 
whereof  one  pafles  thro*  the  center;  of  thofe  which  fatf 
upon  the  concave  circumference  the  greateft  ts  that 
which  paiTes  thro^  the  center ;  and  of  the  reft,  that 
which  is  nearer  to  that  thro'  the  center  is  always 
greater  than  the  more  remote,  but  of  thofe  which  fiall 
ii|x)n  the  convex  circumference,  the  leaft  is  that  be^ 
tween  the  point  without  the  circle,  and  the  diameter ; 
and  of  the  reft,  that  which  is  nearer  to  the  leaft  is  al- 
ways lefs  than  the  more  remote,  and  only  two  equal 
ftraight  lines  can  be  drawn  from  the  point  unto  the 
circumference,  one  upon  each  fide  of  the  leaft. 

Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which 
let  the  fbaight  lines  D^  DE,  DF,  DC  be  drawn  to  the  drcnmfe- 
reace,  whereof  DA  pafles  thro'  the  center,  of  thofe  which  fall  upon 
the  concave  pare  of  the  circumference  AEFC,  the  greateft  is  AD 
which  pafles  thro'  the  center ;  and  the  nearer  to  it  is  always  greater 
than  the  more  remote,  viz.  DE  than  DF,  and  DF  than  DC.  but 
^  tboft  whidi  fall  upon  the  coqycx  dfcumference  HLKG^  the 
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leaif  b  DG  between  the  point  D  and  the  diameter  AG ;  and  the  BookllL 
nearer  to  it  is  always  lefs  than  the  more  remote^  vi2.  DIt  than  \^^\^J 
DLy  and  DL  than  DH« 

Take  •  M  the  center  of  the  circle  ABC,  and  jom  ME,  MF,  MC,  g, ,.  3. 
iSKf  ML,  MH.  and  becaufe  AM  is  equal  to  ME,  add  MD  to  each, 
(her^fdre  AD  is  equal  to  EM,  MD ;  but  EM,  MD  are  greater  ^  k.  j©,  ii 
than  ED,  therefore  alfo  AD  is  greatef  than  io*  again,  becaufe 
ME  is  equal  to  MF,  and  MD  common  to  the  triangles  EMD, 
FMD ;  EM^  MD  are  equal  to  FM, 
MD  i  but  the  angle  EMD  is  greatei' 
than  the  angle  FMD^  therefore  the 
bafe  ED  is  greater  *  than  the  bafe 
FD.  in  like  manner  it  may  be  (hewn 
that  FD  is  greater  than  CD.  there^ 
fore  DA  ]3  the  greateft ;  and  D£ 
greater  than  DF,  and  DF  than  DC. 
And  becaufe  MK,  KD  afe  greater  ^ 
than  MD.  and  MK  is  equal  to  MG, 
the  remainder  KD  b  greater  ^  than 
the  remainder  GD,-  that  is,  GD  is 
Ids  than  KD.  and  becaufe  MK,DK 
lire  drawn  to  the  point  K  within  the 
triangle  MLD  from  M,  D  the  ex-* 
tremidesof  its  fide  MD ;  MK,  KD 
are  lefs  *  than  ML,  LD,  whereof 

MK b equal  toMLf  therefore  the  remainder  DK  is  lefs  than  the 
lemainider  DL.  in  like  manner  it  may  be  (hewn  that  DL  b  lefs  than 
DH.  therefore  DG  is  the  leaft,and  DK  kfs  than  DL,  and  DL  than 
DH.  Alfb  thef e  can  be  drawn  only  two  equal  ftraight  lines  from 
the  poim  D  to  the  circumference,  one  upon  each  fide  of  the  leaft. 
at  the  pcMnt  M  in  the  flraight  line  Mt>,  make  the  angle  DMB  equal 
la  the  angle  DMK,  and  join  DB.  and  becaufe  MK  b  equal  to  MB, 
^d  MD  common  ^to  the  triangles  KMD,  BMD,  the  two  fides 
KM^BID  are  equal  to  the  two  BM,  MD )  and  the  angle  KMD  b 
equal  to  the  an^e  BMD,  therefore  the  bafe  DK  is  equal  f  to  the  f.  4.  g^ 
bafe.  DB.  but  befides  DB  there  can  be  no  ftraight  line  drawn  from 
D  to  the  drcmnference  equal  to  DK.  for  if  there  can^  let  it  be  DN; 
and  becaufe  DK  b  equal  to  DN,  and  alfb  to  DB,  therefore  DB 
b  equal  to  DN,  that  is  the  nearer  to  the  leaft  equal  to  the  more 
lemote^  which  is  impoffible.  If  therefore  any  point,  leu  Q^E*  D^ 
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PROP.    GC     THEOR. 

TF  a  point  be  taken  within  a  circle,  from  which  there 
fall  more  than  two  equal  ftraight  lines  to  the  cir* 
cumference,  that  point  is  the  center  of  the  circle. 

Let  the  point  D  be  taken  within  the  drde  ABC,  from  which 
to  the  ctrcnmference  there  fall  mcM-e  than  two  equal  fh^ht  ]ines> 
Tiz.  DA,  DB,  DC.  the  point  D  is  the  center  of  the  circle. 

For  if  not,  let  £  be  the  center, 
join  D£  and  produce  it  to  the  dr- 
comference  in  F,  G  ;  then  FG  is  a 
diameter  of  the  circle  ABC*  and  be- 
caufe  in  FG  the  diameter  of  the 
circle  ABC  there  is  taken  the  point 
D  which  is  not  the  center,  DGihall 
be  the  greateft  line  from  it  to  the 
circumference,  and  DC  greater  *  than 
DB,  and  DB  than  DA.  but  they  are 

likewiie  equal,  which  is  impofiible.  therefore  £  is  not  the  center 
of  the  circle  ABC  in  like  manner  it  may  be  demonftrated  that  na 
other  point  but  D  is  the  center  j  D  therefore  is  the  center.  Where* 
fore  if  a  point  be  taken^  &c*     (^  £»  D* 


o 


PROP.    X.    THEOR. 

N  £  circumference  of  a  circle  cannot  cut  another 
in  more  than  two  points* 


»•  f  •  J. 


If  it  be  poffible,  let  the  drcmn- 
ference  ABC  cut  the  circumference 
D£F  in  more  than  two  points,  viz* 
m  B,  G,  F)  take  the  ceater  K  of  the 
circle  ABC,  and  join  KB,  KG,  KF.-|^ 
and  becaufe  within  the  circle  DEF 
there  is  taken  the  point  K  from  which 
to  the  circumference  DEF  fall  more 
than  two  equal  ftraight  lines  KB^  KG, 
KF,  the  point  E;  is  *  the  center  of  the 
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drde  DEF.  bat  K  is  aUb  the  center  of  the  ch*de  ABC;  therefons  Book  IIL 
the  fame  point  is  the  center  of  two  circles  that  cue  one  another,  K^yy^J 
which  is  impoi&ble  ^«     Therefore  (me  cicoimference  of  a  circle  b.  |.  %. 
cannot  cut  another  in  more  than  two  points.    (X  E.  D« 


PROP.    XI-    THEOIL 

TF  two  circles  touch  each  other  intemsdly ,  the  ftraight 
"^  line  which  joins  their  centers  being  produced  (hall 
pa&  through  the  point  of  contaft. 

Let  the  two  drdes  ABC,  ADE  touch  each  other  Internally  in 
the  pcMUt  A,  and  let  F  be  the  center  of  the  circle  ABC,  and  G  tho 
center  of  the  circle  ADE.  the  ftraight 
line  which  joins  the  centers  F,  G  be-  A^ 

ing  produced  pafles  thro*  the  point  A, 

For  if  not,  let  it  fell  othcrwife,  if  jr 
poffible,  as  FGDH,  and  j(Mn  AF,  AG.' 
and  becaufe  AG,  GF  are  greater  ■ 
than  FA,  that  is  than  FH,  for  FA  is 
equal  to  FH,  both  being  from  the  V^'*'=r^''^  /O 
&me  center ;  take  away  the  common 
part  FG,  therefore  the  remainder  AG  -B 

is  greater  than  the  remainder  GH.  but  AG  is  equal  to  GD,  there- 
fore GD  is  greater  than  GH,  the  lefs'than  the  greater,  which  is 
impoflible.  therefore  the  ftraight  line  which  joins  the  points  F,  G 
cannot  fall  otherwife  than  upon  the  point  A,  that  is,  it  muft  pafs 
thro*  it.     Therefore  if  two  circles,  &c.  C^E.  D. 

PROP.    Xn.     THE  OR. 

TF  two  circles  touch  each  other  externally,  the  ftraight 
^  line  which  joins  their  centers  ihali  pafs  thro'  the 
point  of  contaA. 

Let  the  two  drdes  ABC,  ADE  touch  each  other  externally  in 
the  pcant  A 1  and  let  F  be  the  center  of  the  circle  ABC,  and  G 
the  center  of  ADE.  the  ftraight  line  which  joins  the  points  F,  G 
Ihall  pais  UbiKf  the  point  of  conta^  A. 

For  if  not^  let  it  pafi  otherwife,  if  poffible|.as  FCDG,  and  join 

E3 
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Book  III.  FA,  AG.  and  becaufe  F  is  the  ceoter  of  the  ctrde  ABG,  AF-is 
equal  to  FC.  alfo  becaufe  .  V 

G  IS  the  center  of  the  cir- 
cle ADE,  AG  i?  equal  tQ 
CD.  therefore  FA,  AG 
are  equal  to  FC,  DG  j 
wherefore  the  whole  FG 
fs  gjreater  than  FA,  AG* 
f'f*     but  it  is  alfo  lefs^;  which 

is  impojQSble.  therefore  the  flraight  line  which  joins  the  pdnts  F, 
G  fliall  not  pafs  otherwife  than  thro'  the  point  of  contaA  Af  that 
is,  iit  muft  pais  thr9*  it^   Therefore  ijf  two  circles,  ftc.  Q^  E^  ©• 


9^}f' 


PROP.  Xm.    THE  OR. 

/^N£  circle  cannot  touch  another  in  move  points  than 
^-^  pnc,  whether  it  touches  it  on  the  infidie  or  outiidfs. 


For,  if  it  be  poffible,  let  the  circle  EBF  touch  the  drcle  ABC 

in  more  points  than  oi>e,  and  firft  on  the  infide,  in  the  points  B,  D; 

ki  i;  ti.  i.join  BD,  and  draw  '  GH  biie£ting  BD  at  right  angles,  therefocie 

becaufe  the  poiatd  B,  D  are  in  the  drcumference  of  each  of  the 


f)*  ft.  3-      circles,  the  firaight  line  BD  £alls  within  >  each  of  them,  and  their 

p. Cor.  1. 3»  centers  are  ?  m  the  ftraight  line  GH  which  bifefts  BD  at  right 

r  f '  '*     angles }  therefore  GH  pafles  jthn^  the  point  of  cpntaA<*.  but  it 

does  uot  pafs  thro'  it,  becaufe  the  p<»nts  B,  D  are  without  the 

ftraight  line  GH,  which  is  abfiird.  therefore  one  drcle  cannot 

touch  another  on  the  infide  in  more  points  than  one. 

Nor  can  two  circles  touch  one  another  on  the  outCde  in 
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diaa  OAe  point,  for,  if  it  be  poffible,  let  the  drde  ACK  toDch  the  Book  HI. 
drde  ABC  in  the  points  A^C,  and  join  AC  therefore  becauie  the 
two  p<Nnts  A,  C  are  in  the  circumference 
of  the  drcle  ACK,  the  ftraight  line  AC 

n^hich  joins  them  (hall  fall  mdthin  ^  the       J  \        t.  »•  |. 

drcle  ACK.  and  the  circle  ACK  is  with- 
out the  circle  ABC,  and  therefore  the 
ftraight  line  AC  is  without  this  laft  cir- 
cle 'f  but  becauie  the  points  A,  C,  are  in 
Ac  circumference  of  the  circle  ABC,  the 
ftraight  line  AC  muft  be  within  ^  the 
lame  circle,  which  is  abfurd.  therefore  one 
circle  cannot  touch  another  on  the  out-  J^ 
fide  in  more  than  one  point,  and  it  has 
been  (hewn  that  they  cannot  touch  on  the  iniide  in  more  points 
than  one.  therefore  one  circle,  &c.    Q^E.  D. 

PROP.    Xnr.     THE  OR. 

EQUAL  ftraight  lines  in  a  circle  are  equally  diftant 
from  the  center ;  and  thofe  which  are  equally 
diftant  frond  the  center,  are  equal  to  one  another. 

Let  the  ftraight  lines  AB,  CD  in  the  circle  ABDC  be  equal  to 
one  another  f  they  are  equally  diftant  from  the  center. 

Take  E  the  center  of  the  circle  ABDC,  and  from  it  draw  FF, 
EG  perpendiculars  to  AB,  CD.  then  becaufe  the  (baight  line  £F 
pafling  thro'  the  center  cuts  the  ftraight  line  AB,  which  does  not 
pafs  thro'  the  center,  at  right  angles,  it  '  p 

ttifiy  bifefts  •  it.  wherefore  AF  is  equal     /\  >'^'''*''*''*7^N^  ••  ^'  ^ 

to  FB,  and  AB  double  of  AF.  for  the 
lame  reafbn  CD  is  double  of  CG.  and 
AB  is  equal  to  CD,  therefore  AFis  equal 
to  CG.  and  becauie  AE  is  equal  to  EC, 
the  (quare  of  AE  is  equal  to  the  fquare  -^ 
of  EC.  but  the  fquares  of  AF,  FE  arc  ** 

equal  ^  to  the  Iquare  of  AE,  becaufe  the  '^  b.  4?.  u 

an^  AFEis  a  right  angle;  and  for  the 

like  reaibn  the  fquares  of  EG,  GC  are  equal  to  the  fquare  of  EC 
Itierefore  ihc^  fquares  of  AF^  FE  are  equal  to  the  fquares  of  CG| 
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Book  HI.  G£, of  which  thefquareof  AFis  equal  to  the  Iquareof  CG,b»- 

^„^rw>  <^^ufe  AF  is  equal  to  CG  ;  therefore  die  remaining  fquare  of  F£  is 

equal  to  the  remaning  fquare  of  EG,  and  the  flraight  line  FE  k 

therefore  equal  to  EG.  but  ftraight  lines  in  a  drde  are  fiiid  to  be 

equally  diflant  from  the  center,  when 

the  perpendiculars  drawn  to  them  from 

f.4*Dcf.  3  ^^  c(:nter  are  equal  *.  therefore  AB, 

CD  are  equally  diftant  from  the  center. 

Next,  if  the  ftraight  lines  AB,  CD 

be  equally  diftant  from  the  cqiter,  that 

is,  if  FE  be  equal  to  EG}  AB  is  equal 

to  CD.  for,  the  fame  conftru£Uon  be 

ing  Qiade,  it  may,  as  befofe,  be  demon* 

ftrated  that  AB  is  double  of  AF  and 

CD  double  of  CG,  and  that  the  fquares  of  EF,  FA  are  equal  to 
the  fquares  of  EG,  GC ;  of  which  the  fquare  of  ¥E  is  equal  to 
the  fquare  of  EG,  becaufe  FE  is  equal  to  EG ;  therefore  the  re- 
maining fquare  of  AF  is  equal  to  the  remaining  fquare  of  CG  ; 
and  the  ftraight  line  AF  is  therefore  equal  to  CG.  and  AB  i$ 
double  of  AF,  and  CD  double  of  CG ;  wherefore  AB  }s  equal  to 
CD.     Therefore  equal  ftraight  lines,  &c.   QJE.  D. 


^K. 
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PROP,    XV.     THEOJl, 

THE  diameter  is  the  greateft  ftraight  line  in  a  circle; 
and  of  all  others,  that  which  is  nearer  to  the 
center  is  always  greater  than  one  more  remote  i  and 
the  greater  is  nearer  to  the  center  than  the  lefs. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  AD,  and  center 
£;  and  let  BC  be  nearer  to  the  center  than  FO.  AD  is  greater 
than  any  ftraight  line  BC  which  is  not  a 
diameter,  and  BC  greater  than  FG. 

From  the  center  draw  EH,  £K  per-IJl 
pcndiculars  to  BC,  FG,  and  jda  EB,^^ 
EC,  EF;  and  becauie  AE  is  equal  to 
£B,  and  ED  to  EC,  AD  is  equal  to 
EB,  EC.  but  EB,  EC,  are  greater  •  than 
BC,  wherefore  alfo  AD  is  greater  than 
PC, 

And  becauie  BC  is  nearer  to  the  ceo- 
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ter  than  FG,  EH  is  Ids  ^  than  EK.  but,  as  was  demonftrated  in  Book  III. 
the  preceding,  BC  is  double  of  BH,  and  FG  double  of  FK,  and  K„^y\J 
the  fqnares  of  EH,  HB  are  equal  to  the  fquares  of  £K,  KF,  ofb.i.Dff.  j« 
which  the  iquare  of  £H  is  lefs  than  the  fquare  of  EK,  becaufe 
EH  is  lefs  th^n  £K ;  therefore  the  fquare  of  BH  is  greater  than 
the  fquare  of  FK,  and  the  flraight  line  BH  greater  than  FK  ^ 
and  therefore  BC  is  greater  than  FG. 

Next,  let  BC  be  greater  than  FG ;  BC  is  nearer  to  the  center 
than  FG,  that  is,  the  fame  conftru Aion  bdng  made,  EH  is  lefs  ' 
than  EK.  becaufe  BC  is  greater  than  FG,  BH  likewife  is  greater 
than  FK.  and  the  fquares  of  BH,  HE  are  equal  to  the  fquares  of 
F^KE;  of  which  the  fquare  of  BH  is  greater  than  the  fquare  of 
FK,  becaufe  BH  is  greater  than  FK;  therefore  the  fquare  of 'EH 
is  lefs  than  the  fquare  of  EK,  and  the  flraight  line  EH  lefs  thaa 
£K.     Wherefore  the  diameter,  &c.  Q^  £.  D. 

PROP.     XVI-     T  H  E  O  R, 

nPHE  ftraight  line  drawn  at  right  angles  to  the  dia-s«e  N, 
•*■  meter  of  a  circle,  from  the  extremity  of  it,  falls 
without  the  circle ;  and  no  ftraight  line  can  be  drawn 
between  that  ftraight  line  and  the  circumference  from 
the  extremity,  fo  as  not  to  cut  the  circle;  or,  which 
is  the  fame  thing,  no  ftraight  line  can  make  fo  great 
an  acute  angle  with  the  diameter  at  its  extremity,  or 
fo  (mall  an  angle  with  the  ftraight  line  which  is  at  right 
angles  to  it^  as  not  to  cut  the  circle* 

Let  ABC  be  a  circle  the  center  of  which  is  D,  and  the  diameter 
AB;  the  ftraight  line  drawn  at  right 
angles  to  AB  from  its  extremity  A^ 
ihall  fall  without  the  circle. 

For  if  it  does  not,letit£dl,lf  pof- 
fible,  within  the  circle  as  AC,  andjg 
draw  DC  to  the  point  C  where  it 
meets  the  drcomference.   and  be- 
caufe DA  is  equal  to  DC,  the  angle  

DAC  is  equal  *  to  the  angle  ACD;  a.  f.  g, 

Imt  DAC  is  a  right  angles  therefore  i 
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Book  in.  the  angles  DAC,  ACD  are  therefore  equal  to  two  right  angles  ; 

V,^yx>  which  is  impoifible  *.  therefore  the  ftraight  line  drawn  from  A  at 

^  17-  !•  right  angles  to  BA  does  not  fall  within  the  circle,  in  the  fame  man- 
ner  it  may  be  demonftrated  that  it  does  not  fail  upon  the  drcum- 
ference ;   therefore  it  muft  fall  without  t)ie  circle,  as  AE. 

And  between  the  ftraight  line  A£  and  the  circumference  no 
firaight  line  can  be  drawn  from  the  point  A  which  does  not  cut 
the  circle,  for^  if  poffible,  let  FA  be  between  them,  and  from  the 

m.  i».  I.  point  D  draw  '  DG  perpendicular  to  FA,  and  let  it  meet  the  cir- 
cumference in  H.  and  becaufe  AGD  is  a  right  angle,  and  DAG 
lefs  ^  than  a  right  angle,  DA  is  great- 

^  »*•  »•  cr  d  than  DG.  but  DA  is  equal  toDH  ; 
therefore  DH  is  greater  than  DG,the 
lefs  than  the  greater,  which  is  impo£- 
fible.  therefore  no  ftraight  line  can  be 
drawn  from  the  point  A  between  A£ 
and  the  circumference,  which  does 
not  cut  the  circle,  or,  which  amounts 
to  the  fame  thing,  however  great  an 
acute  angle  a  ftraight  line  makeswith 
the  diameter  at  the  point  A,  or  however  fmall  an  angle  it  makes 
with  AE,  the  circumference  paiTes  between  that  ftraight  line  and 
the  perpendicular  A£.  '  And  this  is  all  that  is  to  be  underftood, 
*  when  in  the  Greek  text  and  tranflations  from  it,  the  angle  of  the 
'  femicircle  is  faid  to  be  greater  than  any  acute  reAiiineal  angle^ 
«r  *  and  the  remaining  angle  lefs  than  any  re^ilineal  angle.' 

Cor.  From  this  it  is  manifeft  that  the  ftraight  line  which  is 
drawn  at  right  angles  to  the  diameter  of  a  drde  from  the  extremity 
of  it,  touches  the  circle ;  and  that  it  touches  it  only  in  one  pointy 
becaufe  if  it  did  meet  the  drcle  in  two,  it  would  (all  within 

'pf  %•  )•  it  ^.  '  Alfo  it  is  evident  that  there  can  be  but  one  ftraight  lina 
f  which  touches  the  circle  in  the  fame  point' 

PROP.    XVn,      PROBL 

TO  draw  a  ft:raight  line  from  a  given  pointy  either 
without  or  in  the  circumference,  which  ihall 
touch  a  given  circle* 

Firfti  Let  A  be  a  g^en  pdnt  ^thout  the  g^ven  cirde  BCD  %  it 
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is  leqdixd  to  draw  a  ftraight  line  from  A  which  <hall  touch  the  Booklll. 
4urcle.  V.^V%^ 

Find  *  the  center  E  of  th<;  drde,  and  joi^  A£;  sffid  from  the  a.  i.  5. 
center  E,  at  the  diftajsce  £A  defiiribe  the  circle  AFG ;  from  the 
point  D  draw  ^  DF  at  right  angles  to  EAy  «xd  join  EBF^  AB.t>*  ■'•  '* 
AB  touches  the  circle  BCD* 

Becaofe  E  is  the  center  of  . 
the  circles  BCD>  AFG,  EA  is 
equal  to  EF,  and  ED  to  EB  ^ 
therefore  die  two  fides  AE,£B 
are  equal  to  the  two  F£,  ED, 
and  they  contain  the  angle  at  Q, 
E  common  to  the  two  triangles 
AEB,FED  J  therefore  the  bafe 
DF  is  equal  to  the  baft  AB, 
and  the  triangle  FED  to  the 
triangle  AEB,   and  the  other 

angles  to  the  other  angles  ^.  e.4- 1* 

therefore  the  angle  EBA  is  equal  to  the  angle  EDF.  but  EDF  is  a 
right  angle,  wherefore  EBA  is  a  right  angle,  and  EB  is  drawn 
from  the  center ;  but  a  ftraight  line  drawn  from  the  extremity  of 
a  diameter,  at  right  angles  tp  it,  touches  the  circle  <>•  therefore  ABd-Cor.xtf.l^ 
Couches  the  circle  i  and  it  is  drawn  from  the  given  point  A. 
Which  was  to  be  done. 

But  if  the  g^ven  point  be  in  the  circumference  of  the  circle,  as 
the  point  D,  draw  DE  to  the  center  E,  ^d  DF  at  right  anglM 
to  DE ;  DF  touches  the  drde  <>• 


PROP.   XVm.    THEOIL 

IF  a  ftraight  line  touches  a  circle,  the  ftraight  Ifne 
drawn  from  the  center  to  the  point  of  contaft, 
Ihall  be  perpendicular  to  the  line  touching  the  circlet 

Let  the  ftraight  line  DE  touch  the  circle  ABC  in  the  point  C^ 
fake  the  cenf^  F,  and  drav  the  ftraight  line  FC }  FC  is  perpen*p 
dicular  to  DE. 

For  if  it  be  not,  from  the  point  F  <fraw  FBG  perpendicular  to 
pE;  and  becaufe  F6C  is  a  right  angle,  GCF  is  ^  an  acute  angle;  ^-  '?•  r« 
^d  to  the  greater  angle  tbegreatcft^  fide  is  oppofite»  therefore  FC<:-  tp.i* 


,6 


THE    £  L  E  M 


1 


Book  III,  5s  greater  than  FG ;  but  FC  is  e- 
^^y^  qual  to  FBj  therefore  FB  is  greater 

than  FG,  the  iefs  than  the  greater, 

which  is  impoffiblc  wherefore  FG 

is  not  perpendicular  to  D£.  in  the 

lame  manner  it  may  be  (hewn,  that 

no  other  is  perpendicular  to  it  be- 

iides  FC,  that  is,  FC  is  perpendi- 
cular to  D£.  Therefore  if  a  ffaraight  »p. 

ljne,&a   Q^E.D.  ^ 

PR  OR    XK.    THEOR. 
T  F  a  ftrsught  line  touches  a  circle,  and  from  the  point 
*    •*"      of  contaft  a  fh^aight  line  be  drawn  at  right  angles 
to  the  touching  line,  the  center  of  the  circle  ihall  be 
in  that  line. 

Let  the  ftraight  line  DE  touch  the  drcle  ABC  in  C,  and  from 
•     C  let  CA  be  drawn  at  right  angles  to  DE ;  the  center  of  the 
circle  is  in  CA. 

For  if  not,  let  F  be  the  center,  if  poffible,  and  join  CF.  Becaufe 
DE  touches  the  circle  ABC,  and  FC 
is  drawn  from  the  center  to  the  pdnt 
••  It.  J.  of  contaft,  FC  is  perpendicular  *  to 
DE;  therefore  FCE  is  a  right  angle, 
but  ACE  is  alfo  a  right  angle ;  there- ^ 
fore  the  angle  FCE  is  equal  to  the  *^ 
angle  ACE,  the  lels  to  the  greater, 
which  is  impoflible.  wherefore  F  is 
not  the  center  of  the  circle  ABC  in, 
the  fame  manner  it  may  be  fliewn  jj) 
that  no  other  point  which  is  not  in 
C A,  is  the  center ;  that  is,  the  center  is  in  CA.  Therefore  if  it 
ftraight  line,  &c.    C^E.  D. 

PROP.    XX.    THE  OR. 

g^  ji^      npHE  angle  at  the  center  of  a  circle  is  double  of  the 
-*-       angle  at  the  circumference,  upon  the  fame  bafe^ 
that  is,  upon  the.  fame  part.of  the  circumference. 


or     EUCLID. 
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••M* 


b.  3».  !• 


Let  ABC  be  a  circle,  and  B£C  an  angle  at  the  center,  and  BAC  Book  III. 
an  angle  at  the  drcumference,  which  have  the  fame  circumference 
BC  for  tbdr  baie;  the  angle  B£C  is  double 
of  the  angle  BAG. 

Firft,  Let  E  the  center  of  the  circle  be 
within  the  angle  BAC,  and  j<xn  AE,  and 
produce  it  to  F.  Becauie  EA  is  equal  to 
£B,  the  angle  EAB  is  equal  *  to  the  angle 
£BA ;  therefore  the  angles  EAB,  EB A 
are  double  of  the  angle  EAB ;  but  the 
angle  BEF  is  equal  ^  to  the  angles  EAB, 
£BA  \  therefore  alio  the  angle  BEF  is 
double  of  the  angle  EAB.  for  the  fame  reafbn,  the  angle  FEC  is 
double  of  the  angle  EAC  therefore  the  whole  angle  BEC  if 
double  of  the  whole  angle  BAC   • 

Again,  Let  BDC  be  inaeAed  to 
the  circumference,  (b  that  E  the  cen- 
ter of  the  drde  be  iinthout  the  angle 
BDC,  and  join  DE  and  produce  it  to 
G.  It  may  be  demonftrated,  as  in  the 
firft  caie,that  the  amgleGEC  isdonble 
of  the  angle  GDC,  and  diat  GEB  a  G^ 
part  of  the  firft  is  double  of  GDB  a 
part  of  the  other ;  therefore  the  re- 
maining angle  BEC  is  double  of  the 
remaining angleBDC.  Thereforetheangleatthecenterj&c.  Q;E.D« 

PROP.    XXL     THEOR. 

THE  angles  ia  the  fame  fegment  of  a  circle  aresecN; 
equal  to  one  another. 

Let  ABCD  be  a  drde,  and  BAD, 
BED  angles  in  the  fame  fegment  B  AED  *, 
the  angles  BAD,  BED  are  equal  to  one 
another. 

Take  Fthe  center  of  the  cirde  ABCD. 
and^firft,  let  thei^mentBAEDbe  great- 
er than  a  femidrde,  and  join  BF,  FD. Jj 
and  becauie  the  angle  BFD  is  at  the  cen- 
ter^and  the  angle  BAD  at  the  drcuo£> 
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Book  Iir.  rcnce,  afid  that  they  have  the  fame  part  of  the  drcumference,  Hi^ 
Ky^r>u  BCD  for  their  bafe,  therefore  the  angle  BFD  is  double  ■  of  the 
•.  >•.  3.     angle  BAD.  for  the  fanie  reaibn,  the  afigl&  BFD  is  double  of  tho 

angle  BED.  therefore  the  angle  BAD  is  eqxxsi  to  the  angle  BED^r^ 
Buf  if  the  {egment  BAED  be  not  greater  than  a  iemidrcle,  lee 

BAD,  BED  be  angles  in  it  j  thefe  - 

alfo  are  equal  to  one  another,  draw  c\.    Hd 

AF  to  the  center,  and  produce  it  to 

C,  and  join  CE.  therefore  the  ftg-  g 

ment  BADC  is  greater  than  a  femi- 

^ircle  i  and  the  angles  in  it  BAC, 

BEC  are  equals  by  the  firft  cafe,  for 

the  fame  redbn,  the  angles  CAD, 

CED  are  equal,  therefore  the  whole  —  r    —. 

angle  BAD  is  equal  to  the  whdle  an*  ^ 

gleBED.  Wherefore  theangks  in  the  fame  fcgmcnt,&c.  QJE-'IX' 

PROP.    Xm    THEOR^. 

TH  E  oppofite.  angles  of  any  quadrilateral  figure 
deferibed  in  a  circle,  are  together  equal  to  twa 
^  right  angles. 

Let  ABCD  be  a  qnadrilatcpal  figure  in  the  drde  ABCD  j  any 

two  of  its  oppofite  angles  are  together  equal  to  two  right  angles. 

Join  AC,  BD ;  and  becaufe  the  thfee  angles  of  every  triangle 

«•  3^«  »•     are  equal  •  to  two  right  angles,  the  three  angles  of  the  triangle 

CAB,  viz.  the  angles  CAB,  ABC, 

BCA  are  equal  to  two  right  angles. 
h4  Mu  3*    but  the  angle  CAB  is  equal  ^  to  the 

angle  CDB,  becaufe  they  are  in  the 

fame  iegment  BADC;  and  the  angle 

ACB  is  equal  to  the  aAgle  ADB,  be- 

caule  they  are  in  the  fame  fegment 

ADCB.  therefore  the  whole  angle 

ADC  is  equal  to  th«  angles  CAB, 

ACB.  to  each  of  thefe  equals  add 

the  angle  ABC,  therefore  the  augles  ABC,  CAB,  BCA  are  equal  t& 

the  angles  ABC,  ADC.  but  ABC,  CAB,  BCA  are  equad  to  two 

light  angles  s  therefore  alfb  the  angles  ABC,  ADC  are  equal  to 

two  right  angles,  in  the  fame  manner  the  angles  BAD>  DCB 


OF£TTCLID«  ^f 

1UBJ  be  {hewn  to  be  equal  to  two  right  angks.     Therefore  dw  Book  Ilf. ' 


•polite 

PROP.    XXm.     THE  OR. 

UPON  the  fame  firaight  line,  and  upon  the  fame  smH. 
fide  of  it,  there  cannot  be  two  fimilar  fegments 
of  ciitles,  not  coinciding  with  one  another* 

If  it  be  poiEblei  let  the  two  fimilar  fegments  of  circles,  viz. 
ACS,  ADB  be  upon  the  fame  fide  of  the  fame  ftraight  line  AB, 
not  cc»ndding  with  one  another,  then  becanfe  the  drde  ACB  cots 
the  circle  ADB  in  the  two  p<Mnts  A,  B, 
they  cannot  cut  one  another  in  any  other  T^ 

point  '•  one  of  the  fegments  muft  there-  ^.^^^^T^'^^.^  **  '^  if 

fore  fall  within  the  other  \  let  ACB  fall 
within  ADB,  and  draw  the  (bright  line 
BCD,  and  join  CA,  DA.  and  becaufe  the 
figment  ACB  is  fimilar  to  the  iegment^  ]^ 

ADB,  and  that  fimilar  fegments  of  circles 

contain  ^  equal  angles;  the  augle  ACB  is  equal  to  the  angle b.ii.Dct3« 
ADB,  the  exterior  to  the  interior,  which  is  impoffible  ^.    There- c.  i<.  i. 
fore  there  cannot  be  two  fimilar  fegments  of  a  circle  upon  the 
lame  fide  of  the  fame  line,  which  do  not  coindde.    Q^E.  D. 

PROP.    XXIV.    THE  OR, 

SIMILAR  fegments  of  circles  upon  equal  firaight  smH. 
lines,  are  equal  to  one  another. 

Let  AEB,  CFD  be  fimilar  fegments  of  drdes  upon  the  equal 
ftraight  lines  AB,  CD;  the  fegment  AEB  is  equal  to  the  fcgmenf 
CFD. 

For  if  the  feg- 
ment AEB  be  ap-  ]E  F 
plied  to  the  feg« 
ment  CFD,  fb  as 

the  point  A  be  on    i  T>     r^  T^ 

C,  and  the  ftraight -A.  ±>    C  X) 

^  AB  upofli  CD,  the  point  B  Ihall  coindde  with  the  pdnt  D^ 
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Bookni*  bccauie  AB  Is  equal  to  CD.  therefore  the  ftraight  line'AB  coin-* 
V^„^^YXi/  dding  with  CD,  the  (egment  A£B  muft  *  cotndde  with  the  {eg" 
a.  23.  2*     ment  CFD,  and  therefore  is  equal  to  it.    Wherefore  funllar  (eg^ 
ments,  &c    Q^  £.  D* 


SeeN. 


ft.  le.  f . 

b.  II.  i» 

Ctf«  B. 


'      PROP.  XXV.    PROB- 

A  Segment  of  a  circle  being  given,  to  defcribe  tlie 
circle  of  which  it  is  the  fegment* 

Let  ABC  be  the  g^vea  fegment  of  a  circle  ;  it  is  required  to 
defcribe  the  circle  of  which  it  is  the  fegment. 

Bifeft  *  AC  in  D,  and  from  the  point  D  draw  ^  DB  at  right 
angles  to  AC,  and  join  AB.  Firft,  let  the  angles  ABD,  BAD  be 
equal  to  one  another ;  then  the  ftraight  line  BD  is  equal  ^  to  D  A^ 
and  therefore  to  DC.  and  becaufe  the  three  ftraight  lines  DA,  DB, 
DC  are  all  equal,  D  is  the  center  of  the  circle  ^.  from  the  center 
D,  at  the  diftance  of  any  of  the  three  DA,  DB,  DC  defcribe  a 
circle;  this  fhall  pafs  thro'  the  other  points;  and  the  circle  of  whicb 
ABC  is  a  iegment  is  defcribed^and  becaufe  the  center  D  is  in  ACy 


the  legment  ABC  is  a  femicircle.  but  if  the  angles  ABD,  BAD  are! 
not  equal  to  one  another,  at  the  point  A  in  the  ftraight  line  AB 

e.  aa*  s*     make  *  the  angle  BA£  equal  to  the  angle  ABD,  and  produce  BD 

to  £,  and  join  EC.  and  becaufe  the  angle  ABE  is  equal  to  the 
angle  B AE,  the  flraight  line  BE  is  equal  ^  to  EA.  and  becaufe  AD 
is  equal  to  DC,  and  DE  common  to  the  triangles  ADE,  CDE,  the 
two  fides  AD,  DE  are  equal  to  the  two  CD,  DE,  each  to  each ; 
and  the  angle  ADE  is  equal  (o  the  angle  CDE,  for  each  of  them 

f.  4. 1.      is  a  right  angle ;  therefore  the  bafe  AE  is  equal  f  to  the  bafe  EC 

but  AE  was  fhewn  to  be  equal  to  EB,  wherefore  alio  BE  is  equal 
to  EC ;  and  the  three  ftraight  lines  AE|  £B^  EC  art  therefore  equal 


O  F    E  U  C  L  I  a  ti 

to  oiic  another ;  wherefore  ••  E  is  the  center  of  the  circle,    from  Book  III* 
the  center  E,  at  the  diftance  of  any  of  the  three  AE,  EB,  EC  Vm^vO 
defcribc  a  drcle,  this  (hall  pafs  thro'  the  other  points ;  and  thea.  9*  3« 
drcle  of  vrhich  ABC  is  a  fegment  is  de&ribed.^  and  it  is  evident 
that  if  the  angle  ABD  be  greater  than  the  angle  BAD,  the  center 
£  falls  without  the  fegment  ABC,  whicl.  therefore  is  lefs  than  a 
lemidrcle.  but  if  the  angle  ABD  be  lefs  than  BAD,  the  center 
£  falls  within  the  fegment  ABC,  which  is  therefore  greater  than  a 
fenucircle.  wherefore  a  fegment  of  a  circle  being  given,  the  circler 
is  delcribed  of  which  it  is  a  fegment«     Which  was  to  be  done. 

PROP.    XXVI.     THE  OR. 

IN  equal  circles,  equal  angles  ftand  upon  equal  cir-' 
cumfcrcnces,  whether  they  be  at  the  centers  ot 
circumferences. 

Let  ABC,  DEF  be  equal  ciccles,  and  the  equal  angles  BGC/ 
£HF  at  their  centers,  and  B AC,  EDF  at  their  circumferences.  th«f 
circumference  BKC  is  equal  to  the  circumference  ELF. 

Join  BC,  EF  -,  and  becaufe  the  circles  ABC,  DEF  are  equal, 
the  ftraight  lines  drawn  from  their  centers  are  equal;  therefore  thtf 
two  fides  BG,  GC,  are  equal  to  the  two  EH,  HF ;  and  the  angkr 


it  G  is  equal  to  the  angle  at  H ;  therefore  the  bafe  BC  is  equal  •  «•  4-  <• 
to  the  bafe  EF.  and  becaufe  the  angle  at  A  is  equal  to  the  angle 
at  D,  the  fegment  BAC  is  fmiilar  «>  to  the  fegment  EDF  j  and  they  b-it-tJcf-ifi 
are  upon  equal  ftraight  lines  BC,  EF  5  but  fmiilar  fegments  of 
circles  upon  equal  ftraight  lines  are  equal  ^  to  one  another  5  c*  »♦•  5. 
therefore  the  fegment  BAC  is  equal  to  the  fegment  EDF.  but 
tiic  whole  circk  ABC  is  equal  to  the  whole  DEF,  therefore  the 

F 
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Book  in.  remaining  fcgment  BKC  is  equal  la  the  remaining  fegmcnt  ELF,, 
and  the  circumference  BKC  to  the  circumference  ELF.  Whcr«- 
fore>  in  equal  circles,  &c.     (^  E.  D* 


PROP.    XXVn.    THE  OK. 

TN  equal  circles,  the  angles  which  fland  upon  equal 
•*■  circumferences,  are  equal  to  one  another,  whether 
they  be  at  the  centers,  or  circumferences. 


m*  10.  3. 


b.  13.  t. 
a.  16.  3. 


Let  the  angles  BGC,  EHF  at  the  centers,  and  BAC,  EDF  at 
the  circumferences  of  the  equal  circles  ABC,  DEF  ftand  upon  the 
equal  circumferences  BC,  EF.  the  angle  BGC  is  equal  to  the  angle 
EHF,  and  the  angle  BAC  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifeft  • 
that  the  angle  BAC  is  alfo  equal  to  EDF.  but  if  not,  one  of  them 


is  the  greater,  let  BGC  be  the  greater,  and  at  the  point  G,  in  the 

fh-aight  line  BG,  make  ^  the  angle  BGK  equal  to  the  angle  EHF; 

but  equal  angles-  ftand  upon  equal  circumferences  *,  when  they 

are  at  the  center;  therefore  the  circumference  BK  is  equal  to  the 

circumference  EF.  but  EF  is  equal  to  BC,  therefore  alfo  BK  is 

equal  to  BC,  the  lefs  to  the  greater,  which  is  impoffible.  therefore 

the  angle  BGC  is  not  unequal  to  the  angle  EHF ;  that  is,  it  is 

equal  to  it.  and  the  angle  at  A  is  half  of  the  angle  BGC,  and 

the  angle  at  D  half  of  the  angle  EHF.  therefore  the  angle  at  A 

is  equal  to  the  angle  at  D.     Wherefore,  in  equal  circles^  &c» 

(^  E.  D. 


OFBUCLID.  8| 

B«okiir. 
PROP.     XXVni-     THE  OR.  Vfe-rrO 

IN  equal  circles,  equal  ftraight  lines  cut  off  equal 
circumferenetsV  the  greater  equal  to  the  greater, 
and  the  lefs  to  the  lefs. 

Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  ftraight 
lines  in  them,  which  cut  off  the  two  greater  circumferences  BAG,  ' 
EDF,  and  the  two  lefs  BGC,  EHF.  the  greater  BAG  is  equal  to 
the  greater  EDF,  and  the  lefs  BGG  to  the  lefs  EHF. 

Take  ■  K,  L  the  centers  of  the  circles,  and  join  BK,  KG,  EL, a.  i,  3^ 
LF.  and  becai^e  thtf  ckckt  are  eqtfal,  the  ftraight  lines  from 


their  centers  are  equal,  therefore  BK,  KG,  are  equal  to  EL,  LF^  . 
and  the  bale  BG  is  equal  to  the  bafe  EF ;  therefore  the  angle 
BKC  Is  equal  ^  to  the  angle  ELF.  but  equal  angles  ftand  upon  i'.  9.  #« 
•  equal  *  circumferences,  when  diey  are  at  the  centers  ;  therefore  c.  atf.  3;   ^ 
the  circumference  BGG  is  equal  to  the  ch-cumference  EHF. 
but  the  whole  circle  ABC  is  equal  to  the  whole  EDF  j  the  re-  •• 

malning  part  therefore  of  the  circumference,  viz.  BAG,  is  equal 
10  the  fentainihg  part  EDF.     Therefore,  in  equal  circles,   &c.         % 
(^E.  D. 


I 


PROP.  ,XXIX.     THE  OR. 

N  equal  circles  equal  circumferences  are  fubtended 
by  equal  ftraight  lines. 


Let  ABG,  DEF  be  equal  circles,  and  le^  the  circumferencei^ 
Bog,  EHF  alfo  be  equal  5  and  join  BG,  EF.  the  ftraight  line  BG 
b  equat  to  the  ftlraight  line  EF. 

r  a 
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Book  III,       Take  •  K,  L  the  centers  of  the  circles,  and  join  BK,  KC,  EL, 
LF.  and  becaufe  the  drcumference  BGC  is  equal  to  the  circum* 


A  B 


a.  I.  3. 


••  10.  f« 


b.  a  7. 3.     fcrence  EHF,  the.  angle  BKC  is  equal  ^  to  the  angle  ELF.  and 

becaufe  the  circles  ABC,  DEF  are  equal,  the  ftraight  hues  from 
their  centers  are  equal ;  therefore  BK,  KC  are  equal  to  EL,  LF, 

c.  4*  ■•      and  they  contain  equal  angles,  therefore  the  bafe  BC  is  equal  ^  to 

the  bafe  EF.     Therefore,  in  equal  circles,  &c-   Qj^  E.  D. 

PROP.    XXX.     P  R  O  B.  ' 

nPO  bifeft  a  given  circumference,  that  is,  to  divide  it 
-■■       into  two  equal  parts.    . 

Let  ADB  be  the  given  circumference ;  it  is  required  to  bifeft 

it. 

Join  AB,  and  bifeft  •  it  in  C ;  from  the  point  C  draw  CD  at 

right  angles  to  AB,  and  join  AD,  DB.  the  circumference  ADB  is 

faifefted  in  the  point  D. 

Becaufe  AC  is  equal  to  CB,  and  CD  Common  to  the  triangles 

ACD,  BCD,  the  two  fides  AC,  CD 

are  equal  to  the  two  BC,  CD ;  and 

the  angle  ACD  is  equal  to  the  angle 

BCD,  becaufe  each  of  them  is  a  right 

^ngle;  therefore  the  bafe  AD  is  equal 
l>.  ^  ,.  ^  to  the  bafe  BD.  but  equal  ftraight 
5,  ;^8,  3;     lines  cut  off  equal  ^  circumferences,  the  greater  equal  to  the  greater^ 

and  the  lefs  to  the  lefs,  and  AD,  DB  are  jcach  of  them  leis  than  a 
A  Cor.  1, 3.  femidrcle  j  becaufe  DC  pafles  through  the  center  <*.  wherefore  the 

circumference  AD  is  equal  to  the  circumference  DB.  therefore 

the  given  circumference  is  bifcfled  ia  D.    Which  was  to  bo 

done. 


n 
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Book  III. 
PROP.    XXXI.     THEOR. 

T  N  a  circle,  the  angle  in  a  femicircle  b  a  right  angle ; 
but  the  angle  in  a  fegment  greater  than  a  femicircle 
is  lefs  than  a  right  angle ;  and  the  angle  in  a  fegment 
lefs  than  a  femicircle  is  greater  than  a  right  angle. 

I-iet  ABCD  be  a  drcle,  of  which  the  diameter  is  BC,  and  cen- 
ter E ;  and  draw  CA  dividing  the  circle  into  t|ic  fegmcnts  ABC, 
ADC,  and  join  BA,  AD,  DC.  the  angle  in  the  femicircle  BAC 
is  a  right  angle ;  and  the  angle  in  the  fegment  ABC,  which  is 
greater  than  a  femicircle,  is  lefs  than  a  right  angle;  and  the  angle 
in  the  fegment  ADC  which  is  lefs  than  a  femicircle  is  greater 
than  a  right  angle. 

Join  AE,  and  produce  B A  to  F  i  and  becaufc  bE  is  equal  to 
EA,  the  angle  EAB  is  equal  "to  -p  a.  f.  ^. 

EBA ;  alfo,  becaufe  AE  is  equal  to 
EC,  the  angle  EAC  is  equal  to 
ECA ;  wherefore  the  whole  angle 
BAC  is  equal  to  the  two  angles 
ABC,  ACB.  but  F AC,  the  exterior 

angle  of  the  triangle  ABC,  is  equal  ij  ^____.,__^.^__^_^^ 
«>  to  the  two  angles  ABC,  ACB  }  ^{  ^  ]^    ^'  3*-  '• 

therefore  the  angle  BAC  is  equal 
to  the  angle  F  AC,  and  each  of  them 
is  therefore  a  right  *^  angle,  where-  ^^  ^"'°'   ^  *'' 

fore  the  angle  BAC  in  a  femicircle  is  ^  right  angle. 

And  becaufe  the  two  angles  .ABC,  BAC  of  the  triangle  ABC 
are  together  lefs  <*  than  two  right  angles,  and  that  BAC  is  a  rightd.  17.  1. 
angle,  ABC  muft  be  lefs  than  a  right  angle ;  and  therefore  the 
angle  in  a  fegment  ABC  greater  than  a  femicircle,  is  lefs  than  a 
right  angle. 

And  becaufe  ABCD  is  a  quadrilateral  figure  in  a  circle,  any 
two  of  its  oppofite  angles  arc  equal  ^  to  two  right  angles;  there- c.  %  i.| 
fore  the  angles  ABC,  ADC  are  equal  to  two  right  angles ;  and 
ABC  is  lefs  than  a  right  angle,  wherefore  the  other  ADC  is 
greater  than  a  right  angle. 

Befides,  it  is  manifeft,  that  the  circumference  of  the  greatef 
fegment  ABC  falls  without  the  right  angle  CAB,  bijt  the  circui^ij 
'" F  3 
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Book  III.  fercncc  of  the  lefs  fegmcnt  ADC  falls  within  the  right  angle  CAF^ 
'  And  this  is  all  that  is  meant,  when  in  the  Greek  text,  and  the 
f  tranflations  from  it,  the  angle  of  the  greater  fegment  is  (aid  to 
f  be  greater,  and  the  angle  of  the  lefs  feg-nent  is  faid  to  be  k& 
f  than  a  right  angle.' 

CoR.  From  this  it  ismanifefl,  that  if  one  angle  of  a  triangle 
be  equal  to  the  other  two,  it  is  a  right  angle,  becaufe  the  angle 
Adjacent  to  it  is  equal  to  the  fame  two^  and  when  the  adjacent 
aiigles  are  equal,  they  are  right  angles. 


ZI.  X. 
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PROP.    XXXn.     THE  OR. 
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»•  J 


F  a  ftraight  liae  touches  a  circle,  and  from  die  ppint 
of  contact  a  flraight  lin^  be  drawn  cutting  the 
circle,  the  angles  made  by  this  line  with  the  line 
touching  the  circle,  fliall  be'  equal  to  the  angles  which 
are  in  the  alternate  fegments  of  the  circle. 

Let  the  ftraighj  line  EF  touch  the  circle  ABCD  in  B,  and  from 
the  point  B  let  the  ftraight  line  BD  be  drawn  cutting  the  drcle. 
the  angles  which  BD  makes  with  the  touching  line  EF  fhall  be 
equal  to  the  angles  in  the  alternate  fegments  of  the  circle ;  that 
is,  the  angle  FBD  is  equal  to  the  angle  which  is  in  the  fegment 
DAB,  and  the  angle  DBE  to  the  angle  iii  the  fegment  BCD. 

FroQi  the  point  B  draw  •  BA  at  right  angles  to  EF,  and  t^e 
^ny  point  C  in  th^  circumference  BD,  and  join  AD,  DC,  CB5 
and    becaufe  the  ftraight  line    EF 
touches  the  circle  ABQD 10  the  point 
B,  and  BA  is  drawn  gt  right  angles 
\o  the  touchJhg  line  from  the  point 
of  contaft  B,  the  center  of  the  circle 
is  *>  in  B A;  therefore  the  angle  ADB 
in  a  femicircle  i§  a  right  *  angle,  and 
confequently  the  other  two  angles 
BAD,'  ABD  are  equal  <<  to  a  right 
angle,  but   ABF  is  likewife  a  right 
angle;  therefore  the  angle  ABF  is  e-  ''D 
qual  to  the  angles  BAD,  ABD.  take  ^  . 
from  thefe  equals  thle  common  angle 
ABD ;  therefore  th^  remaining  angle  DBF  is  equal  to  the  anglqT 


'\-N 
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BAD,  which  is  in  the  alternate  fegmcnt  of  the  circle ;  and  bccaufe  Book  I U. 
ABCD  is  a  quadrilateral  figure  in  a  circle,  the  oppofite  angles  V«^y%^ 
BAD,  BCD  are  equal  *  to  two  right  angles;  therefore  the  angles e.  ax.  3. 
DBF,  DB^,  being  likcwifc  equal  ^  to  two  right  angles,  are  equalf.  13  «• 
to  the  angles  BAD,  BCD  j  and  DBF  has  been  proved  equal  to 
BADj  therefore  the  remaining  angle  DBE  is  equal  to  the  angle 
BCD  in  the  alternate  fegment  of  the  circle.     Wherefore,  if  a 
ftraight  line,  &c.     (^  E.  D. 


N 


u 


PROP.    XXXin      PR  OB. 

PON  a  given  ftraight  line  to  defcribc  a  fegment  see  n. 
of  a  circle,  containing  an  angle  equal  to  a  given 


b. 


redilineal  angle.' 

Let  AB  be  the  given  ftraight  line,  and  the  anglfe  at  C  the  given 
rcftilincal  angle;  it  is  required  to  defcribe  upon  the  given 'ftraight 
line  AB  a  fegment  of  a  circle,  containing  an  angle  equal  to  the 

angle  G. 

Firft,  Let  the  angle  at  C  be  a 
right  angle, and  bifeft  '  AB  in  F,  and 
from  the  center  F,  at  the  diftance 
FB,  defcribe  the  femicircle  AHB  5 
therefore  the  angle  AHB  in  a  femi- 
circle is  ^  equal  to  the  right  angle 

at  C. 

But  if  the  angle  C  be  not  a  right  angle,  at  the  point  A  in  the 
ftraight  line  AB,  make  *=  the  angle  BAD  equal  to  the  angle  C,  c. 
And  from  the  point  A  draw  <»  t  *•        d. 

AE  at  right  angles  to  AD ;  bi- 
feft  ■  AB  in  F,and  from  Fdraw 
*  FG  at  right  angles  to  AB,  and 
join  GB.  and  becaufe  AF  is  e^ 
qual  to  FB,  and  FG  common  tQ 
the  triangles  AFG,  BFG,  the^  y"— 
two  fides  AF,  FG  arc  equal  to    M[i 
the  two  BF,  FG;  and  the  angle       \ 
AFG  is  equal  to  the  angle  BFG ; 
therefore  the  bafe  AG  is  equal ' 
XQ  the  bafe  GB  j  and  the  circle  defcribcd  from  the  center  G,  at 

^4 
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Book  III.  the  dlftance  GA,  (hall  pafs  through  the  point  B  j  let  this  be  the 
K^^y^^  circle  AHB.  and  becaufe  from  the  point  A  the  extremity  of  the 
f.Cor.  I  tf.  3- diameter  AE,AD  is  drawn  at  right  angles  to  AE,  therefore  AD  ' 
touches  the  circle;  and  becaufe 
AB  drawn  from  the  point  of 
contaft  A  cuts,  the  circle,  tlie 
angle  DAB  is  equal  to  the  an- 
gle  in  the  alternate   fegment 
p  s»*  3-      AHB  K  but  the  angle  DAB  is 
equal  to  the  angle  C,  therefore 
alfo  the  angle  C  is  equal  to  the 
angle  in  the  fegment  AHB.' 
wherefore  upon  the  given  ftraight  line  AB  the  fegment  AHB  of 
a  circle  is  defcribed  which  contains  an  angle  equal  to  the  giveft 
angle  at  C.  .  Which  was  to  be  done. ,    . 


PROP.    XXXIV.     PR  OB. 

TO  cut  off  a  fegment  from  a  given  circle  which  fhall 
contain  an  angle  equal  to  a  given  re^ilineal  angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  re<5lilineal  an- 
gle ;  it  is  required  to  cut  oft  a  fegment  from  the  circle  ABC  that 
fhatU  contain  an  angle  equal  to  the  angle  D.   ... 
^,  ly.  J.  Draw  *  the  flraight  line  EF  touching  the  circle  ABC  in  the 

p,  «3*  !•  point  B,  and  at  thd  point  B,  in  the  fbaight  line  BF,  make  ^  the 
angle  FBC  equal  to  the  an-  , 
gle  D.  therefore,  becaufe  the 
ftraight  line  EF  touches  the 
circle  ABC,  and  BCi?  drawn 
from  the  point  of  contaft  B, 
c  3».  3.  the  angle  FBC  is  equal  *  to  T) 
the  angle  in  the  alternate 
fegment  BAC  of  the  circle, 
but  the  angle  FBC  is  equal 
to  the  angle  D  5  therefore 
the  angle  in  the  fegment  BAC  is  equal  to  the  angle  D.  wherefore 
the  fegment  BAC  is  cut  o^ from  the  given  dicle  ABC  contain* 
}ng  an  angle  equal  to  die  given  angle  D.  Which  was  to  be 
done.  '      .  . 
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PROP.   XXXV.    THE  OR. 

TF  two  ftraight  lines  within  a  circle  cut  one  another, seeN, 
"''     the  reftangle  contained  by  the  fegments  of  one  of 
them  is  equal  to  the  rcftangle  contained,  by  the  feg- 
ments of  the  other. 

Let  the  two  ftraight  lines  AC,  BD,  within  the  circle  ABCD, 
cut  one  another  in  the  point  E ;  the  re6)^angle  contained  by  A£, 
EC  is  equal  to  the  reftangle  contained  by 
BE,  ED.  k  ^         -V  XV 

If  AC,  BD  pais  each  of  them  through  -'^^     -**      >\4-^ 
the  center,  fo  that  E  is  the  center ;  it  is  evi- 
dent, that  AE,  EC,  BE,  ED,  being  all  e-— ^ 
qua],  the  reftangle  AE,  EC  is  likewifc  c-  Ji 
qual  to  the  reftangle  BE,  ED. 

»  But  let  one  of  them  BD  pafs  thro'  the  center,  and  cut  the 
other  AC,  which  does  not  pafs  thro'  the  center,  at  right  angles, 
in  the  point  E.  then,  if  BD  be  bifefted  in  F,  F  is  the  center  of 
the  circle  ABCD  ;  and  join  AF,  and  becaufe  BD,  which  pafTes 
thro*  the  center,  cuts  the  ftraight  line  AC,  which  does  not  pals 
thro'  the  center,  at  right  angles  in  E,  'Tv 

AE,  EC  are  equal  •  to  one  another.  ^ — r-^**^  *•  3.  j- 

and  becauie  the  ftraight  line  BD  is 
cut  into  two  equal  parts  in  the  point 
F,  and  into  two  unequal  in  the  point 
E,  the  reftangle  BE,  ED  together  with 
the  fquare  of  EF,  is '  equal  *>  to  the  ^ 
Iquare  of  FB;  that  is,  to  the  fquare  of 
FA  J  but  the  fquares  of  AE,  EF  are  -^^ 

equal  ^  to  the  fquare  of  FA ;   there-  -»^  ^  *^*  '• 

fore  the  reftangle  BE,  ED,  together  with  the  fquare  of  EF,  is 
equal  to  the  fquares  of  AE,  EF.  take  away  the  common  fquare 
of  EF,  and  the  remaining  reftangle  BE,  ED  is  equal  to  the  re- 
maining Iquarc  of  AE  ;  that  is,  to  the  reftangle  AE,  EC. 

Next,  Let  BD  which  paffes  thro'  the  center,  cut  the  other  AC, 
which  does  not  pafs  thro'  the  center,  in  E,  but  not  at  right  angles, 
then,  as  before,  if  BD  be  bifefted  in  F,  F  is  the  center  of  the  circle. 
Join  AF,  aod  from  F  draw  ^  FG  perpendicular  to  AC 5  therefore  d.  i».  f. 


b.  5.  »• 
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Book  III,  AG  is  equal  •  to  GC ;  wherefore  the  reftangle  AE,  EC,  together 

K,^y^\J  with  the  fquare  of  EG,  is  equal  ^  to  the  fquare  of  AG.  to  each 

•.  -3'  3-      of  thefc  equals  add  the  fquare  of  GF,  therefore  the  reftangle  AE, 

fc-  5.  »•      EC,  together  with  the  fquares  of  EG, 

GF  is  equal  to  the  fquares  of  AG, 

GF.  but  the  fquares  of  EG,  GF  are 

«•  47- 1.     equal  *  to  the  fquare  of  EF;  and  thie 

fquares  of  AG,  GF  arc  equal  to  the 

fquare  of  AF.  therefore  the  reftangle  ^fiyj^^ — A^v.    "/C 
AE  EC,  together  with  the  fquare  of        >^      ^^     ^l> 
EF  is  equal  to  the  fquare  of  AF;  that  ^^^  ,  ^"^  ^ 

is,  to  the  fquare  of  FB.  but  the  fquare  of  FB  is  equal  ^  to  the  rec- 
tangle BE,  ED  together  with  the  fquare  of  EF ;  therefore  the  rec- 
tangle AE,  EC,  together  with  the  fquare  of  EF,  is  equal  to  the 
reftangle  BB^  ED  together  with  the  fquare  of  EF.  take  away  the 
common  fquare  of  EF,  and  the  remaining  reftangle  AE,  EC  is 
therefore  equal  to  the  remaining  reftangle  BE,  ED. 

Laftly,  Let  neither  of  the  ftraight  lines  AC,  BD  pafs  thru'  the 
center,  take  the  center  F,  and  thro' 
E  the  interieftion  of  the  ftraight 
lines  AC,  DB  draw  the  diameter 
GEFH.  and  bccaufe  the  reftangle 
AE,  EC  is  equal,  as  has  been  (hewn. 


to  the  reftangle  GE,  EH ;  and  for    k\ 

the  feme  reafon,  the  reftangle  BE,  -'*■ 

ED  is  equal  to  the  fame  reftangle 

GE,  EH  ;  therefore  the  reftangle  "B 

AE,  EC  is  equal  to  the  reftangle  BE,  ED.     Wherefore,  if  two 

ftraight  lines,  &c.  (^  E.  D, 

PROP.     XXXVI.     T  H  E  O  R. 

IF  from  any  point  without  a  circle  two  ftraight  lines 
be  drawn,  one  of  which  cuts  the  circle,  and  the 
other  touches  it ;  the  reftangle  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without 
the  circle,  Ihall  be  equal  to  the  fquare  of  the  line  which 
touches  it. 

Let  D  be  any  point  without  the  drcle  ABC,  and  DCA,  D^ 
two  ftraight  lines  drawn  from  it,  of  which  DCA  cuts  the  jcirciej 
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b.  6,  «• 


c.  47.  !• 


,and  DB  touches   the  fame,  the  rectangle  AD,  DC  is  equal  to  Book  III, 
the  (quare  of  DB. 

Either  DC  A  paflles  thro*  the  center,  or  it  does  not  j  firft,  let  it 
pafs  thro'  the  center  E,  and  join  EB ; 
therefore  the  angle  EBD  is  a   right 
•  angle.,  and  becaufe  the  ftraight  line 
AC  is  bHe£tcd  in  E,  and  produced  to 
the  point  D,  the  reftangle  AD,  DC 
together  with  the  fquare  of  EC,  is  equal  B 
*»  to  the  fquare  of  ED^and  CE  is  equal 
xoEB,  therefore  the  reft  angle  AD,  DC, 
together  with  the  {quareof  EB  is  equal 
to  the  fquare  of  ED.  but  the  fquare  of 
ED  is  equal  *  to  the  Jquares  of  EB, 
BD,  becaufe  EBD  is  a  right  angle, 
therefore  the  reftangle  AD,  DC  toge- 
ther with  the  fquare  of  EB,  is  equal  to  the  fquares  of  EB,  BD. 
take  away  the  common  fquare  of  EB  ;  therefore  the  remaining 
reftangle  AD,  DC  is  equal  to  the  fquare  of  the  tangent  DB.    _ 

But  if  EiCA  does  not  pafs*thro*  the  center  of  the  circle  ABC, 
take  ^  the  center  E.  and  draw  EF  perpendicular  *  to  AC,  andd.  i.  3. 
Join  EB,  EC,  ED  j  tlien  EFD  is  a  right  angle,  and  becaufe  thee.  i».  i. 
fbraight  line  EF,  which  pafles  thro'  the  center,  cuts  the  ftraight 
line  AC,  which  does  not  pafs  thro'  the 
center,  at  right  angles,  it  fhall  likewife 
bifeft  f  it ;  therefore  AF  is  equal  to  FC. 
SUid  becaufe  the  Araight  line  AC  is  bU 
lefted  in  F,  and  produced  to  D,  the  rec^ 
tangle  AD,  DC  together  with  the  fquare 
of   FC,   is    equal   *>   to  the  fquare  of  ^^ 

FD.  to  each  of  thefe  equals  add  the  J>; 
fquare  of  FE,  therefore  the  reftangle 
AD,  DC   together  with  the  fquares  of 
OF,  FE,  is  equal  to  the  fquares  of  DF,     /l\ 

FE.  but  the  fquare  of  ED  is  equal  «  to 
the  fquares  of  DF,  FE,  becaufe  EFD. is 
a  right  angle ;  and  the  fquare  of  EC  is 

equal  to  the  fquares  of  CF,  FEj  therefore  the  reftangle  AD,  DC 
together  with  the  fquare  of  EC,  is  equal  to  the  fquare  of  ED.  * 
pd  GE  is  equal  to  EB,   therefore  the  reftangle  AD,  DC  tog«T ,, 
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BookllL  ther  with  the  fquare  of  EB,  is  equal  to  the  fquarc  of  ED.  but 
the  fquares  of  EB,  BD  are  equal  to  the  fquare  *  of  ED,  bccaufe 
EBD  is  a  right  angle ;  therefore  the  reftangle  AD,  DC  to- 
gether with  the  fquare  of  EB,  is  equal  to  the  fquares  of  EB,  BD. 
take  away  the  common  fquare  of  EB,  therefore  the  remaining 
reftangle  AD,  DC  is  equal  to  the  fquare  of  DB.  Wherefore,  if 
from  an/ point,  &c.    (^E.  D. 

Cor.  If  from  any  point  without  a 
circle,  there  be  drawn  t<vo  ftraight 
lines  cutting  it,  as  AB,  AC,  the  rec- 
tangles contained  by  the  whole  lines 
and  the  parts  of  them  without  the  cir- 
cle, are  equal  to  one  another, viz.  the 
reftangle  BA,  AE  to  the  reftangle 
CA,  AF.  for  each  of  them  is  equal 
to  the  fquare  of  the  ftraight  line  AD 
which  touches  the  drcle. 


B.  17.  3« 
l>.  18.  3. 


PROP.  XXXVII.     THE  OR. 

IF  from  a  point  without  a  circle  there  be  drawn  two 
ftraight  lines,  one  of  which  cuts  the  circle,  and  the 
other  meets  it ;  if  the  rectangle  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without 
the  circle  be  equal  to  the  fquare  of  the  line  which 
meets  it,  the  line  which  meets  fliall  touch  the  circle. 

•  • 

Let  any  point  D  be  taken  without  the  circle  ABC,  and  from  it 
let  two  ftraight  lines  DCA  and  DB  be  drawn,  of  which  DCA 
cuts  the  drcle,  and  DB  meets  it ;  if  the  reAangle  AD,  DC  be 
equal  to  the  (quare  of  DB;  DB  touches  the  circle. 

Draw  *  the  ftraight  line  DE  touching  the  circle  ABC,  find  its 
center  F,  and  join  FE,  FB,  FD;  then  FED  is  a  right  ^  angle,  and 
becaufe  DE  touches  the  circle  ABC,  and  DCA  cuts  it,  the  rec- 
tangle AD,  DC  is  equal  ^  to  the  fquare  of  DK  but  the  re^angle 
AD,  DC  is,  by  hypothefis,  equal  to  the  fquare  of  DB;  therefore 
the  fquare  of  DE  is  equal  to  the  fquare  of  DB,  and  the  ftraigh^ 
line  DE  tqual  to  the  ftraight  line  DB.  and  FE  is  equal  to  FBj 


\ 
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wherefore  DE,  £F  are  equal  to 
DB,  BF;  and  the  baie  FD  is  com- 
mon to  the  two  triangles  DEF, 
DBF ;  therefore  the  angle  D£F  b 
equal  ^  to  the  angle  DBF,  but 
DEF  is  a  right  angle,  therefore  alio 
DBF  is  a  right  angle,  and  FB,  if 
produced,  is  a  diameter,  and  xht 
ftraight  line  which  is  drawn  at 
right  angles  to  a  diameter,  from 
the  extremity  of  it,  touches  ^  the 
circle,  therefore  DB  touches  the 
circle  ABC  Wherefore,  if  from 
a  point|  &c.   Q.  £•  D. 
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DEFINITIONS. 
I. 

AReflilineal  figure  is  (aid  to  be  inicribed  in  another  reAilinead^ 
figure,  when  all  the  angles  of  the  infcribed  figure  are  upoi^ 
'  the  fides  of  the  figure  ii;^  winch  it  is  in- 
fcribed, each  upon  each^ 

II. 
In  like  manner,  a  figure  is  faid  to  be  defcribed 
about  another  figure,  when  all  the  fides  of  the 
circumfcribed  figure  pafs  thro'  the  angular 
points  of  the  figure  about  which  it  is  defcribed,  each  thro* 
each.' 

A  reAilineal  figure  is  faid  to  be  infcribed  in  a 

circle,  when  all  the  angles  of  the  infcribed 

figure  are  upon  the  circumference  of  the 

drcle. 

IV. 
A  reftilineal  figure  is  {aid  to  be  defcribed  about  a  circle,  when  eachi 

fide  of  the  circumfcribed  figure  touches 

the  circumference  of  the  circle* 

V. 
In  like  manner  a  circle  is  faid  to  be  infcribed 

in  a  reflilineal  figure,  when  the  circumfe- 
rence of  the  circle  touches  each  fide  of  the 

figfure. 
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VI. 

A  circle  is  iaid  to  be  defaibed  about  a  re^i- 
lineal  figure^  when  the  circumference  of  the 
circle  pafles  thro'  all  the  angular  points  of 
the  figure  about  which  it  is  defcribed. 

vn. 

A  ftraight  line  is  faid  to  be  placed  in  a  circle,  when  the  cxtr^ 
mities  of  it  are  in  the  circumference  of  the  circle. 
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PROP.   I.     PR  OB. 

T  N  a  given  circle  to  place  a  ftraight  line,  equal  to  a 
-^  given  ftraight  line  not  greater  than  the  diameter  of 
the  circle. 

Let  ABC  be  the  g^ven  circle,  and  D  the  given  ftraight  line, 
not  greattr  than  the  diameter  of  the  circle. 
-  Draw  BC  the  diameter  of  the  circle  ABC ;  then,  if  BC  is 
equal  to  D,  the  thing  required  is  done';  for  in  the  circle  ABC  a 
ftraight  line  BC  is  placed  equal 
to  D.  but  if  it  is  not,  BC  is 
greater  than  D ;  make  CE  equal 
*  to  D,  and  from  the  center  C, 
at  the  diftance  CE,  defcribe  the 
circle  A£F,  and  join  CA.  there- 
fore, becanie  C  is  the  center  of 
the  drcle  AEF,  CA  is  equal  to  J/ 
CE ;  but  D  is  equal  to  CE,  therefore  D  is  equal  to  C A.  where- 
fore in  the  circle  ABC  a  ftraight  line  is  placed  equal  to  the  gLvea 
ftraight  line  D,  which  is  not  greater  than  the  diameter  of  the 
circle.     Which  was  to  be  done. 


a.  $.•■• 


•P  R  O  P.    n.    P  R  0  B. 

T  N  a  given  circle  to  infcribe  a  triangle  equiangular  to 
a  given  triangle. 
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a.  17.  3- 
b«  X3.  I. 


Book  IV.      I^t  ABC  be  the  given  circle,  and  DEF  the  given  triangle ;  it 
^^/V>J  »s  required  to  infcribe  in  the  circle  ABC  a  triangle  equiangular 

to  the  triangle  DEF- 

Draw  *  the  ftraight  line  GAH  touching  the  circle  in  the  point 

A,  and  at  the  point  A,  in  the  ftraight  line  AH,  make  *•  the  angle 

HAC  equal  to  the  angle  DEFj  and  at  the  point  A,  in  the  ftraight 

line  AG,  make  the  an- 
gle GAB  equal  to  the 

angle   DFE,   and  join 

BC.    therefore  becaufe 

HAG  touches  the  cu*- 

cle   ABC,  and   AC  is 

drawn  from  the   point  J2r 

of   contaft,    the  angle 

HAC  is  equal  ^  to  the 

angle  ABC  in  the  alter* 

nate  fegment  of  the  circle,  but  HAC  is  equal  to  the  angle  DEF,- 
therefore  alfo  the  ai;gle  ABC  is  equal  to  DEF.  for  the  fame  rea- 
fon,  the  angle  ACB  is  equal  to  the  angle  DFE ;  therefore  the  re- 
^  3».  I.  maining  angle  B AC  is  equal  »*  to  the  remaining  angle  EDF-- 
wherefore  the  triangle  ABC  is  equiangular  to  the  triangle  DEFy 
and  it  is  infmbed  in  the  circle  ABC.     Which  was  to  be  done. 


t.  3%.  3. 


PROP.    m.     PROB. 


ABOUT  a  given  circle  to  defcribc  a  triangle  equi- 
angular to  a  given  triangle. 

« 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle ;  it 
is  required  to  delcribe  a  triangle  about  the  circle  ABC  equiangular 
to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  G,  H,  and  find  the  center 
K  of  the  circle  ABC,  and  from  it  draw  any  ftraight  line  KB  ;  at 

«•  »^  «•  the  point  K  in  the  ftraight  line  KB,  make  *  the  angle  BKA  equal 
to  the  angle  DEG,  and  the  angle  BKC  equal  to  the  angle  DFH  ^ 
and  thro'  the  points  A,  B,  C  draw  the  ftraight  Imtes  LAM, 

fc.  17-  3.  MBN,  NCL  touching  *>  the  circle  ABC.  therefore  becaufe  LM, 
MN,  NL  touch  the  circle  ABC  in  the  points  A,  B,  C  to  which 
from  the  center  are  drawn  K A,  KB,  KC,  the  angles  at  the  pomt^ 

c.  18. 3.     A,  B,  C  are  right  ^  angles,  and  becaufe  th«  four  angles  of  th« 


6  p  E  u  c  L  I  nf. 


^ 


quailrilateral  figure  AMBK  arc  equal  to  four  right  angles,  for  it  Book  f^.- 
dm  be  divided  into  two  triangles ;  and  that  two  of  them  KAM, 
KBM  are  right  angles,  the  other  two  AKB,  AMB  are  equal  to  two 
right  angles,  but  the 
ingles  DEG,  DEF 

are  likewife  equal  *  /  \.  ^t\  ^  'I**  '^• 

to  two  rigiit  angles; 

therefore  the  angles 

AKB,  AMB  are  e- 

qual .  to  the  angles 

DEG,   DEF,  of 

which  AKB  is  equal 

to   DEG  ;    where- ^  j%  ^ 

fer6   the  remaining  •*•  -*         -^  ^ 

angle  AMB  is  equal  to  the  remaining  angle  DEF.  iii  Me  manner 

the  angle  LNM  may  be  demonih^ted  to  be  equal  to  DFE ;  and 

therefore  the  remaining  angle  MLN  isr  equal*  to  the  remaininge.  3»,  fi 

angle  EDF.  wherefore  the  triangle  LMN  is  equiangular  to  the 

triangle  DEF.  atid  it  is  defcribed  about  the  circle  ABC.     Which' 

wa^  to  be  done* 


T 


PROP.  IV.    prob: 

O  infcribe  a  circle-  in  a  given  triangle.* 


tfM  K 


Let  the  g^ven  triangle  be  ABC ;  it  is  required  to  infcribe  a  cir- 
cle in  ABC. 

Bifedf*  the  ahgles  ABC,  BCA  by  the  ftraight  lines  BD,  CD,. ,.  ,^ 
meeting  one  another  in  the  poJht  D,  from  which  draw  *►  DE,  DF,5^  „^  ^^ 
DG  perpendiculars  to  AB>  BC, 
CA.  and  becaufe  the  angle  EBD 
is  equal  ^o  the  angle  FBD,  far 
the  angle  ABC  is  Wfcfted  by  BD,- 
and  that  the  right  angle  BED  i<{ 
^ual  to  the  right  angle  B#t),  tlie  ^-^ 
two  triangles  EBD,FBt){iave  two  £ 
angles  of  the  on^  equal  to  two  an- 
gles of  the  other,  and  the  fide  BD, 
which  is  oppofite  to  one  of  the  ^ 
equal. angles  in  each,  is  common-" 
td  b6th  5  thercforfe  their  oth^  fides  (hall  be  equal « ;  wherefore  c  *«.  t. 
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Bo<rft  IV.  J^E  is  equal  to  DF.  for  the  fame  reafoa,DG  is  equal  to  DF  j  there* 
fore  the  three  ftraight  lines  DE,DF,  DG  are  equal  to  one  another, 
and  the  circle  defcribed  from  the 
center  D,  at  the  diflance  of  any  of 
them,  (hall  pafs  thro'  the  extremi- 
ties of  the  other  two,  and  touch 
the  ftraight  lines  AB,  BC,  CA, 
becauie  the  angles  at  the  points  £, 
F,  G  are  right  angles,  aad  the 
ftraight  line  which  is  drawn  from 
the  extremity  of  a  diameter  at  right 
angles  to  it,  touches  '  the  circle,  n 
therefore  the  ftraight  lines  AB,BjC,  *^ 

CA  do  each  of  them  touch  the  circle,  and  the  drde  EFG  is  in« 
fcribed  in  the  triangle  ABC     Which  was  to  be  done. 


4.  i(.  3* 


PROP.    V,    PROB. 
««rN.       T^O  defcribe  a  circle  about  a  given  triangle. 

Let  the  given  triangle  be  ABC ;  it  is  required  to  defcribe  a 
drcle  about  ABC. 

a.  to.  X.         Bifeft  ■  AB,  AC  in  the  prints  D,  E,  and  ftom  thefe  points 

b.  II.  I.     draw  DF>  EF  at  right  angles  «>  to  AB,  AC ;  DF,  EF  produced 


e.  4.  !< 


meet  one  another,  for  if  they  do  not  meet  they  are  parallel,  where- 
fore ABj  AC  which  are  at  right  angles  to  them  are  parallel  ; 
which  is  abfurd.  let  them  meet  in  F,  and  join  FA  ;  alio,  if  the 
point  F  be  not  in  BC,  join  BF,  CF.  then  becauie  A£>  is  equal  to 
DB,  and  DF  common,  and  at  right  angles  to  AB,  the  bafe  AF  is 
equal  ^  to  the  bafe  FB.  in  like  manner  it  may  be  (hewn  that  CF 
is  equal  to  FA ',  and  therefore  BF  is  equal  to  FC ;  and  FA^  FB^ 
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fC  are  therefcxv  equal  to  one  another,  wherefore  the  drcle  de-  Book  IV. 
Icribed  from  the  center  F,  at  the  difbnce  of  one  of  them,  fhall  pafi 
thn/  the  extremities  of  the  other  two;  and  be  defcribed  about  the 
triangle  ABC     Which  was  to  be  dotle. 

CoR«  And  it  is  manifeft  that  when  the  center  of  the  circle  falls 
ivithin  the  triangle^  each  of  its  angles  is  lefs  than  a  right  angle, 
each  of  them  being  in  a  foment  greater  than  a  lemicircle.  but 
when  the  center  is  in  one  of  the  lides  of  the  triangle,  the  angle 
oppofite  to  this  iide,  being  in  a  femidrde,  is  a  right  angle*  and  if 
the  center  falls  urithoat  the  triangle,  the  angle  oppofite  to  the  fide 
beyond  which  it  is,  bdng  in  a  iegment  lefs  than  a  iemicirde,  is 
greater  than  a  right  angle.  Wherefore,!  if  the  given  triangle  b^ 
acute  angled,  the  center  of  the  circle  falls  \rithin  it;  if  it  be  a 
right  angled  triangle,  the  center  is  in  the  fide  oppofite  to  the  right 
angle ;  and  if  it  be  an  obtfde  angled  triangle,  the  center  fails 
Without  the  triangle,  bcjond  the  fide  oppofite  to  the  ^btufe  angles 


PROP-    VI.     PR  OB. 


T 


O  infcribc  a  fquare  in  a  ^ven  circle. 


Let  ABCD  be  the  ffvta  circle  $  it  is  required  to  mfaibe  a 
iqilare  in  ABCD. 

'  Draw  the  diameters  AC,  BD  at  right  angles  to  one  another  ^ 
and  join  AB,  BC,  CD,  DA.  becaufe  BE  is  equal  to  ED,  for  £  is 
the  center,  and  that  £A  is  common,  and 
at  right  angles  to  BD ;  the  bafe  BA  is 
equal  *  to  the  bafe  AD.  and  for  the 
iame  reaibn,  BC,  CD  are  each  of  them 
equal  to  BA  or  AD ;  therefore  the  qua- J[ 
drilateral  figure  ABCD  is  equilateral. 
It  is  alio  reftangular ;  for  the  ftraight 
line  BD  being  the  diameter  of  the  cirde 
ABCD,  BAD  is  a  femicirde ;  wherefore 
the  angle  BAD  is  a  right  *>  angle,  for  the  fame  rcafon  each  of  the  b, 
angles  ABC,.  BCD,  CDA  is  a  right  angle,  therefore  the  quadri- 
lateral figure  ABCD  is  reftangular.  and  it  has  been  (hewn  to  be 
cqmlatera],  therefore  it  b  a  fquare;  and  it  is  infcribed  in  the  cirde 
ABCD.  Which  was  to  be  done. 

G  z 
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».  17.3. 


c.  28.  I. 


PROP.    Vn.     PROB. 
T^O  defcribe  a  fquare  stbout  a  given  circle. 


Let  ABCD  be  tkc  pwcB  circle ;  it  is  required*  to  defcribe  ar 
fquare  abont  it»' 

Draw  twa  diameters  ACy  BD  of  the  circk  ABCD,  at  rigkt 
angles  to  one  another,  aad  thro*  the  points  A,  B»  G,  D  draw  *  FG, 
GH,  HK,,  KF  touching  tihe  circle.-  and  becauft  FG  touches  the 
circle  ABCD^  acid  £A  is  drawn  from  the  center  £  to  the  point  of 

b.  18.  3.  QontaA  Aj  die  angles  at  A  are  right  ^  angles*  for  the  fame  reafbn, 
the  angles  at  the  points  B,.G,  D  are  right  angles,  and  becaule  the 
angle  A£B  is  a  right  angle,,  as  likewile  ^  ik  *D 

16  EBG,  GH  is  parallel^  to  AC.  for  the      

fame  reafbo,  AC  is  parallel  to-  FK.  and 
in  like  manner  GF,  HK  may  each  of  them 
be  demonibrated  to  be  parallel  to  BED.  o, 
therefore  the  figures  GK,  GC,  AK,  FB, 
BK  are  parallelograms,  and  GF  is^there- 

*•  34- 1,     fore  equal  ^  to  HK,  and  GH  to  FK. -fip"^  g^  err- 

and becaufe  AC  is  equal  to  BD,  and  -**•  ^  ""^ 

that  AC  is  equal  to  each  of  the  two  GH,  FK  j  and  BD  to  each  of 
the  two  GF,  HK;  GH,  FK  are  each  of  them  equ^  to  GF  or  HK. 
therefore  the  quadrilateral  figure  FGHK  is  equilateral.  It  is  alfb 
rectangular ;  for  Gfi£A  being  a  parallelogram,  and  AEB  a  right 
angle,  AGB  is  ^  likewife  a  right  angle,  in  the  fame  manner  it  may 
be  (hewn  that  the  angles  at  H,  K,  F  are  right  angles,  therefore  the 
quadrilateral  figure  FGHK  is  reftangular.  and  it  was  demonfh^ted 
to  be  equilateral ;  therefore  it  is  a  fquare ;  and  it  is  defcribed  about 
the  circle  ABCD.     Which  was  to  be  done. 


n 

^ 

a.  ic.  I. 


PROP.   Vm.    PROB. 

nno  infcribe  a  circle  in  a  given  fquare- 

Let  ABCD  be  the  given  fquare  \  it  is  required  to  infcribe  a- 
circle  in  ABCD. 

.   Bifeft  •  each  of  the  fides  AB,  AD,  in  the  points  F,  E,  and  thro'E 
draw  ^  £H  parallel  to  AB  or  DC^  and  thro'  F  draw  FKparallel  tx> 


O  F     E  IT  C  L  I  D. 


lei 


B 


AD  or  BC.  dierefoce  each  of  the  figures  AK,  KB,  AH,  HD,  AG,  Book  fV. 
GC,  BG,  GDIs  a  parallelogram,  and  thdr  of^fite  fides  are  equal  ^.  V«^v^^ 
and  becauie  AD  is  equal  to  AB,  and  that  A£  is  the  half  of  AD,x.  34-  <• 
and  AF  the  half  of  AB;  A£  is  equal  to     a  -p 

AF. wherefore  the  fides  oppofite  to  thde  -**■        -*^ 
are  equal,  viz.  FG  to  G£.  m  the  iame 
manner  it  maybe  demonftrated  thatGH, 
GK  are  each  of  them  equal  to  PG  orpp 
GE.  therefore  the  four  ftraight  lines  ^ 
GE,  GF,  GH,  GK  are  equal  to  one  ano- 
ther ;  and  the  circle  defcribed  from  the 
center  G,  at  the  diftance  of  one  of  them  tjT 
ihall  pais  thro' the  extremities  of  the  other  '^ 
three,  and  touch  the  ftraight  lines  AB,  BC,  CD,  DA ;  becauie  the 
angles  at  the  points  £,  F,  H,  K  are  right  ^  angles,  and  that  thed.  19.  m^ 
Araight  line  which  is  drawn  from  the  extremity  of  a  diameter,  at 
right  angles  to  it,  touches  the  circle  ^.  therefore  each  of  thee-  >^- 1« 
ffaaight  lines  AB,  BC,  CD,  DA  touches  the  circle,  which  there- 
fore is  infcribed  in  the  fquare  ABCD.     Which  was  to  be  done; 


PROP.    DC.     PR  OB, 
npO  defcribe  a  circle  about  a  givca^fquarc. 

Let  ABCD  be  the  gLven  iquare ;   it  b  required  to  defcribe  a 
circle  about  it. 

Job  AC,  BD  cutting  one  another  in  £.  and  becauie  DA  is  equal 
to  AB,  and  AC  common  to  the  triangles  DAC,  BAC,  the  two  fides 
DA,  AC  are  equal  to  the  two'  BA,  AC  ; 
and  the  bale  DC  is  equal  to  the  bafe  BC  j 
wherefore  the  angle  DAC  is  equal  *  to  the 
angle  BAC,  and  the  angle  DAB  is  bifeded 
by  the  ibaight  line  AC.  in  the  fame  man- 
ner it  may  be  dcmonfb^ted  that  the  angles      ^ 
ABC,  BCD,  CD  A  are  fevcraUy  bifcfted  by  B 
the  ilraight  lines  BD,  AC*  therefore  be- 
cauie (he  angle  DAB  is  equal  to  the  angle  ABC,  and  that  the  angle 
EAB  is  the  half  of  DAB,and  EBA  the  half  of  ABC;  the  angleEAB 
is  equal  to  the  angle  EBA;  wherefore  the  iide  EA  is  equal  ^  to  the  b.  €,  i, 
fi^  EB.  in  jthe  fiuxje  manner  it  maybe  demonftrated  that  the  ftrai^bt 

G  3 


I.  8.  If 


102  THE     ELEMENTS 

Bode  IV.  lines  EC,  ED  are  each  of  them  lequal  to  E A  or  EB^  therefore  th^ 

\„^y^  four  ftratght  liaes  EA,  EB,  £C»  ED  are  equal  to  oae  another  i 

^  and  the  circle  defcribed  from  the  center  £,  at  the  dSftance  of  one 

of  them,  (hall  pafs  thro^  the  extremities  of  the  other  three,  and  b^ 

defcribed  about  the  fqjiare  ABCD*     Which  was  to  be  done^ 


Ih'  It.  ft. 

K  I.  4* 
IPf  f  4> 


(i*  19'  3« 


e.  3  ft.  3. 


f-  3»-  »• 


PROP.  X.    PROB. 

TO  defcribe  an  ifofccles  tristngle,  having  each  of  the 
angles  at  the  bafe  double  of  the  third  angle. 

Take  any  ibaight  line  AB,  and  divide  *  it  in  the  point  C,  fy 
that  the  rectangle  AB,  BC  be  equal  to  the  fquare  of  CA ;  and 
from  the  center  A,  at  the  diftanc^  AB  delcribe  the  circk  BDE^ 
in  which  p}ace  ^  the  ftr^ight  line  BD  equal  to  AC,  which  is  not 
greater  than  the  diameter  of  the  drcle  BDE  $  job  DA,  DC,  and 
about  the  triangle  ADC  defcribe  ^  the  circle  ACD.  the  triangle 
ABD  is  fuch  as  is  required,  that  is,  each  of  the  angles  ABD, 
ADB  is  double  of  the  angle  BAD. 

Becaufe  the  reQangle  AB,BC  is  equal  to  the  fquar^  of  AC,  and 
that  AC  is  equal  to  BD,  the  reAangle  AB,  BC  is  equal  to  thp 
fquaie  of  BD.  and  becaufe  fjrom 
the  point  B  without  the  circle 
ACD  two  ftraight  lines  BC  A,  BD 
are  drawn  to  the  circumference* 
pnc  of  which  cuts,  and  the  other 
meets  the  circle,  and  that  the  rec- 
tangle AB,  BC  contained  by  the 
whole  of  the  cutting  line,  and  the 
part  of  it  without  the  circle,  is  e* 
qual  to  the  fquare  of  BD  which 
meets  it  ;  the  flraight  lijie  BD 
touches  i!  the  circle  ACD.  and 
becaui^  BD  touches  the  circle, 
and  DC  is  drawn  from  the  point 
of  conta^  D,  the  angle  BDC  is  equal  ^  to  the  angle  DAC  in  thf 
alternate  fegment  of  the  circle  ^  to  each  pf  thefe  add  the  angle 
CD  A,  thcrcfpre  the  whole  angle  BDA  is  equal  to  the  two  angles 
CD  A,  DAC.  but  the  exterior  angle  BCD  is  equal  ^  to  the  angles 
CPA,  DAC ;  th^^efore  alfp  BDA  ^  equal  to  BCD.  but  BDA  hi 
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equal  <  to  the  angle  CBD>  becaufe  the  fide  AD  is  equal  to  the  Book  I^. 
fide  AB ;  therefore  CBD,  or  DBA  is  equal  to  BCD;  and  confe-  K^^^^r%^ 
quently  the  three  angles  BDA,  DBA^  BCD  are  equal  to  one  ano-  $»$•*• 
ther.  and  becanfe  the  angle  DBC  is  equal  to  the  angle  BCD,  the 
fide  BD  is  equal  i>  to  the  fide  DC.  but  BD  was  made  equal  to  CA,  h.  6.  i. 
therefore  alfo  C  A  is  equal  to  CD,  and  the  angle  CD  A  equal  i^  to  g.  5,  t  • 
the  angle  DAC.  therefore  the  angles  CD  A,  DAC  together,  are 
doable  of  the  angle  DAC.  but  BCD  b  equal  to  the  angles  CD  A, 
DAC ;  dierefoie  aUb  BCD  is  double  of  DAC.  and  BCD  is  equal 
to  each  of  the  angles  BDA,  DBA;  each  therefore  of  the  angles 
BDA,  DBA  b  double  of  the  angle  DAB.  wherefore  an  ifofcelcs 
triangle  ABD  b  defciibed  having  each  of  the  angles  at  the  bafe 
doable  of  the  third  angle.     Which  was  to  be  done. 


PROP.    XI.     PR  OB. 

I^G  infcribe  an  equilateral  and  equiangular  penta- 
gon in  a  given  circle. 

Let  ABCDE  be  the  given  circle ;  it  is  required  to  infcribe  an 
equilateral  and  equiangular  pentagon  in  the  circle  ABCDE. 

Defcribe  *  an  Ifofceles  triangle  FGH  ha\dng  each  of  the  angles  «•  '»•  4* 
at  G,  H  double  of  the  angle  at  F ;  and  in  the  circle  ABCDE  in- 
fcribe'^ the  triangle  ACD  equiangular  to  the  triangle  FGH,  ib*'*^'^* 
that  the  angle  CAD  be  equal 
to  the  angle  at  F,  and  each  of 
the  angles  ACD,  CDA  equal 
to  the  angle  at  Gor  H;  where- 
fore each  of  the  angles  ACD, 
CDA  is  doable  of  the  angle 
CAD.      Bife^  *  the  angles 
ACD,  CDA  by  the  ftraight 
lines  CE,  DB,  and  join  AB,  w 
BC,DE,EA.  ABCDE  bthe^ 
pentagon  required. 

Becauie  each  of  the  angles  ACD,  CDA  b  doable  of  CAD,  and 
are  bifefied  by  the  ftraight  lines  CE,  DB,  the  five  angles  DAC, 
ACE,ECD,  CDB,  BDA  are  equal  to  one  another,  but  equal  angles 
Aand  upon  equal  ^  circumferences ;  therefore  the  five  drcumferen-  d.  it,  |« 
CCS  AB,  BC,  CD^  DE,  £A  are  equal  to  one  another,  and  equal 

G4 
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gook  IV.  circumferences  arc  fubteudcd  by  equal  *  Jftraight  line? ;  therefore 

V>Y>^  *e  five  ftraight  lines  AB,  BC,  CD,  DE,  EA  are  equal  t;o  one 

^^f\f.  J."    another.    Wherefore  the  pentagon  ABCDE  is  equilateral.    It  is 

alfo  equiangular  y  becauie  the 

circumference  AB  is  equal  to 

the  circumference  DE,  if  to 

each  be  added  BCD,  the  whole 

ABCD  is  equal  to  the  whole 

ED^B,  and  the  angle  AED 

ftancis  on  the   circumference 

ABCD,  and  "the '  angle  BAE 

on  til^e  circjimference  EDC^;  w'     »  .  >^ 

therefore  the  angle  BAE  is  e-^  -" 

f,  17.  3«     qual  f  to  the  angle  AED.  for  the  fame  reafon,  each  of  the  angles 

ABC,  BCD,  CDE  is  equal  to  the  angle  BAE  or  AED.  therefore  the 

pentagon  ABCDE  is  eqiiiahgular  j'and  it  has  been  fliewn  that  it  is 

equilateral.  Wherefore  in  fh^  given  circle  an  equilateral  and  equi- 
.   angular  pentagon  has  been  infcribcd.     Which  was  to  be  done,' 

PROP.    Xn.    PR05. 

To  defcribe  an  equilajteral  and  equiangular  penta- 
£-;.,  gon  about  a  given  circle.       ' 

]Let  ABCDE  be  the  given  circle  ^  It  is  required  to  defcribe  an 
equilateral  and  equiangular  pentagon  4bout  tW  circle  ABCDE. 

Let  the  angles  of  a  pentagon  infcribed  in  the  circle,  by  the  laft 

propofition,  be  in  the  points  A,  B,  C,  D,  E^  fo  that  the  circumfe- 

».  It.  4.     rences  AB,  BC,  CD,  DE,  EA  are  equal ^;  and  thro'  the  points  A, 

k  ,7. 3:     B,  C,  D,  E  draw  GH,  HK,  KL,  LM,'  MG  touching  i^  the  circle; 

p^e  the  center  F,  and  join  FB,  FK,  FC,  ^L,  Fb.  and  becaufe  the 

ftraight  line  KL  touches  the  circle  ABCDE  in  the  point  C,  to 

c.  18.  3.     whict  l^C  is  drawn  from  the  center  F,FC  is  perpendicular  ^  to  KL; 

therefore  each  of  the  angles  at  C  is  a  right  angle,  for  the  fame  rea- 
fon, the  angles  at  the  points  B,  D  are  right  angles,  and  becaufeFClC 

d.  47. 1.     IS  a  right  angle,  the  fquare  of  FK  U  equal '  to  the  fquares  of  FC, 

CK.  for  the.  fame  reafon  th«  fquare  of  FK  is  equal  to  the  fquares 
of  FB,BK.  therefore  the  fquares  of  FC,CK  are  equal  to  the  fquares 
of  FB,  BK,  of  which  the  fquare  of  FC  is  equal  to  the  fquare  of  FB ; 
the  remaining  fquare  of  CKis  therefore  equal  to  the  remalningiqaare 
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j£  BK,  and  the  ftraight  line  CK  equal  to  BK.  and  becaufe  FB  is  Bopk  IV. 
equal  to  FC,  and  FK  common  to  the  triangles  BFK,  CFK,  the  two 
BF,  FK  are  equal  to  the  two  CF,  FK;  and  the  bafe  BK  is  equal 
to, the  bafe  KC^  therefore  the  angle  9FK  is  .equal  ^  to  the  an^ec*  8.  i. 
KFC,  and  the  angle  BKF  to  FKC.  wherefore  the  angle  BFC  is 
double  of  the  angle  KFC,  and  BKC  double  of  FKC.  for  the 
fame  reafon,  the  angle  CFD  is  double  of  the  angle  CFL>  and  CI^D 
double  Qf  CLF.  and  becaufe  the  circumference  BC  is  equal  to  thp 
drcumference  QD,  the  anglp  BFC 

is  equal  f  to  .the  angle  CFD..  and  ^^  f.  27.  j. 

BFC  is  double  of  the  angle  KFC, 
and  CFD  double  of  CFL  5  there- 
fore the  angle  KFC  is  equal  to  thf  tj 
angle  CFL ;  and  the  right  angit*'* 
FCK  is  equal  to  the  right  angle 
FCL.  therefore  In  the  two  triangles 
FKC,  FLC,  there  are  two  angles 
of  one  equal  to  two  angles  of  the 
other,  each  to  each,  and  the  fide 

FC,  which  is  adjacent  to  the  equal  angles  in  each,  is  common  to 
both ;  therefore  the  other  fides  (hall  be  equal  «  to  the  other  fides,  $.  »^.  i< 
and  the  third  angle  tp  the  third  angle,  therefore  the  ftraight  line 
KC  is  equal  to  CL»  and  the  ^gle  FKC  to  the  angle  FLC.  and  be- 
caufe  KC  is  equal  to  CL,  KL  is  double  of  KC.  in  the  fame  man- 
ner, it  may  be  (hewn  that  HI(  is  double  of  BK.  and  becaufe  BK 
is  equal  to  KC,  as  was  demonftrated,  and  that  ELL  is  double  of 
KC,  and  HK  double  of  BK,  HK  (hall  be  equal  to  KL.  in  like 
manner  it  may  be  (hewn  that  GH,  GM,  ML  are  each  of  them 
equal  to  HK  or  KL.  therefore  the  pentagon  GHKLM  is  equila- 
ter^.  It  is  alfo  equiangular ;  for  fince  the  angle  FKC  is  equal  to 
the  an^ie  FLC,  and  that  the  angle  HKX  is  double  of  the  angle 
TfeCl,  and  KLM  double  of  FLC,  as  was  before  demonftrated ;  the 
angle  HKL  is  equal  to  KLM.  and  in  like  manner  it  may  be  (hewn, 
thkt  each  of  the  an^es  KHG,  HGM,  GML  is  equal  to  the  angle 
HKL  or  iLM.  therefore  the  five  angles  GHK,  HKL,  KLM, 
LMG,  MGH  being  equal  to  one  another,  the  pentagon  GHKLM 
is  equiangular,  and  it  is  equilateral,  as  was  demonftrated  \  and  it 
^s  defcribed  about  the  circle  ABCDE.     Which  was  tP  be  done. 


2o6  THE    ELEMENTS' 

Book  IV. 

\,^y^^  PROP.  xm.  P  R  O  B. 

To  infcribe  a  circle  in  a  given  equilateral  and  equi- 
angular pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  penta- 
gon ;  it  is  required  to  inicribe  a  circle  in  the  pentagon  ABCDE. 

^  f  •  »•  Bifeft  •  the  angles  BCD,  CDE  by  the  ftrdght  lines  CF,  DF, 

and  ffom  the  point  F  in  which  they  meet  draw  the  ftraight  Unes 
FB,  FA,  FE.  therefore  fioce  BC  is  equal  to  CD^  and  CF  common 
to  the  triangles  BCF,  DCF,  the  two  fides  BC,  CF  are  equal  to  the 
two  DC,CF;  4nd  the  angle  BCFis  equal  to  the  angle  DCF;  there^ 

*•  4*  •  ^  .  fore  the  bafe  BF  is  equal  ^  to  the  bafe  FD,  and  the  other  angles 
to  the  other  angles,  to  which' the  equal  fides  are  oppofite;  there- 
fore the  angle  CBF  is  equal  to  the  angle  CDF.  and  becaufe  the  an- 
gle CDE  is  douUcLof  CDF,  and  that  CDE  is  equal  to  CBA,  and 
CDF  to  CBF  5  CB  A  is  alfo  double 
of  the  angle  CBF ;  therefore  the  an- 
gle ABF  is  equal  to  the  angle  CBF  j 
/  wherefore  the  angle  ABC  is  bifeft- 
•  '  ed  by  the  ftraight  line  BF.  in  the*^ 
fame  manner  it  may  be  demonftrat-^ 
ed  that  the  angles  BAE,  AED  are 
bifefted  by  the  ftraight  lines  AF,FE. 

fi  11. 1.  from  the  point  F  draw  ^  FG,  FH, 
FK,  FL,  FM  perpendiculars  to  the 
ftraight  lines  AB,  BC,  CD,  DE, 
EA.  and  becauie  the  angle  HCFis 

equal  to^KCF,  and  the  right  angle  FHC  equal  to  the  right  angle 
FKC ;  in  the  triangles  FHC,  FKC  there  are  two  angles  of  one 
equal  to  two  angles  of  the  other  \  and  the  fide  FC,  which  is  op- 
pofite to  one  of  the  equal  angles  in  each,  is  common  to  both ; 
fl.  %€,  I.  therefore  the  other  fide  (hall  be  equal  <>,  each  to  each  j  wherefore 
the  perpendicular  FH  is  equal  to  the  perpendicular  FK.  in  the 
fiune  manner  it  may  be  demonftrated  that  FL,  FM,  FG  are  each  of 
thaq,  equal  to  FH  or  FKj  therefore  the  five  ftraight  lines  FG,  FH, 
FK,  FL,  FM  are  equal  to  one  another,  wherefore  the  circle  de« 
fcrihei  from  the  center  F,  at  the  diftance  of  one  of  thele  five,  Qudl 
pais  thro'  the  extremities  of  the  other  fourj  and  touch  the  ftraight 
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Bnes  AB,  BC,  CD,  DE,  EA»  becaufe  the  angles  at  the  pcMnts  G«  B^  iv. 
H,  EI,  Ly  M  ane  right  angles  \  and  that  a  ftraight  line  drawn  frwi  O'VV^ 
the  extremity  of  the  diameter  of  a  circle  at  right  angles  to  it,f.' 
tonches.^  the  drde.  therefore  each  of  the  ftraight  lines  AB,  BC^.  itf.  i« 
CD,  DE,  EA  touches  the  circle ;  wherefore  it  is  infcribed  in  the^ 
pentagon  ABCDE*     Which  wa^  tb  be  done. 


PROP.    XIV.     PR  OB. 


T 


O  defcribe  a  cSrcle  aboiit  a  giyen  equflateral  and 
equiangubr  pentagon. 


Let  ABCDE  be  the  given  equilateral  and  equiangular  pents^ 
gon ;  it  is  required  to  ddcribe  a  circle  about  it. 

Bifeft  •  the  angles  BCD,  CDE  by  the  ftraight  lines  CF,  FD,t.^.  i, 
^d  froni^the  point  F  in  which  they  meet  draw  the  ftraight  lines 
FB,  FA,  FE  to  the  points  B,  A,  E.    It 
may  be  demoiiftrated,in  the  fame  man- 
ner as  in  the  preceding  propofltion, 
that  the  angles  CBA,  BAE,  A£D  are 
bifeftcd  by  the  ftraight  lines  FB,  FA,g 
FE.  and  becauie  the  angle  BCD  is  e- 
qual  to  the  angle  CDE,  and  that  FCD  . 
is  t)>e  half  of  the  aogle  BCD,  and. 
CDFdiehalfof  CDE;  the  angle  FCD 
is  equal  to  FDC  \  wberefcx^  the  fide 
CF  is  equal  ^  to  the  fide  FD.  in  Jike  manner  it  may  be  demon-b.  tf.  \. 
ftrated  that  FB,  FA,  FE  are  each  of  them  equal  to  FC  or  FD.    • 
therefore  the  five  ftraight  lines  FA,  FB,  FC^  FD,  FE  are  equal  to 
erne  another ;  and  the  drde  defcribed  from  the  center  F,  at  the 
fdiftance  of  one  of  them,  ftiall  pafs  thro'  the  extremities  of  the  other 
four,  and  be  defcribed  about  the  equilateral  and  equiangular  pen* 
{agon  ABCDf^     Which  was  to  be  dope. 
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PROP.    XV.     PR  OB. 

TO  inlcribe  an  equilateral  and  equiangular  hexagoa 
in  a  given  circle. 

X*et  ABCDEF  be  the  g^ven  circle;  it  is  reqoired  toinfcribean 
equilateral  and  equiangular  hexagon  in  it. 

Find  the  center  G  of  the  circle  ABCDEF,  and  draw  the  dia- 
meter AGD;  and  from  D  as  a  center,  at  the  diftance  DG  deicribe 
the  circle  EGCH,  join  EG,  CG  and  produce  them  to  the  points 
B,  F ;  and  join  AB,  BC,  CD,  DE,  EF,  FA.  the  hexagon  ABCDEP 
is  equilateral  and  equiangular. 

Becaufe  G  is  the  center  of  the  circle  ABCDEF,  GE  is  equal  to 
GD.  and  becaufe  D  is  the  center  of  the  circle  EGCH,  DE  is  equal 
to  DG;  wherefore  GE  is  equal  to  ED,  and  the  triangle  EGD  is 
equilater^,  and  therefore  its  three  angles  EGD,  GDE,  DEG  are 
equal  to  one  another,  becaufe  the  angles  at  the  bafe  of  an  ifofceles 
triangle  are  equal  *.  and  the  three  angles  of  a  triangle  are  equal  *>to 
two  right  angles;  therefore  the  angle  EGD  is  the  third  part  of  two 
right  angles,  in  the  fame  manner  it  may 
be  demonftrated  that  the  angle  DGC  is 
alio  the  third  part  of  two  right  angles, 
and  becaufe  the  ftraight  line  GC  makes  X|^ 
with  EB  the  adjacent  angles  EGC,  CGB  ^ 
equal  ^  to  two  right  angles ;  the  re- 
mainu^g  angle  CGB  is  the  third  part  of.^, 
two  right  angks ;  therefore  the  angles  mLij 
EGD,  DGC,  CGB  are  equal  to  one 
another,  and  to  thcfe  are  equal  ^  the 
vertical  oppofite  angles  BGA,  AGF, 
FGE.  therefore  the  fix  angles  EGD, 
DGC,  CGB,  BGA,  AGF,  FGE,  arc 
equal  to  one  another,  but  equal  angles 
ftand  upon  equal  •  circumferences ;  therefore  the  fix  circumferences 
AB,BC,  CD,  DE,  EF,  FA  are  equal  to  one  another,  and  equal 
circumferences  are  fubtended  by  equal  ^  ftraight  lines ;  therefore 
the  fix  ftraight  lines  are  equal  to  one  another,  and  the  hexagon 
ABCDEF  is  equilateral.  Jt  is  alfo  equiangular ;  for  fince  the  cir- 
cumference AF  is  equal  to  ED,  to  each  of  thefe  add  the  circum- 
ference ABCD;  therefore  the  whole  circumference  FABCD  fliall 
be  equal  to  the  whole  EDCBA.  and  the  angle  FED  ftands  upon 
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tKe  drCtimference  FABCD,  and  the  angle  AFE  upotf  EDCBA ;  Book  IV. 
(herefbre  the  angle  AFE  is  equal  to  FED.  in  the  fame  manner  it  may 
be  demonftrated  that  the  other  angles  of  the  hexag6n  ABCDEFare 
each  of  them  equal  to  the  angle  AFE  or  FED.  therefore  the  hexa- 
gon is  equiangular,  and  it  is  equilateral,  ti  was  (he\^  t  and  it  is 
infcribed  in  the  given  circle  ABCDEF.     Which  was  ta  be  dokie* 

CoR.  From  this  it  is  manifeft,  that  the  Ade  of  the  hexagon  is 
equal  to  the  ftraight  line  from  the  center,  that  is,  to  the  iemi« 
diameter  of  the  circle. 

And  if  thro'  the  points  A,  B,  C^  D,  E,  F  there  be  drawn  ftraight 
fines  touching  the  drde,  an  equilateral  and  equiangular  hexagon 
(hall  be  defcribed  about  it,  which  may  be  demonftrated  from  what 
has  been  faid  of  the  pentagon ;  and  likewiie  a  drck  may  be  infcrib- 
ed in  a  g^ven  eqtdlateral  and  equiangular  hexagon,  and  circum- 
iaibed  about  it,  by  a  method  like  Co  that  uied  for  the  pentagon* 
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PROP.  XVI.    PR  OB. 

O  infcribe  an  equilateral  and  equiangular  qinnde-  sm  n^ 
cagon  in  a  given  circle. 


Let  ABCD  be  the  g^ven  circle )  it  is  required  to  infcribe  an 
equilateral  and  equiangular  quindecagon  in  the  circle  ABCD. 

Let  AC  ibe  the  fide  of  an  equilateral  triangle  infcribed  *  in  ,the^  ^  ^ 
circle,  and  AB  the  fide  of  an  equilateral  and  equiangular  penta- 
gon infcribed  ^  in  the  fame ;  therefore  of  fuch  equal  parts  as  theb.  n.  4r 
whole  circumference  ABCDF  contains  fifteen,  the  circumference 
ABC,  being  the  third  part  of  the 
whole,  contains  five ;  and  the  cir- 
cumference AB,  which  is  the  fifth 
part  of  the  whole,  contains  three ;  y% 
therefore  BC  thdr  difference  con- J^j 

tains  two  of  the  fame  parts,  bifeft  *  TJ I  \  /  \ /  j       c.  30.  > 

BC  in  E;  therefore  BE,  EC  are,  each  ^ 
of  thera^  the  fifteenth  part  of  the  ^ 
whole  circumference  ABCD.  there- 
fore if  the  flraight  lines  BE,  EC  be 

drawn,  and  flraight  lines  equal  to  them  be  placed  ^  around  in  thed,  i.  4* 
whole  circle,  an  equilateral  and  equiangular  quindecagon  ftaU  be 
infcribed  in  it«     Which  was  to  be  done. 
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THE    ELEMENTS 


001^  IV.  And  in  the  £une  manner  as  was  done  in  the  pentagon^if  thr</ 
the  pcMnts  of  divifion  made  by  infcribing  the  qnmdecagon,  ftraighc 
lines  be  drawn  touching  the  cirdei  an  equilateral  and  equiango-*^ 
lar  quindecagon  fhall  be  defcribed  about  it.  and  likewifie,  as  in  the 
pentagon,  a  drde  may  be  infoibed  in  a  given  equilateral  and 
cqniangnlar  quindecagon,  and  drctunicribed  about  iu 
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BOOK    V. 


DEFINITIONS. 

L 

A  LESS  magDitode  is  fidd  to  be  a  part  of  a  greater  magoltude, 
whea  the  lefs  meafures  the  greater,' that  is,  *  when  the  lefs  is 
*  contained  a  cettun  number  of  times  exaAlyui  the  greater.' 

n. 

A  greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when  the 
greater  is  meafured  by  the  lefs,  that  is,  *  when  the  greater  con« 
*  tains  the  lefii  a  certain  number  of  times  exa£Uy/ 

HI. 

*^  Ratio  is  a  mutual  reladon  of  two  magnitudes  of  the  fame  kind  See  Mf 
"  to  one  another,  in  rcfpeft  of  quantity." 

IV. 

Ms^nitndes  are  iaid  to  have  a  rado  to  one  another,  when  the  left 
can  be  muldplied  ib  as  to  exceed  the  other. 

V. 

The  firft  of  four  magnitudes  is  faid  to  hare  the  fame  rado  to  the  fe* 
cond,  which  the  third  has  to  the  fourth,  when  any  equimultiples 
whatiberer  of  the  firft  and  third  being  taken,  and  any  equimul« 
tipleswhatlbever  of  .the  fecond  and  fourth  ^  if  the  multiple  of  the 
firft  be  lefs  than  that  of  the  iecond,  the  multiple  of  the  third  is 
alio  lefs  than  that  of  the  fourth  \  or,  if  the  multiple  of  the  firft  be 
equal  to  that  of  the  fecond,the  multiple  of  the  third  is  alio  equal 
to  that  of  the  fourdi;  or^  if  the  muldple  <^  the  firft  be  greater 


Book  V-       than  that  of  the  fccond,  the  mnldple  of  the  thurd  is  alfo  greater 
i^i^^y^      thaa  that  of  the  fourth. 

VI. 

Magnitudes  whicli  have  the  fame  ratio  arc  called  proportionals, 
N.  ]^.  *  Vfhcti  fdor  magflitudc^  arc  proJJortionUs,  it  is  ufually 

*  exprefled  by  faying,  the  firft  is  to  the  fccond,  as  the  third  to 

•  the  fourth.* 

VIL 
When  of  the  equimultiples  of  four  magnitudes  ^aken  as  in  the 
^th  Definidon)  the  multiple  of  the  firft  is  greater  than  that  of 
the  fecond,  but  the  multiple  of  the  third  is  not  greater  than 
the  muhiple  of  the  fourth  i  then  the  firft  is  faid  to  have  to  the 
fecond  a  greater  ratio  than  the  third  magnitude  has  to  the 
fourth ;  and  on  the  contrary,  the  third  is  faid  to  have  to  the 
fourth  a  lefs  ratio  than  the  firft  has  to  the  iecond* 

VIII. 
"  Analogy,  or  proportion,  is  the  fimilitude  of  ratios.^ 

IX. 
]|?roportion  confifts  in  three  terms  at  leafl^. 

X. 
When  three  magnitudes  are  proportionals,  the  firft  is  faici'to  have  tfo^ 
the  third  the  duplicate  ratio  of  that  which  it  has  to  the  iecond, 

XI. 

Ste  N.       Wlien  four  magnitudes  ire  continual  proportionals,  the  firft  is  faid' 
to  have  to  the  fourth  the  Triplicate  ratio  of  that  which  it  has* 
to  the  fecond,  and  fo  on  Quadruplicate,  &c.  increafing  the  d^' 
nomination  ftill  by  unity,  in  any  number  of  proportionals. 
Definition  A,  to  wit,  of  Compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  fame  kind,  the 
firft  is  faid  to  liave  to  the  laft  of  dieiji  the  riatio  cotopounded  of 
the  ratio  which  the  fir(t  has  to  the  fecond,  and  of  the  ratio 
which  the  fecond  has  to  the  third,  and  of  the  ratio  which  the 
third  has  to  the  fourth,  and  fb  on  unto  the  laft  magrfitude. 

For  example.  If  A,  B,  G,  D  be  foUr  magnitudes  of  the  fame  kind,  • 
the  firft  A  is  faid  to  have  to  the  laft  D  the  ratio  compounded 
of  the  ratio  A  to  B,  and  of  the  ratio  of  B  to  C,  and  of  the  ratio 
of  C  to  D ;  or,  the  ratio  of  A  to  D  is  faid  to  be  compounded 
of  the  ratios  of  A  to  B,  B  to  C,  and  C  to  D. 

And  if  A  has  to  B,  the  fame  ratio  which  E  has  to  Fj  and  B  to  C, 
the  fame  ratio  that  6  has  to  H  ^  and  C  to'D,  th<::  fittc  tifat  £- 
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lias  to  L  )  then,  by  this  Definition,  A  is  faid  to  have  to  D  the  Book  V. 
rado  compounded  of  ratios  which  are  the  fame  with  the  ratios 
of  £  to  F,  G  to  H,  and  K  to  JL  and  the  fame  thing  is  to  be  un- 
derftood  when  it  is  more  briefly  exprefled,  by  faying  A  has  to  D 
the  rado  compounded  of  the  ratios  of  £to  F»G  to  H»and  Kto  L. 

In  hkc  manner,'  the  fame  things  being  fuppofed,  if  M  has  to  NF 
the  fame  rado  which  A  has  to  D,  then,  for  (hortrkrfs  faXe,  M 
is  faid  to  have  to  N,  the  ratio  compounded  of  the  rados  of  £ 
to  F^  G  to  H»  and  K  to  L. 

Xlt 

In  prop(»tionals,  the  antecedent  temlis  are  called  homologoiis  to 
one  another,  as  alfo  the  conlequents  to  one  anothcf. 

^  Geometers  make  uie  of  the  following  technical  words  to  fignify 
'  certain  ways  of  chang^g  either  the  order  or  magnitude  of  pro- 
*  pordonals,  {o  as  that  they  continue  flill  to  be  propordonals/ 

xiu: 

Permutando,  or  Altemando,  by  Permutadon,  ot  alternately ;  this 

word  is  ufed  when  there  are  four  propordonals,  and  it  is  infer-  See  H 
red,-  that  the  firft  has  the  fame  ratio  to  the  d^if d,  which  the  fe- 
cond  has  to  the  fourth  ^  or  that  the  firft  is  to  the  third,  as  the 
fecond  to  the  fourth,  as  is  fbewn  m  the  1 6th  Prop,  of  this  5th    . 
Book. 

XTV. 

Invertendo,  bylnverfion^  when  there  are  four  proportionats,  and 
it  is  inferred,  that  the  fecond  b  to  the  firfty  as  die  fourth  to  the 
ihird.    Prop.  B.  Book  5  th 

XV, 

Componendo,  by  Compofidon;  when  there  are  four  propordonals, 
and  it  is  inferred,  that  the  firft  together  with  the  fecond,  is  to 
the  fecond,  as  the  third  tqgether  with  the  fourth^  is  to  th^ 
fourth.   1 8th  Prop.  Book  5th. 

XVI. 

Dividendo,  by  Divifion;  when  there  are  four  proportionals,  and  it 
is  inferred,  that  the  £xcefs  of  the  firft  above  the  fecond,  is  to 
the  fecond,  as  the  Excefs  of  the  third  above  the  fourth^  is  to  the 
fourth,   f  7diFr6p.  Book  5th. 

xvn. 

Convertendo,  byConverfion;  when  there  are  four  propordonals, 
and  it  is  inferred  that  the  firft  is  to  its  E^^cefs  above  the  fecond, 
as  the  third  to  its  £xcefs  above  the  fourth.  "Prop,  £.  Book  5  th. 

H 
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Book  V.  XVUI- 

Ex  aequati  (fc.  dUUntia,)  or,  ex  aequo,  from  equality  of  diftaflce  i 
when  there  it  any  number  of  magoitudes  lAore  than  two,  and 
as  many  others,  lb  that  they  are  proportionals  when  taken  twa 
and  two  of  each  rank,  and  it  is  inferred,  that  the  firft  is  to  the 
kft  of  the  firft  rank  of  magnUudes,  as  the  firft  is  to  the  laft  of 
the  others.  ^  of  this  there  are  the  two  following  kinds,  which 
'  arife  from  the  different  order  m  which  the  magnitades  are 
*  taken  two  and  two/ 

XIX- 
Xx  aeqnali,  from  equality ;  this  term  is  nfed  fimply  by  Itfelf,  whea 
the  firft  magnitude  is  to  the  fecond  of  the  firft  rank,  as  the  firft 
to  the  fecond  of  the  other  rank  \  and  as  the  fecond  is  to  the 
third  of  the  firft  rank^  {o  is  the  fecond  to  the  third  of  the  other  ; 
and  ib  on  in  order,  and  the  inference  is  as  mentioned  in  the 
preceding  Definition ;  whence  this  is  called  Ordinate  Propor- 
tion.    It  »  deinonftrated  in  a  ad  Prop.  Book  5tb. 


tx  aequali,  in  proportione  perturbata,  tcu  inordinatai,  from  equa« 
lity,  in  pertnrbate  or  diforderly  proportion  *  ;  this  term  is  nfed 
when  the  firft  magnitude  la  to  the  fecond  of  the  firft  rank,  a» 
the  laft  but  one  is  to  the  laft  of  the  feccmd  rank ;  and  as  the  fe- 
cond b  to  the  third  of  the  firft  rank,  fo  is  the  laft  but  two  ta 
the  laft  b«t  one  of  the  fecond  rank ;  and  as  the  third  is  to  the 
fourth  of  the  firft  rank,  fo  is  the  third  from  the  laft  to  the  lafl 
but  two  of  the  fecond  rank ;  and  foon  in  a  crofs  order,  and  the 
inference  is  as  in  the  1 8th  Defimtion.  It  is  demonftrated  ia 
a3d  Propr  ^  Book  5thr 

AXIOMS. 

I. 

EQUIMULTIPLES  of  the  fame^orof  equalmagnitnder/ 
are  equal  to  one  another. 

n. 

Thofe  magnitudes  of  which  the  £ime,  or  equal  magnitudes^  aie 
equimultiples^  are  equal  to  one  another. 

ni. 

JL  multiple  of  a  greater  magnitude  it  greater  than'  the  fame  muldpk 
•f aids.    ' 

•  4*  Pfop.  Lib,  M  Afckittcdls^de  fpUm  e(  cfllndrnk 


at  fi  I?  e  L  1  D. 

rv. 

Hiat  magDitndc  of  which  a  mukipte  is  greater  than  t(ie  lame  mul'- 
tipk  of  another,  is  greater  than  Itett  other  magnitttde. 


JMhVs 


PROP.    I.     THE  OR/ 

IF  any  ntlmber  of  magnituded  be  equhtiuItJplei  of  atf 
many,  each  of  each ;  what  mnltipte  foever  any  ontf 
of  them  is  of  its  part,  the  fame  mijtiple  fhall  afi  thd 
firft  magnitudes  be  of  all  tlie  other. 

Let  any  munber  of  magfittudet  AB,  CD  be  eqfuimulfiplef  o^ 
as  msmy  others  E,  F,  eadi  of  each ;  whatlbever  multiple  AB  is  of 
£,  the  lame  middple  flail  AB  and  CD  together  be  of  £  and  F 
together* 

Becaufe  AB  is  the  iame  multiple  of  £  that  CD  is  of  F^as  many 
magfutndes  m  are  in  AB  eqnal  to  £,  fo  many  are  there  in  CI7 
eqnal  to  F.  l)ivide  AB  into  magnifudes  equal 
to  £,  tiz.  AG,  GB)  and  CD  into  CH,  HD  e^ 
qual  each  of  them  to  F.  the  number  therefc^e 
of  the  magnitodes  CH,  HD  fhall  be  equal  fo  the 
number  of  the  others  AG,  GB.  and  becaufe  AG 
is  equal  to£,  andCH  to  F$  therefore  AG  ^d 
CH  together  are  equal  to  *  £  and  F  together. 
for  the  £ane  reafon,  becaufe  GB  is  equal  to  £, 
and  HD  to  F  ^  GB  and  HD  together  are  equal 
to  £  and  F  together^  Wherefore  as  many  mag- 
ajtudes  as  are  in  AB  equal  to  £,  io  many  are 
there  in  AB^  CD  together  equal  to  £  and  F  to« 
gether^  Therefore  whatfoever  multiple  AB  is  of 
£y  the  &mc  mukiple  is  AB  and  CD  together  of 
£  and  F  together* 

Therefore  if  any  nK^^nitades,  hcfW  many  foever,  be  eqliimtrltipfev 
of  as  many,  each  of  each^  tvhatibever  multiple  any  one  of  them  i^ 
of  its  part,  the  fame  mdtiple  fliall  all  the  firft  magnitudes  be  of 
all  the  other.  ^  for  the  lame  Demonftradon  holds  in  any  numbW 
'  of  magnitvdesy  whicb  was  here  applied  to  two/    Q^  £.  D# 
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PROP.  n.     THEOR. 

IF  the  firft  magnitude  be  the  fame  multiple  of  (he 
fecond  that  the  third  is  of  the  fourth,  and  the  fifth 
the  fame  multiple  of  the  fecond  that  the  fixth  is  of  the 
fourth ;  then  (hall  the  firft  together  with  the  'fifth  be 
the  fame  multiple  of  the  fecond,  that  the  third  toge- 
ther with  the  fixth  is  of  the  fourth. 

Let  AB  the  firft  be  the  fame  multiple  of  C  the  (econd,  that  DE 
fhe  third  is  of  F  the  fourth  y  and  BG  the  fifth  the  fame  multiple 
of  C  the  fecond,  that  EH  the  fixth  is  of  F  the  fourth.     Then  is 


B 


G 


D 


Ei 


AG  the  firft  together  with  the  fifth  the 
fame  multiple  of  C  the  fecond,  that         A 
DH  the  third  together  vith  the  fi^ 
is  of  F  the  fourth. 

,  Becaufe  AB  is  the  fame  multiple  of 
C,  that  DE  is  of  F;  there  are  as  many 
magnitudes  in  AB  equal  to  C,  as  there 
aic  in  D£  equal  to  F.  in  like  manner^ 
as  many  as  there  are  in  BG  equal  to 
C,  fo  many  are  there  in  EH  equal  to 
F.  as  many  then  as  are  in  the  whole  AG  equal  to  C>  ib  many  are 
there  in  the  whole  DH  equal  to  F.  therefore  AG  is  the  fame 
mdtiple  of  C,  that  DH  is  of  F;  that  is,  AG  the  firft  and  fifth  to- 
gether, is  the  iame  multiple  of  the  fecond  C,  that  DH  the  third 
and  fixtli  together  is  of  the  fourth  F.  If 
therefore  the  firft  be  the  lame  muldplc,  &c. 
Q^E.  D 


H 


A 


D 


CoR.  *  From  this  it  is  plain,  that  if  any 

•  number  of  magnitudes  AB,  BG,  GH  be 

•  multiples  of  another  C  5  and  as  many  DE, 

•  EK,  KL  be  the  fame  multiples  of  F,  each 

•  of  each;  the  whok  of  the  firft,  viz.  AH 

•  is  the  fame  multiple  of  C,  that  the  whole 

•  of  the  laft,  viz.  DL  is  of  F.* 
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P  R  O  P.  m.    T  H  E  O  R. 

TF  the  firft  be  the  fame  multiple  of  the  fecond,  which 
"^  the  third  is  of  the  fourth;  and  if  of  the  firft  and 
third  there  be  taken  equimultiples,  thefe  fhall  be  equi* 
inultiples  the  ooe  of  th^  fecond,  and  the  other  pf  the 
fourth. 

Let  A  the  firft  be  the  fame  multiple  of  B  the  fecond,  tli»t  C  th^ 
tjiird  is  of  D  the  fourth ;  and  of  A,  C  let  the  equimultiples  EF, 
QH  be  taken,  then  £^  is  the  fame  multiple  pf  B,  t|;iat  GH  is  of 
D. 

Becaufe  £F  is  the  fame  multiple  of  A,  that  GH  is  of  C,  4Jb^re 
are  as  many  magnitudes  in  EF  equal  to  A,  as  are  in  GH  equal  t9 
C.  Jet  EF  be  cHvided  into  the 


T 


H 
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magnitudes  £K,  KF,  each  Cr 
qual  to  A,  and  GH  intoGL, 
m,  each  equal  to  C.  the 
number  therefore  of  the  mag- 
nitudes pK,  KF,  ftiaU  be  e-  |j[l 
xjual  to  jthe  numfcier  of  the 
others  GL,  LH.  and  becaufe 
A  i$  the  fame  multiple  of  B, 
that  C  is  of  P,  and  that  E^ 
is  equal  to  A,  and  GI^  to  a        ' 

C;  therefore  EKi?, the  fame     "E       A  B        G     CJ  D 
multiple  of  B,  that  GL  is  of 

D.  for  the  fame  rsafon  KF  is  the  fame  multiple  of  B,  that  LH  is 
of  D;  and  fo,  if  there  be  more  parts  in  EF,  GH  equal  to  A,  C^ 
becaufe  therefore  the  firft  Elf  is  die  fame  multiple  pf  |he  l^cond  B, 
which  the  third  GL  is  of  the  foufjh  D,  and  that  the  fifth  KF  i^ 
the  fame  multiple  of  the  fecond  B,  which  the  iixth  LH  i.s  pf  thtt 
fourth  D  J  EF  the  firft  together  ^th  jbe  fifth  i$  the  lame  mul» 
tiple  *  of  the  fecond  B,  which  GH  the  third  together  with  the  ^,  i,  g, 
fij^  b  of  the  fourth  D..     If  therefore  the  firft,  ^C    Q^  &  Dt 


«i«  THEELEMENTS 

Book  V 
i^^^r^  PROP.  IV.    THEOR. 

«^if^      TF  the  firft  of  four  magnitudes  has  the  fame  ratio  to 

X  the  fecond  which  the  thiid  has  to  the  fourth ;  then 

;iny  equimultiples  whatever  of  the  firfl  and  third  Ihall 

have  the  fame  ratio  to  any  equimultiples  of  the  fecond 

and  fourth,  viz.  '  the  equimultiple  of  the  firft  fhaU 

f  have  the  fame  ratio  to  that  of  the  fecond,  which  the 

f  equimultiple  of  t)xe  third  has  to  that  of  the  fourth.' 

Let  A  the  firft  have  to  B  the  fecond,  the  fame  ratio  which  tte 
^hird  C  h^s  to  the  foiirth  D  ^  and  of  A  and  C  let  there  be  taken  any 
iequimultiples  whatever  £,  F}  and  of  B  and  D  any  equimuldples 
:whatever  G,  U.   then  £  has  the 
^e  ratio  to  G,  which  F  has  to  H. 

Take  of  £  and  F  any  equimul* 
tiples  whatever  K,  L,  and  of  G,  H, 
any  equimultiples  whatever  |il,  N. 
then  becauie  E  is  the  fame  multiple 
of  A,  that  F  is  of  C^  and  of  £  and 
IP  have  been  taken  equimultiples  K, 
L;  therefore  K  is  the  iame  multiple 
of  A,  ^at  )L  is  of  C  ".  for  the  fame 
reafon  M  is  the  iame  multiple  of  B, 

that  Nis  ofD.  andbecaufeas  A  JCE    A  B     Gr'M 

flyppth.  is  to  B,  fo  is  C  to  D  S  aiid  of  A  T    tti     f*  T|    XT  T\F 

and  C  have  been  taken  certain  equl-  -^  ■■'      ^  -I^    -TL  i.1 

multiples  K,  L  {  and  of  B  and  D 
have  been  takoi  certain  equimul- 
tiples M,  N  J  if  therefore  K  be  great- 
er than  M,  L  is  greater  than  N  ^ 
iDef  5.  and  if  equal,  equal ;  if  lefs,  lefs  ^ 
And  K,  L  are  any  equimultiples 
whatever  of  £,  |^ ;  and  M,  N  any  | 
whatever  of  G,  H.  as  therefore  E 
is  to  G,  fo  is  «  Fto  H.  Therefore 
if  the  firft,  &c.    (^  E.  D. 

CoR.  Likewife  if  the  firft  has  the  fime  ratio  to  the  fecond, which 
^.e  thU^d  has  to  the  fourth,  then  alfo  any  equimultiples  whatever  of 
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the  firft  and  third  have  the  iame  rado  to  the  ieamd  aad  fourth.  Book  V« 
and  in  like  manner  the  firft  and  the  third  have  the  Cune  rado  to 
any  eqoiiniiltiples  whatever  of  the  ieoond  and  fourth. 

Let  A  the  firft  have  to  B  the  (econd»  the  &me  rado  which  the 
third  C  has  to  the  fourth  D,  and  of  A  and  C  let  E  and  F  be  anj 
equimultiples  whatever  ^  then  £  is  to  B,  as  F  to  D* 

Take  of  E,  Fany  equimultiples  whatever  K,  L,  and  of  B,  D  any 
equimultiples  whatever  G,  H  \  then  it  may  be  demonftrated,  as  be* 
fore,  that  K  is  the  iame  mnldple  of  A,  that  L  ia  of  C.  andbecauie 
A  is  to  Bj  as  C  is  to  D,  and  of  A  and  C  certain  equimuldples  have 
been  taken,  viz.  K  and  L  $  and  of  B  and  D  certain  equimultiples 
G,  H}  therefore  if  K  be  greater  than  G,  L  is  greater  than  H;  and 
if  equal,  equal ;  if  lefs,  lefs^.  and  |^,  L  are  any  equimultiples  of  c|.D«f.f» 
£,  F,  and  G,  H  any  whatever  of  B,  D  ^  as  therefore  £  is  to  B,  fb 
b  F  to  D^  and  in  the  iame  vr^j  the  other  cafe  is  drmooilratcd^ 


PROP.  V.    THEOR, 

T  F  one  magnitude  be  the  fame  multiple  of  another,  see  N^ 
'*'  which  a  magnitude  taken  from  the  firil  is  of  a  mag- 
nitude taken  from  the  other ;  the  remainder  ihall  be 
the  fame  multiple  of  the  remainder,  that  the  whole  is 
of  the  whole. 

Let  the  magnitude  AB  be  the  £u&e  multiple  of  CD,  that  AE 
taken  from  the  firft,  is  of  CF  taken  from  the 
other ;  the  remainder  £B  fliall  be  the  fame 
multiple  of  the  remainder  FD,  that  the  whole 
AB  is  of  the  whole  CD. 

Take  AG  the  fame  multiple  of  FD,  that  AE 
isof  CF.  therefore  AE  is  *  the  lame  multiple  of 
CF,diat  EGisof  CD.  but  AE,  by  the  hypothe- 
fis,is  the  &me  multipleof  CF,that  ABUof  CD, 
thereforeEGis  thefimemultipleof  CDthat  AB 
is  of  CD)  wherefore  EG  is  equal  to  AB***  take 
from  them  the  common  magnitude  AE ;  the 
remainder  AG  U  equal  to  the  remainder  EB. 
Wherefore  fince  AEis  the  fame  multiple  of  CF, 
that  AG  b  of  FD,  and  that  AG  is  equal  to  £B;  therefore  AE  i% 

fH^  Amc  multiple  of  CF,  that  EB  b  of  FD*  bat  A£  U  the  fam 
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Book  V*  moldple  of  CF,  that  AB  is  of  CD  ^  therofore  EB  is  the  fame  mul* 
tiple  of  FD,  that  AB  is  of  CD.  Therefore  if  one  magDitode,  &^ 
Q^E.  D.   . 

PROP.    VI.     THEOR. 

IF  two  magnitudes  be  equimultiples  of  two  others, 
and  if  equimultiples  of  thefib  be  taken  from  the 
^rft  two,  the  remainders  arc  either  equal  to  thefe  o- 
thcrs,  or  equimultiples  of  then]u 

Let  the  two  magnitudes  AB,  CD  be  eqwinultiples  of  the  two 
E,  F,  and  AG,  CH  taken  froiA  the  firft  two  be  equiqnultiples  of 
the  fame  E,  F ;  the  i  emainders  GB,  HD  are  either  equal  to  £,  F, 
of  equlmuhiples  of  them. 

Firft,  Let  Gfi  be  equal  to  E ;  HD  is  equal  to  F.  make  CK  equal 
to  F  'j  and  becaule  AG  is  the  fame  midtiple 
of  E,  that  CH  is  of  F,  and  that  GB  is  equal 
to  E,  and  CK  to  F  j  therefore  AB  is  the  fame 
multiple  of  E,  that  KH  is  of  F.  But  AB, 
by  the  hypothefis,  is  the  fame  multiple  of  E 
that  CD  is  of  F;  therefore  KH  is  the  fame 
mulriple  of  F,  that  CD  is  of  F ;  wherefore 
a.  I.  Ax.  5.  KH  is  equal  to  CD '.  take  away  the  common 
magnitude  CH,  then  the  remainder  KC  is 
equal  to  the  remainder  HD.  but  KC  is  equal 
to  F,  HD  therefore  is  equal  to  F.  ' 

but  let  GB  be  a  multiple  E;  then  HD  is  the  fame  muldple  of  F. 
Make  CK  the  fame  multiple  of  F,  that  GB 
16  of  E.  and  becauie  AG  is  the  fame  mul- 
tiple of  E,  that  CH  is  of  F,  and  GB  the 
lame  multiple  oiF  E,  that  CK  is  of  F,  there- 
fore AB  is  the  fame  multiple  of  E,  that  KH 
is  of  F  •>.  but  AB  is  the  fame  multiple  of 
E,  that  CD  is  of  F;  therefore  KH  is  the  G  " 
fame  multiple  of  F,  that  CD  is  of  it;  where- 
fore KH  is  equal  to  CD  •.  take  away  CH 
from  both,  therefore  the  remainder  KC  is 
equal  to  the  remainder  HD.  and  becauie  GB 
is  the  fame  multiple  of  £,  that  KC  is  of  F, 
and  that  KC  is  equal  to  HD;  therefore  HD  is  the  fame  multiple  of 
F,that  GB  is  of  £.     If  therefore  two  magnitudes,  &c«  (^E*  D. 
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PRPP.    A.      THEOR. 

IF  the  firft  of  four  magnitudes  has  to  the  fecond,  the  see  n. 
fame  ratio  which  the  third  has  to  the  fourth ;  then  if 
the  firft  \^  greater  than  the  fecond,  the  third  is  alipgreat- 
er  than  the  fourth ;  and  if  equal,  equal  j  if  lefs,  le£s.  / 

Take  any  equimultiples  of  each  of  them,  as  the  doubles  of  each* 
then  by  Def.  5  th  of  this  Boo^,  if  the  double  of  the  firft  be  greater 
than  the  double  of  the  fecond,  the  double  of  the  third  is  greater 
than  the  double  of  the  fourth,  but  if  the  firft  be  greater  than  the 
fecond,  the  double  of  the  firft  is  greater  than  the  double  of  the  fe» 
cond.  wherefore  alfo  the  double  of  the  third  is  greater  than  thf 
double  of  the  fourth;  therefore  the  third  is  greater  than  the  fourth, 
in  like  manner,  if  the  firft  be  equal  to  the  fecond,  or  lefs  than  it. 
the  third  can  be  proved  to  be  equal  to  the  fourth,  or  lefs  than  it. 
Therefore  if  the  firft,  &c.     O.  E.  D.    ' 


PROP.    B.     THEOR. 

IP  four  magnitudes  are  proportionals,  they  are  pro-  *«  N. 
portionals  alfo  when  taken  inyerfely. 

If  the  magnitude  A  be  to  B,  as  C  is  to  D,  then  alfo  invcrfelj 
B  is  to  A,  as  D  to  Ci 

Take  of  B  and  D  any  equimultiples  what- 
ever E  and  F;  and  of  A  and  C  any  equimul- 
tiples whatever  G  and  H. .    Firft,  Let  E  be 
greater  than  G,  then  G  is  lefs  than  £ ;  and 
becaufe  A  is  to  B,  as  C  is  to  D,  and  of  A  aad  . 
C  the  firft  and  third,  G  and  H  are  equimul- 
tiples;  and  of  B  and  D  the  fecond  and  fourth,   G   A   B   E 
£  and  F  are  equimultiples;  and  that  G  is  lefs  -j. 
than  E,  H  is  alfo  •  lefs  than  F;  that  is,  F  is  -M- 
greater  than  H.  if  therefore  E  be  greater  than 
G,  F  is  greater  than  H.  in  like  manner,  if 
E  be  equal  to  G,  F  may  be  fhewn  to  be  e- 
qual  to  H  ;  and  if  lefs,  lefs.  and  E,  F  are  any 
equimultiples  whatever  of  B  and  D,and  G,  H 
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Book  V.  tiiy  whatever  of  A  and  C    Therefore  ai  B  is  to  A,  fo  it  D  to  C 
If  thc&  four  magnitudes,  &c.    Q^E.D. 


Ki^S* 


E  G  F  H 


PROP,   a    THE  OR. 

itt  N.  TF  the  firft  be  the  iame  multiple  of  the  fecond,  or  the 
X  fame  part  of  it,  that  the  third  is  of  the  fourth ;  the 
firft  is  to  the  fecond,  as  the  third  is  to  the  fourth. 

Let  the  firft  A  be  the  fame  mi^tiple  of  B  the  fecond,  that  C 
the  third  is  of  the  fourth  D.  A  is  to  B,  as  C 
is  to  D. 

Taice  of  A  and  C  any  equimultiples  what- 
ever £  and  F }  and  of  B  and  D  any  eqoi« 
multiples  wlutever  G  and  H.  then  becaufe 
A  is  the  fame  multiple  of  B  that  C  is  of  D; 
and  that  £  is  the  fame  muldpie  of  A,  that    A     R    C|    TS 
F  is  of  C;  E  is  the  fame  multiple  of  B,  that 
F  is  of  D  * ;  therefore  E  and  F  are  the  fame 
multiples  of  B  and  D.  but  G  and  H  are  e- 
qdmultiples  of  B  and  D ;  therefore  if  £  be 
a  greater  multiple  of  B,  than  G  is ;  F  is  a 
greater  multiple  of  D,  than  H  is  of  D;  that 
is,  if  £  be  greater  tlian  G,  F  is  greater  than 
H.  in  like  manner,  if  £  be  equal  to  G,  or 
lefs ;  F  b  equal  to  H,  or  lefs  than  it.    But 
E,  F  are  equimultiples,  any  whatever,  of  A, 
C,  and  G,  H  any  equimultiples  whatever  of 
b;5,Dcf.;.  B,D.  Therefore  A  is  to  B,  as  C  is  to  DK 
Next,  Let  the  firft  A  be  the  fame 
part  of  the  iecond  B,  that  the  third 
C  is  of  the  fourth  D.  AistoB,asC 
ii  to  D.  for  B  is  the  fame  muldpie  of 
A,  that  D  is  of  C)  wherefore  by  the 
preceding  cafe  B  is  to  A,  as  D  is  to 
C;  and  inverfely  ^  A  is  to  B,  as  C 
is  to  D.    Therefore  if  the  firft  be 
y»f  pune  moltiplej  9co    Q^  Ei  D, 
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PROP.  D.     THE  OR, 

IF  the  firft  be  to  the  fecond  as  the  third  to  the  fourth,  see  n. 
and  if  the  fiiil  be  a  multiple,  or  part  of  the  fecond ; 
the  third  is  the  fame  multiple,  or  the  fame  part  of  the 
fourth. 

Let  A  be  to  B,  as  C  is  to  D;  and  firft  let  A  be  a  mjaldple  of 
B ;  C  is  the  fame  multiple  of  D. 

Take  E  equal  to  A,  and  whatever  multiple 
A  or  £  i$  of  B,  makeF  the  fame  multiple  of 
D.  then  bccaufe  A  is  toB,asCistoDj  and 
of  fi  the  fecond  and  D  the  fourth  equimul- 
4ples  have  been  taken  E  and  F^  A  is  to  E, 
as  C  to  F  ».  but  A  is  equal  to  E,  therefore 
C  is  equal  to  F*^.  and  F  is  the  fame  multiple  | 
pfD,  that  AisofB,  Wherefore  C  Is  the  A  B  C  D 
fame  multiple  of  D,  that  A  is  of  B.  jf  p 


Next,  Let  the  firft  A  be  a  part  of  the  fe- 
cond B  ^  C  the  third  is  the  fame  part  of  the 
fourth  D. 

Becaufe  A  is  to  B,  as  C  is  to  D  •,  then, 
inverfely  B  is  •  to  A,  as  D  to  C.  but  A  is 
a  part  of  B,  therefore  B  is  a  muluplc  of  A, 
and,  by  the  preceding  cafe,  D  is  the  £une 
multiple  of  C  $  that  is,  C  is  the  £une  part  of  D,  that  A  is  of  B, 
Therefore  if  the  firi^  &c.     <^E.D. 
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PROP.  Vn.    THE  OR. 

EQJ7  A  L  magnitudes  have  the  fame  ratio  to  the. 
fame  magnitude ;  and  the  fanae  h^s  the  lame  ratiq 
to  equal  magnitudes^ 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other.  A  and  B 
have  each  of  them  the  fame  rado  to  C.  and  C  has  the  fame  ratlQ 
to  each  of  the  magnitudes  A  and  B. 

Jake  of  A  and  B  any  eqiiimalci|>ki  wb^ltqrer  J)  and£,  andof 
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Book  V.  C  any  multiple  whatever  F.  th^n  becaufe  D  is  the  fame  multiple 

\^\r\J  ^^  -^9  ^^^^  ^  ^^  ^^  ^9  '^^  ^^^  '^  ^  equal  to 
a.  I.  Ax.s.  B;  D  is  *  equal  to  E.  therefore  if  D  be  greater 

tbaa  F)  £  is  greater  than  F ;  and  if  equal,  e- 

qual  i  if  lefs,  lefs.  and  D,  £  are  any  equlmul- 

tipiesof  A,  B|  and  F  is  any  multiple  of  C. 
p.5'Ptt$.  Therefore  ^  as  A  is  to  C,  fo  is  B  to  C. 

Idkewife  C  has  the  fame  ratio  to  A  that 

it  h^s  to  B.  for^  having  made  the  fame  con- 

ftruiflbion,  D  may  in  like  manner  be  (hewn  e- 

qual  to  £.  therefore  if  F  be  greater  than  D,  C*    f? 

}t  is  likewife  greater  than  £  \  and  if  equal, 

equal ;  if  lefs,  lefs.  and  F  is  any  multiple  what- 
ever of  C,  and  D,  £,  are  any  equimultiples 

whatever  of  A,  B.     Therefore  C  is  to  A,,  as 

C  is  to  B  (>.  Therefore  equal  magnitudes,  &c. 

PROP.    Vm.     THEOR. 

Sec  K,  /^  F  unequal  magnitudes  the  greater  has  a  greater 
^^  ratio  to  the  fame  than  the  lefs  has.  and  the  fam9 
magnitude  has  a  greater  ratio  to  the  Lefs  than  it  has  to 
jthe  greater. 

Let  AB,  BG  be  unequal  magnitudes  of  which  AB  is  the  greater, 
and  let  D  be  any  magnitude  whatever   AB  -rp 


has  a  greater  ratio  to  D  than  BC  to  D.  and 
D  has  a  greater  ratio  to  BC  than  unto  AB. 

If  the  magnitude  which  is  not  the  great-   F 
er  of  the  two  AC,  CB,  be  not  lefs  thanD, 
take  £F,  FG  the  doubles  of  AC,  CB,  as 
in  Fig.   I.  but  if  that  which  is  not  the 
greater  of  the  two  AC,  CB  be  lefs  than  D 
(fls  in  Fig.  2.  and  3.)  this  magnitude  can       G 
be  multiplied  fb  as  to  become  greater  than       T 
P,  whether  it  be  AC  or  CB.     Let  it  be 
multiplied  until  it  become  greater  than  D, 
apd  let  the  other  be  multiplkd  as  often ; 
md  let  EF  be  the  multiple  thus  taken  of 
APy  ^i  FQ  die  fiune  muldpk  of  CB* 
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therefore  EF  and  FG  are  each  of  them  greater  thaa  D«  and  in  Bbok  V. 
every  one  of  the  cafes  take  H  the  double  of  D,  K  its  triple,  and 
{o  on,  till  the  multiple  of  D  be  that  which  firft  becomes  greaffr 
than  FG.  let  !•  be  that  multiple  of  D  which  is  firft  greatef  than 
FG,  and  K  the  multiple  of  D  which  is  next  Icfs  than  L. 

Then  becaufe  L  is  the  muldpte  of  D  which  is  the  firft  that  be- 
comes  greater  than  FG,  the  next  preceding  multiple  K  is  not 
greater  than  FG ;  that  is,  FG  is  not  lefs  than  K.  and  fince  £F  ils 
the  fame  multiple  of  AC,  that  FG  is  of  CB;  FG  is  the  fame  mul- 
tiple of  CB,  that  EG  is  of  AB  *  ^  wherrforc  EG  and  FG  sire  eqtd- 
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multiples  of  AB  and  CB.  p,  J^ 
and  it  was  (hewn  that  FG  -^  "* 
was  not  lefs  than  K,  and, 
by  the  conftruftion,  EF  is  -T  - 
greater  than  D ;  therefore 
the  whole  EG  is  greater 
than  K  and  D  together, 
but  K  together  with  D  is 
equal  to  L ;  therefore  EG 
is  greater  than  L\  but  FG 
b  not  greater  than  L;  and 
£G,  FG  are  equimultiples 
of  AB,  BC,  and  L  is  a 
multiple  of  D  J  therefore  ^ 
AB  has  to  D  a  greater  ra- 
tio than  BC  has  to  D. 

Alfo  D  has  to  BC  a 
greater  ratio  than  it  has 
to  AB.  for,  having  made 
the  fame  conftruftion,  it  may  be  fhewn,  in  like  manner,  that  L  is 
greater  than  FG,  but  that  it  is  not  greater  than  EG.  and  L  is  a 
multiple  of  D ;  and  FG,  EG  are  equimultiples  of  CB,  AB.  There- 
fore D  has  to  CB  a  greater  ratio  ^  than  it  has  to  AB.  Wherefore 
of  unequal  magnitudes,  &c.     (^  £.  D. 
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\^0y^  PROP.   IX.    THE  OR. 

8ecM.  TkyCAGNlTUDES  which  have  the  {amc  ratio  tor 
-*-▼-*  the  fame  magnitude  are  equal  to  one  another; 
and  thofe  to  which  the  fame  magnitude  has  the  fame 
ratio  are  equal  to  one  another. 

Let  A)  B  have  each  of  them  the  fame  ratio  to  C ;  A  is  equal  ujf 
B.  for  if  they  are  not  equal,  one  of  them  is  greater  than  the  others 
let  A  be  the  greater ;  then,  by  what  was  (hewn  in  the  preceding 
Propoiidon,  there  are  fome  equimultiples  of  A  and  B,  and  fome 
multiple  of  C  fuch,  that  the  multiple  of  A  is  greater  than  the  muU 
tiple  of  C,  but  the  multiple  of  B  is  not  greater  than  that  of  Cr 
Let  fuck  multiples  be  taken,  and  let  D,  £,  be  the  equimultiples  of 
A,  B,  and  F  the  multiple  of  C  fo  that  D  may  be  greater  than  F, 
and  £  not  greater  than  F.  but  becaufe  A 
is  to  C|  as  B  is  to  C,  and  of  A,  B  are  taken 
equimultiples  D,  E,  and  of  C  is  taken  a 
multiple  F^  and  that  D  is  greater  than  F;        t  T\ 

i.5.Def.|.  £  fhall  alfo  be  greater  than  F  *^ ;  but  E  is  A 
not  greater  than  F,  which  is  impofliblc. 
A  therefore  and  B  are  not  onequal  ^  that 
is,  they  are  equal. 

Next,  Let  C  have  the  &me  ratio  to 
each  of  the  magnitudes  A  and  B ;  A  is  S 
equal  to  B«  for  if  they  are '  not,  one  of  j^ 

them  is  greater  than  the  other ;  let  A  be 
the  greater,  therefore,  as  was  (hewn  is 
Prop.  8th,  there  is  fome  multiple  T  ol  C,  and  fome  equimultiples 
£  and  D  of  B  and  A  fuch,  that  F  is  greater  than  £,  and  not  great-' 
er  than  D.  but  becaufe  C  is  to  B,  as  C  is  to  A,  and  that  F  the 
multiple  of  the  firft  is  greater  than  £  the  multiple  of  the  (econd; 
F  the  multiple  of  the  third  is  greater  than  D  the  multiple  of  the 
fourth  *•  but  F  is  not  greater  than  D,  wMch  is  impoflible.  There* 
fore  A  is  equal  to  B.  Wherefore  magnitlides  whichj  &c*  QJLD^ 
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PROP.    X.    THEOR. 

THAT  magnitude  which  has  a  greater  ratio  than  to  n. 
another  has  unto  the  fame  magnitude  is  the 
greater  of  the  two.  and  that  magnitude  to  which  the 
fame  has  a  greater  ratio  than  it  has  unto  another  mag* 
nitude  is  the  lefler  of  the  two. 

Let  A  haye  toC  a  greater  ratio  than  B  has  to  C ;  A  b  greater 
dian  B.  for  becaufe  A  has  a  greater  ratio  to  C^  than  B  has  to  Q 
there  are  *  fbme  equimultiples  of  A  and  B,  and  fbme  muldple  of  i.7.Dcf.^. 
C  fuch,  that  the  multiple  of  A  is  greater  than  the  multiple  of  C» 
but  the  multiple  of  B  is  not  greater  than 
it.  kt  them  be  taken,  and  let  D,  E  be^  e- 
quimultiplcs  of  A,  B,  and  F  \  multiple  of 
C  fuch,  that  D  is  greater  than  F,  but  £  is    a 
not  greater  than  F.  therefore  D  is  greater 
than  £•  and  becaule  D  and  £  are  equi- 
multipies  of  A  and  B,  and  D  is  greater 
than  "E't  therefore  Ais  ^  greater  than  B. 

Next,  Let  C  have  a  greater  ratio  to  B 
than  it  has  to  A ;  B  is  lefs  than  A.  for  *  S 
there  is  fome  muldple  F  of  C,  and  feme 
equimultiples  £  and  D  of  B  and  A  fuch, 
that  F  is  greater  than  £,  but  is  not  greater 
than  D»  £  therefore  is  lefs  than  D;  and  becaufe  E  and  D  are  equi« 
multiples  of  B  and  A,  therefore  B'n^  lefs  than  A     That  mag« 
nitude  thereforei  &c.     Q.  £.  D. 
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PROP.   Xr.    THEOR. 

ATIOS  that  are  the  fame  to  the  fame  ratio,  are 
the  fitme  to  one  another. 


Let  A  be  to  B,  as  C  is  toD^and  asCtoD,  fo  letEbe  toF$ 
Ais  toB,  a$£  toF. 

Take  of  A^  C,  £  any  equimultiples  whatever  G,  H,  K  i  and  of 
B,  D,  F  any  eqnimidtiples  whatever  L,  M,  N.  Therefore  fmcc 
A  is  to  B|  as  C  to  1>,  and  of  A,  C  are  taken  equimultiples  G, 
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Book  V.  H;  and  L,  M  of  B,  D  ;  if  G  be  greater  than  L,  H  is  greater  thas' 

^^"Y^^  ^  >  ^^  ^  equal,  equal ;  and  if  Ids,  lefs  *.  Again,  becaufe  C  is  to 

ft.  5<Dcf.  5.  D»  as  £  is  to  F,  and  H,  K  are  taken  equimultiples  of  C,  £  ^  and  AL 

N  of  D,  F ;  if  H  be  igreatcr  than  M,  K  is  greater  than  N ;  and  if 

equal,  equal ;  and  if  ieis/  lefs.  but  if  G  be  greater  than  L,  it  has 

G  H  K. 
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been  fhewn  that  H  is  greater  than  M ;  and  if  equal,  equal  y  and  if 
lefs,  lefs  J  therefore  if  G  be  greater  than  L,  K  is  greater  than  N; 
and  if  equal,  equal  j  and  if  lefs,  lefs.  and  G,  K,  are  any  equtmul« 
tiples  whatever  of  A,  £  j  and  L,  N  any  whatever  of  B,  F.  There- 
fore as  A  is  to  B,  fo  is  £  to  F  ■.  Wherefore  ratios  that,  &<> 
(^E.  D. 


PROP.   XIL     THEOR. 

TF  any  number  of  magnitudes  be  proportionals,  as  one' 
•■•  of  the  antecedents  is  to  its  confequent,  fo  (hall  all 
the  antecedents  taken  together  be  to  all  the  confe- 
quents. 

Let  any  number  of  magnitudes  A,  B;  C,  D^  EyF^be  propor- 
tionals I  that  is,  as  A  is  to  B,  fo  C  to  D,  and  £  to  F.  as  A  is  to 
B,  fo  ftiall  A,  C,  E  together  be  to  B,  D,  F  together. 

Take  of  A,  C,  £  any  equimultiples  whatever  G,  H,  K ;  and  of 
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B,  D,  F  any  equimultiples  whatever  L,  M,  N.  then  becauie  A  is  ti> 
B,as  C  ]stoD,andas£toFs  and  that  G> H,. K are eqQuxniltipks 
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c3r  A,  C,  E,  and  L,  M,  N  equimultiples  of  B^D,  F;  if  G  be  gteatcf  B6bk  V. 
than  L,  H  is  greater  than  M,  and  K  greater  than  N;  and  if  equal,  Va^w^ 
equal;  and  if  lefS|  leis  *•     Wherefore  if  G  be  greater  than  L,  then  a.  s.l^ef.  s-' 
G,  H,  K  together  are  greater  than  L,  M;  N  together)  and  if  equal, 
equal;  a(nd  if  lefs,  lefs.  and  6,  and  G,  H,  K  together  are  any  equl- 
muldples  of  A,  atid  A,  C,  E  together,  becaufe  if  there  be  any 
ntunber  of  magnitudes  equimultiples  of  as  many,  each  of  each, 
whatever  multiple  one  of  thein  is  of  its  part,  the  fame  mtiiltiplie  j 

h  the  whole  oT  the  whole  K  for  the  fame  reafon  L,  and  L,  M,  N  ^.'  '•  *! 
are  any  equimultiples  of  B,  and  B,  D,  F.  as  therefore  A  is  to  B, 
fo  are  A,  C,  £  together  to  B,  D,  F  together.     Wherefore  if  any 
number,  &c.     Q*.  £.  D. 

PROP.  Xin.     THE  OR. 
F  the  firft  has  to  the  fecond  the  fame  ratio  which  ^"  ^* 
the  third  has  to  th^  fourth,  but  the  third  to  the 
fourth  a  greater  ratio  than  the  fifth  has  to  the  fixth  ; 
the  firft  fhall  alfo  have  to  the  fecond  a  greater  ratia' 
than  the  fifth  has  tb  the  fijtth; 

Let  A  the  firft  have  the  fame  ratio  to  B  the  fecond  which  C 
the  third  has  to  D  the  fourth,  but  C  the  third  to  D  the  fourth  a 
greater  ratio  than  £  the  fifth  to  F  the  fixth.  alfo  the  firft  A  (haS 
have  to  the  fecond  B  a  greater  ratio  than  the  fifth  £  to  the  fixth  F. 

Becaufe  C  has  a  greater  ratio  to  D,  than  £  to  F,  there  are  fome 
equimultiples  of  C  and  E,  and  ibme  of  D  and  F  fuch,  that  the  mul- 
£ple  of  C  is  greater  than  the  multiple  of  D,but  the  multiple  of,£  is 

M '-  G— — ■ — -  H- 

A C— —         E 

B-:—  D F 

N- •    K —   L ^ 

ijot  greater  than  the  multiple  of  F  V  let  fuch  be  taken,  and  of  C,  E  i*i  t>cf,7\' 
let  G,  H  be  equimultiples,  and  K,  L  equimultiples  of  D,  F To  that 
G  be  greater  than  K,but  H  not  greater  than  L;  and  whatever  mul- 
tiple G  is  of  C  take  M  the  fame  multiple  of  A  *,  and  what  mul* 
tiple  K  is  of  D,  take  N  the  fame  multiple  of  B.  then  becaufe  A  is 
tor  B,  as  C  to  D,and  of  A  andC,  M  and  G  are  equimultiples,  and  of 

I 
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Book  V.  B  and  D,  N  and  K  are  equimultiples  ^  if  M  be  greater  than  ff^ 

y^^yy^J  G  is  greater  than  K  y  and  if  equal,  equal ;  and  if  lefs,  lefs  ^ ;  but 

h.s.i>ftf.5.  G  is  greater  than  K,  therefore  M  is  greater  than  N.  but  H  is  not 

gieater  than  L;  and  M,  H  are  equimultiples  of  A,  £v  and  N,  L 

equimultiples  of  B,  F.     Therefore  A  has  a  greater  ratio  to  B,  than 

a.  iJDcf.s.  E  has  to  F  *.     Wherefore  if  the  firft,  &c.     (^  E.  D. 

Co&.  And  if  the  firft  has  a  greater  ratio  to  the  fecond,  thzrt 
the  third  has  to  the  fourth  j  but  the  third  the  fame  ratio  to  the 
fourth,  vhich  the  fifth  has  to  the  fiKth ;  it  may  be  demonftrated  in 
like  manner  that  the  firft  has  a  greater  ratio  to  the  fecond  than 
the  fifth  has  to  the  fixth. 


See^T. 


at  8.  Si 


h.  1 3.  J. 

c.  10.  s» 

d.  p,  5. 


PROP.  xnr.    T  H  E  O  R. 

T  F  the  firft  has  to  the  fecond  the  fame  ratia,  which 
the  third  has  to  the  fourth  ;  then,  if  the  firft  be 
greater  than  the  third,  the  fecond  (hall  be  greater  than 
the  fourth  j  and  if  equal,  equal  j  and  if  lefs,  lefs. 

Let  the  firft  A  have  to  the  fecond  B  the  fame  ratio,  which  the 
third  C  has  to  the  fourth  D  •,  if  A  be  greater  than  C,  B  is  greater 
than  D. 

Becaufe  A  is  greater  than  C,  and  B  is  any  other  magnitude,  A 
has  to  B  a  greater  ratio  than  C  to  B*.  but  as  A  is  to  B^  fo  is  C  to** 


A  BCD     AB    CD     AB    CD 

D ;  therefore  alfo  C  has  to  D  a  greater  ratio  than  C  has  to  B  *>.  but  of 
two  magnitudes,  that  to  which  the  fame  has  the  greater  ratio  is  the 
Icffcr*.  wherefore  D  is  lefs  than  B ;  that  is,  B  is  greater  than  D. 

Secondly,  If  A  be  equal  to  C,  B  is  equal  D.  for  A  is  to  B,  as 
C,  that  is  A,  to  D  •,  B  therefore  is  equal  to  D  «>. 

Thirdly,  If  A  be  lefs  than  C,  B  (hall  be  lefs  than  D.  for  C  is 
greater  than  A,  and  bectufe  C  is  to  D,  as  A  is  to  B,  D  is  greater 
than  B  by  the  firft  cafe ;  wherefore  B  is  lefs  than  D.  Therefore 
if  the  firft,  &c.     Q^  E.  D. 


OF  Euclid: 

PROP.     XV.    THE  OR. 

MAGNITUDES  have  the  fame  ratio  to  one  ano 
ther  which  their  equimultiples  have. 


Let  AB  be  the  fame  multiple  of  C  that  DE  is  of  F.  C  is  to  F/ 
as  AB  to  DE. 

Becauie  AB  is  the  fame  multiple  of  C  that  DE  is  of  F,  there  are 
as  many  magnitudes  in  AB  equal  to  C,  as  there  are  in  DE  equal  to  F.' 
Let  AB  be  divided  into  magnitudes,  each 
equal  to  C,  viz.  AG,  GH,  HB ;  and  DE 
into  magnitudes,  each  equal  to  F,  viz.  DK, 
SX,  LE.  then  the  number  of  the  firft  AG, 
GH,  HB  fhall  be  equal  to  the  number  of 
the  laft  DK,  KL,  LE.  and  becaufe  AG, 
GH,  HB  are  all  equal,  and  that  DK,'KL,  -* 
LE  are  alfo  equal  to  one  another ;  there*  "• 
fore  AG  is  to  DK,  as  GH  to  KL,  and  as 
HB  to  LE  •.  and  as  one  of  the  antecedents 
to  its  confequent,  (b  are  all  the  antecedents        13  v/        iii  JT 
together  to  all  the  confequents  together  ^  ;  wherefore  as  AG  is  to  b.  i 
DK,  fo  is  AB  to  DE.  but  AG  is  equal  to  C,  and  DK  to  F.  therefore 
as  C  is  to  F,  fo  is  AB  to  DE.  Therefore  magnitudes,  &c.  Q^E,  D. 


Book  V. 


A 


D 


G 


K- 


a.  7 


PROP.    XVI.     THE  OR. 

IF  four  magnitudes  of  the  fame  kind  be  propor- 
tionals, they  ihall  alfo  be  proportionals  when  takeir 
alternately. 

Let  the  four  mtguitudes  A,  B,  C,  D  be  proportionals,  viz.  as  A^ 
tbB,foCtoD.tbey 
ihall  alio  be  proper-  E  G  ■        ■  • 

tioaals  -when  taken    a  f^, 

alternately,  that  is,       

A  is  to  C,  as  B  to  D.  -D Lf . 

Take  of  A  and  Y- H 

B  any  equimultiples 

whatever  E  and  F;  and  of  C  and  D  take  any  equimultiples  whatever 

I    2 
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Book  V.  G  aiid  H.  and  becaufe  E  is  the  lame  multiple  of  A,  that  F  is  rf 

K^^y\J  B|  and  that  magnitudes^  have  the  fame  ratio  to  one  another  whiclr 

».  1 5'  5'     their  equimultiples  have  • ;  therefore  A  is  to  B,  as  E  is  to  F.  but 

b.  1 1.  ^.     as  A  is  to  b,  fo  is  C  to  D.  Xy'herefofe  as  C  is  ta  D,  fo  ^  is  £  to'  F. 

again,  becaufe  G,  H 

are  equimultiples  of  E  "G'      ' 

C;  D,  as  C  is  to  D>  a       '  p 

fo  is  G  to  H  • ;  but  ^  Z" 

is  C  IS  to  D,  fo  is  E  B D 

to^  F.    Wherefore  as  Y  H - 

E  is  to  F,  fo  is  G  to 

H  *>.  But  when  four  itiagxlltudes  are  proportionals,  if  the  firft  be' 
greater  than  the  third,  the  fecond  (hall  be  greater  than  ihe  fouitK; 
e  14-  s.  and  if  equal,  equal ;  if  lefsj  Icfs  ^.  Wherefore  if  E  be  grca^-er 
than  Gy  F  likewife  is  greater  than  H  ;  and  if  equal,  equal;  if  lefs, 
lefs.  and  E,  F  are  any  equimultiples  whatever  of  A,  b;  and  G, 
«l.  S'  Dcf.  5.  H  any  whatever  of  C,  D.  Therefore  A  i&  to  C,-  as  B  to  D  «i.  If 
then  four  magnitudes,  &c.     Q^  E.  D. 

PROP.     XVn.     THEOR. 

fieN.  TTF  magnitudes  taken  jointly  be  proportionals,  th^ 
-*•  fliall  alfo  be  proportionals  when  taken  ft- parately, 
that  is,  if  two  magnitudes  together  have  to  one  of  them, 
the  fame  ratio  which  two  others  have  to  one  of  thcfc,- 
the  remaining  one  of  the  firft  two  (hall  have  to  the 
•other,  the  fame  ratio  which  the  remaining  oU'c  of  the 
Bift  two  has  to  the  other  of  thefe* 

Let  AB,  BE;  CD,  DF  be  the  magnitudes  taken  jointly  Which- 
are  proportionals  •,.  that  is,  as  AB  to  BE,  fo  is  CD  to  CF  ;  they 
(hall  alio  be  proportionals  taken  feparately,  viz.  as  A£  to  EB,  fo 
CF  to  FD. 

Take  of  AE,  EB|  CF,  FD  any  equimultiples'  \irhktever  Gtt,  HK, 
I^M,  MN;  and  again,  of  EB,  FD,  take  any  eqtdmultiples  whatever 
KX,  NP,  and  becaufe  GH  is  the  fame  multiple  of  AE  that  HK  is 
aj  I.  5.  of  EB,  therefore  GH  is  the  feme  multiple  ■  of  AE,  that  GK  is  of 
AB.  but  GH  is  the  fame  multiple  of  AE,  that  I-.M  is  of  CF;  wher^ 
fore  GK  is  the  fams  multiple  of  AB,  that  LM  is  of  CF.    Agahii  b:-- 
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oiufe  LM  is  the  fame  multipJe  of  CF  that  MN  is  of  FD  j  therefore 

LM  is  the  fame  multiple  •  of  CF,  that  LN  if  of  CD.  but  LM  was 

fhewn  to  be  the  fame  multiple  of  CF,  that  GK  is  of  AB  ;  GK 

therefore  is  the  fame  multiple  of  AB,  that  LN  is  of  CD  5  tha^  is> 

GK,  LN  are  equimuliiplcs  of  AB,  CD.     Next,  bccapfe  HK  is  the 

fame  multiple  of  EB,  that  MN  is  of  FD ; 

and  that  KX  is  alfo  the  fame  multiple  of 

EB,  that  NP  is  of  FD-,  therefore  HX  is 

the  lame  multiple  ^  of  £B  that  MP  is  of 

FD.    And  becaufe  AB  is  xq  B£,  as  CD 

is  to  DF,  and  thit  of  AB  and  CD,  GK  J^  j 

and  LN  are  equimultiples,  and  of  EB  and 

FD,  HX  arid  MP  arc  equimultiples  5  if  jj 

GK  be  greater  than  HX,  then  LN  is-^  ' 

greater  than  MP  ;  and  if  equal,  eqijal ; 

aad  If  Ids,  iefs  ^.  but  if  GH  hp  greater 

than  KX,  bj  adding  the  common  part 

HK  to  both,  GK  is  greater  than  HX ; 

whi:refore  alio  LN  is  greater  than  MP ; 

and  by  taking  away  MN  from  both,  LM 

is  greater  than  NP,  therefor^  if  QH  b^  greater  than  KX,  LM  is 

greater  than  NP*     In  like  manner  it  may  be  dexponArated,  that  if 

GH  be  equal  to  KX,  LM  likewife  is  equal  to  NP ;  and  if  Iefs,  Iefs. 

and  GH,  LM  are  any  equimultiples  whatever  of  AE,  CF,  and 

KX,  NP  are  any  whatever  of  EB,  FD.     Therefore  «  as  AE  is  tg 

EB^  fo  is  CF  to  FD.    If  then  magnjiudcs,  &c.    Q^^E.  D, 

PROP.    XVIII.     THE  OR. 

IF  magnitudes  taken  fcparatcly  be  proportionals,  dicy  See  v, 
ihall  alfo  be  proportionals  when  taken  jointly,  that 
is,if  the  firft  be  to  the  fecond,  as  the  third  to  the  fourth, 
the  firft  and  fecond  together  lhall  be  to  the  fecond,  a3 
the  third  and  fourth  together  to  the  fourth. 

Let  AE,  EB,  CF,  FD  be  proportionals;  that  is,  as  AE  to  EB, 
lb  is  CF  to  FD ;  they  fhall  alfo  be  proportionals  1fAic^  tajf eo  joiQtly  | 
that  is,  as  AB  to  BE,  fo  CD  to  DF, 

Take  of  AB,  BE,  CD,  DF  any  cquimuldples  whatever  GH,HK, 
LM,  MNT;  and  again  of  BE,  DF  take  any  whatever  cqaimultiple^ 
)P,  Np.  wd  bocaofe  K;0^  NP  are  eqiiioiiatiples  Qf  P,  ^ 
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Pook  V.  that  KH,  NM  are  equimultiples  likewife  of  BE,  DF,  if  KO  the 

multiple  of  BE  be  greater  than  KH  which  is  a  multiple  of  the 

fame  BE,  NP  likewife  the  multiple  of  DF  (hall  be  greater  than  NM 

the  multiple  of  the  fame  DFj  and  if 

KO  be  equal  to  KH,  NP  fliall  he  e- 

qual  to  NM ;  and  if  lefs,  lefs. 
Fu-ft,  Let  KO  not  be  greater  than 

KH,  therefore  NP  is  not  greater  than 

NM.  and  becaufe  GH,  HK  a^e  equi- 
multiples of  AB,  BE,  and  that  AB  K  -- 

is  greater  than  BE,  therefore  GH  is 
t.  3.AX.5.  greater  ■  than  HK;  but  KO  is  not 

greater  than  KH,  wherefore  GH  is 

greater  than  KO.    In  like  manner  it 

maybe  (hewn  that  LM  is  greater  than 

NP.    Therefore  if  KO  be  not  greater 

than  KH,  then  GH  the  multiple  of 

AB  is  always  greater  than  KO  the 

multiple  of  BE;  and  likewife  LM  the  multiple  of  CD  greater  than 

NP  the  multiple  of  DF. 

Next, Let  KO  be  greater  than  KH;  therefore,  as  has  been  fliewn, 

Nf^  is  greater  than  NM.  and  becaufe  the  whqje  GH  is  the  fame 

multiple  of  the  whole  AB,  that  HK  is  of  BE,  the  remainder  GK  is 

the  fame  multiple  of  the  remainder 

AEthatGHisofABb,whichisthe  O 

fame  that  LM  Is  of  CD.     In  like  yt 
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manner,  becaufe  LM  is  the  fame 
multiple  of  CD,  that  MN  is  of  DF, 
the  remaindeF  LN  is  the  fame  mul- 
tiple of  the  remainder  CF,  that  the  K     "d  ^ 
whole  LM  is  of  the  whole  CD  «>.            ^             T\  IN  -  • 
but  it  was  fliewn  that  LM  is  the  fame 
multiple  of  CD  that  GK  is  of  AE; 
therefore  GK  is  the  fame  multiple  of 
AE  that  LN  is  of  CF;  that  is,  GK,   G 
LN  are  equimultiples  of  AE,  CF. 

and  becaufe  KO,  NP  are  equimultiples  of  BE,  DF,  if  from  KO, 
NP  there  be  taken  KH,  NM,  which  are  likewife  equimultiples  of 
BE,  DF,  the  remainders  HO,  MP  are  cither  equal  to  BE,  DF,  or 
equimultiples  of  them  ^    Firft,  Let  HO,  MP  be  equal  to  BE,  DF; 
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and  becaufe  AE  is  to  £B»  as  CF  to  FD,  and  that  GK,  LN  are  Book  V. 


equimoltiples  of  AE,CF;  GK  (hall  be  to  EB,  as  LN  to  FD<i.  but 

HO  is  equal  to  EB,  aud  MP  to  FDj  wherefore  GK  is  to  HO,  as  d.  Cor  4.5- 

LN  to  MP.     If  therefcM^  GK  be  greater  than  HO,  LN  is  greater 

than  MP;  and  if  equal,  equal ;  and  if  lefs,  lefs  ^.  c.  A.  i. 

But  let  HO,  MP  be  equimultiples  of  EB,  FD;  and  becaufe  AE 
is  to  EB,  as  CF  to  FD,  and  that  of  AE,  CF  are  taken  equimultiples 
GK,  LN-,  and  of  EB,  FD,  the  equimultiples  HO,  MPj  if  GK  be 
greater  than  HO,  LN  is  greater  than  r\ 
MP;  and  if  equal,  equal-,  and  if  lejs, 
lefs^ ;  which  was  likewife  (hewn  in 
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the  preceding  cafe.     If  therefore 

GH  be  greater  than  KO,taking  KH 

from  both,  GK  is  greater  than  HO ; 

wherefore  alfq  LN  is  greater  than  Jv 

MP ',  and  confcquently,  adding  NM 

to  both,  LM  is  greater  than  NP. 

therefore  if  GH  be  greater  thanKO, 

LM  is  greater  than  NP.     In  like 

manner  it  may  be  (hewn  that  if  GH 

be  equal  to  KO,  LM  is  equal  to 

NP  J  and  if  lefs,  lefs.     And  in  the  cafe  in  wliich  KO  is  not  greater 

than  KH,  it  has  been  (hewn  that  GH  is  always  greater  than  KO, 

and  hkewife  LM  than  NP.  but  GH,  LM  are  any  equimultiples  of 

AB,CD,  and  KO,  NP  are  any  whatever  of  BE,  DF;  therefore  f  as 

AB  is  to  BE,  fo  is  CD  to  DF.    If  then  njagnitudes,  &c.   q.  E.  D, 


PROP.  XIX.     THE  OR. 

T  F  a  whole  magnitude  be  to  a  whole,  as  a  m'agni-  See  Hi 
^     tude  taken  from  the  firft  is  to  a  magnitude  taken 
from  the  other ;  the  remainder  /hall  be  to  the  remain^ 
der  as  the  whole  to  the  whole. 


Let  the  whole  AB  be  to  the  whole  CD,  as  AE  a  magnitude 
taken  from  AB  to  CF  a  magnitude  taken  from  CD;  the  remaiiw 
4er  EB  (hall  be  to  the  remainder  fD,  as  the  whole  AB^  to  tl)9 
Fhole  CD, 
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Becaufe  AB  is  to  CD,  as  AE  to  CF  ;  like- 
wife,  alternately  ■  BA  is  to  AE,  as  DC  to  CF. 
and  becaufe  if  magnitudes  taken  jointly  be  pro- 
portiooals,  they  are  alfo  proportionals  ^  when 
taken  feparately ;  therefore  ^s  BE  is  to  £A,  ib  £]  ^ 
is  DF  to  FC  •,  and  alternately,  as  BE  is  to  DF, 
to  is  £A  to  FC.  but  as  AE  to  CF,  lb,  by  the 
Hypothefis^  is  AB  to  CD;  therefore  alfo  BE  the 
remainder  (hall  be  to  the  remainder  DF,  as  the 
whole  AB  to  the  whole  CD.  Wherefore  if  |hc 
whole,  &c.    Q^  E.  D.  . 

CoR.  If  the  whole  be  to  the  whole,  as  a  magnitude  taken  from 
the  firft  is  to  a  magnitude  taken  from  the  other ;  the  remainder 
likewife  is  to  the  remainder,  as  the  magnitude  taken  from  the  firft 
to  that  taken  from  the  oth^r*  the  Demonftration  is  contained  m, 
the  preceding.  .... 

PROP.    E,     THEOR. 
T  F  four  magnitudes  be  proportionals,  they  are  alfo 
'^     proportionals  by  converfion,  that  is,  the  firft  is  t6 
its  exccfs  above  the  fecond,  as  the  third  to  its  excefs 
above  the  fourth. 

A 

Let  AB  be  to  BE,  as  CD  to  DF  j  then  BA         k 
is  to  AE,  as  DC  to  CF.  Q 

Becaufe  AB  is  to  BE,  as  CD  to  DF,  by   E  -        T 
divifion  S  AE  is  to  EB,  as  CF  to  FD ;  and  -p  j 

by  inverfion  »»,  BE  is  to  EA,  as.  DF  to  FC 
Wherefore,  by  Compofition  ^y  BA  is  to  AE, 
as  DC  is  to  CF.  If  therefore  four,.&c, 
Q^E.  D. 


Fl 


B    D 


SeeN. 
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PROP.    XX.     THEOR. 
TF  there  be  three  magnitudes,  and  other  three,  which 
•*"    taken  two  and  two  have  the  fame  ratio ;  if -the  firft 
be  greater  than  the  third,  the  fourth  fhall  be  greater 
than  the  flxth ;  and  if  equal;  equal  i  and  if  lefsy  lefs.  - 
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D  E   F 


tu%.S' 


b«  13.;. 


Let  A)  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three,  Book  V. 
Vhich  taken  two  and  two  have  the  fame  ratio,  viz.  as  A  is  to  B, 
ib  is  D  to  £}  and  as  B  to  C,  fo  is  £  to  F.     If  A  be 
greater  than  C,  D  fhall  be  greater  than  F ;  and 
if  equal,  equal  ^  and  if  iefs,  lefs. 

Becaufe  A  is  greater  than  C,  and  B  is  any  other 
magnitude,  and  that  the  greater  has  to  the  fame 
magnitude  a  greater  ratio  than  the  lefs  has  to  it " ; 
therefore  A  has  to  B  a  greater  ratio  than  C  ha«  ARC! 
to  B.  but  as  D  is  to  £,  fo  is  A  to  B ;  therefore  ^ 
D  has  to  £  a  greater  ratio  than  C  to  B.  and  be- 
caufe  B  is  to  C,  as  £  to  F,  by  inverfion,  C  is  to 
B,  as  F  is  to  £;  and  D  was  (hewn  to  have  to  E  a 
greater  ratio  than  C  to  B;  therefore  D  has  to  £  a 
gfeater  ratio  than  F  to  E  ^.  but  the  magnitude 
Vhich  has  a  greater  ratio  than  another  to  the  fame  magnitude,  is 
the  greater  of  the  two  ^.  D  is  therefore  greater  than  F. 

Secondly,  Let  A  be  equal  to  C  ^  D  fliall  be  equal  to  F.  becauie 
A  and  C  are  equal  to  one  another,  A 
is  to  B,  as  C  is  to  B  ^.  but  A  is  to  B, 
as  D  to  £;  and  C  is  to  B,  as  F  to 
£;  wherefore  D  is  to  £,  as  F  to  £  ^ ; 
and  therefore  D  is  equal  to  F  <• 

^ext.  Let  A  be  lefs  than  C ;  D 
ihall  be  lefs  than  F.  for  C  is  great-  T)  K  F 
er  than  A,  and,  as  was  (hewn  in 
the  firft  cafe,  C  is  to  B,  as  F  to  £, 
and  in  like  manner  B  id  to  A,  as  £ 
to  D ;  therefore  F  is  greater  than 
D,  by  the  firft  cafe ;  and  therefore 
D  is  lefs  than  F.     Therefore  if  there  be  three,  &c-    Q^  E.  D. 


c.Cor.i3.5, 


d.  10.  s. 
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PROP.  XXI.     THEOR. 

IF  there  be  three  magnitudes,  and  other  three,  which 
have  the  fame  ratio  taken  two  and  two,  but  in  a 
crofs  order  ;  if  the  firft  magnitude  be  greater  than  the 
third,  the  fourth  fhall  be  greater  than  the  iixth }  and 
if  equal,  equal ;  and  if  }els,  le&. 
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e.  7.  5. 

f.  II.  5. 

g.  p.  5. 


Book  V.  Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three, 
which  have  the  fame  ratio  takea  two  aad  two,  but  in  a  crofi  order^ 
viz.  as  A  is  to  B,  fo  is  E  to  F,  and  as  B  is  to  C,  fo 
is  D  to  £.  If  A  be  greater  than  C,D  (hall  be  great- 
er than  F;  and  if  equal,  equal ;  and  if  lefs,  lefs. 

Becaufe  A  is  greater  than  C,  and  B  is  any  other 
magnitude,  A  has  to  B,  a  greater  rado  *  than  C 
has  to  B.  but  as  E  to  F,  fo  is  A  to  B;  therefore  *> 
E  has  to  F  a  greater  ratio  than  C  to  B.  and  be- 
caufe B  is  to  C,  as  D  to  E,  by  inverfion,  C  is  to 
B,  as  E  to  D.  and  E  was  (hewn  to  h^ve  to  F  a 
greater  ratio  than  C  to  B  •,  therefore  E  has  to  F  a 
c.Cor.13.5.  greater  ratio  than  E  to  D  ^.  but  the  magnitude  to 
which  the  fame  has  a  greater  ratio  than  it  has  to 
another,  is  the  leflcr  of  the  two  <*.  F  therefore  is 
lefs  than  D ;  that  is,  D  is  greater  than  F. 

Secondly,  Let  A  be  equal  to  C  j  D  ftiall  be  equal  to  F.  Becaufe 
A  and  C  are  equal,  A  is  *  to  B,  as  C  is  to  B.  but  A  is  to  B,  as  E 
to  F;  and  C  is  to  B,  as  £  to  D} 
wherefore  E  is  to  F^as  E  toDf ; 
and  therefore  D  is  equal  to  F«. 

Next,  I^t  A  be  lefs  than  Cj 
D  fliall  be  lefs  than  F.  for  C  is 
greater  than  A,  and,  as  was 
ihewn,  C  is  to  B,  as  £  to  D, 
and  in  like  manner  B  is  to  A, 
as  F  to  £;  therefore  F  is  great- 
er than  D,  by  cafe  firft ;  and 
therefore  D  is  lefs  than  F. 
Therefore  if  there  be  three,  &c.    Q.  E.  D. 


A 
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PROP.    XXn.     THEOR. 


SeeN. 


IF  there  be  any  number  of  magnitudes,  and  ag  many 
others,  which  taken  two  and  two  in  order  have 
the  fame  ratio  ;  the  firft  ihall  have  to  the  laft  of  the 
firft  magnitudes  the  fame  ratio  which  the  firft  of  the 
others  has  to  the  laft.  N.  B.  This  is  ujitally  cited  by 
the  words  *'  tx  aequalit  «r,  ex  aequo,'[ 
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D  E  F 
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a.  4.5. 


Firft,  Let  there  be  three  magnitudes  A,  B,  C,  and  as  many  Book  V, 
jothers  D,  E,  F,  which  taken  two  and  two  have  the  fame  ratio, 
xhat  is  fuch  that  A  is  to  B,  as  D  to  £;  and  as  B  is  to  C,  fo  is  £ 
to  F.  A  fhali  be  to  C,  as  D  to  F. 

Take  of  A  and  D  any  equimultiples  whatever  G  and  H  ^  and 
jof  B  and  £  any  equimultiples 
whatever  K  and  Ly  and  of  C 
and  F  any  whatever  M  and  N. 
then  becauie  A  is  to  B,  as  D 
to  Ey  and  that  G,  H  are  equi- 
multiples of  A^  D,  and  K,  L 
equimultiples  of  Bj  £ ;  as  G  is 
to  K,  fo  is  •  H  to  L.  for  the 
fame  reaibn  K  is  tg  M,  as  L  to 
N.  and  becaufe  there  are  three 
magnitudes  G,  K,  M,  and  other 
three  H,  L,  N,  which  two  and 
two  have  the  fame  ratio  ;  if  G 
be  greater  than  M,  H  is  greater  ■ 
than  N  ;  and  if  equal,  equal  y 

a^d  if  lefi,  lefs  *>-  and  G,  H  are  any  equimultiples  whatever  of  A,  *>•  a©  5. 
D,  and  M,  N  are  any  equimultiples  whatever  of  C,  F.  therefore*  c.5.Dcf.s, 
as  A  is  to  C,  fb  is  D  to  F. 

Next,  Let  there  be  four  magnitudes  A,  B,  C, 
D,  and  other  four  £,  F,  G,  H,  which  two  and 
two  have  the  fame  ratio,  viz.  as  A  is  to  B,  ib  is 
£  to  F  *,  and  as  B  to  C,  fo  F  to  G ;  and  as  C  to 
D,  fo  G  to  H.  A  (hall  be  to  D,  as  £  to  H, 

Becaufe  A,  B,  C  are  three  magnitudes,  and  £,  F,  G  other  three, 
which  taken  two  and  two  have  the  feme  ratio  \  by  the  foregoing 
cafe,  A  is  to  C,  as  £  to  G.  but  C  is  to  D,  as  G  is  to  H;  whercr 
fore  again,  by  the  firft  cafe,  A  is  to  D,  as  £  to  H.  and  fo  on^ 
whatever  be  the  number  of  magnitudes.  Therefore  if  there  be 
any  number,  &c.     (^  £•  D. 


A.B.  C.D, 
£.r«  G*  H. 
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PROP.    XXIII.     THEOR, 

TF  there  be  any  number  of  magnitudes,  and  as  many 
^  others,  which,  taken  two  and  two,  in  a  crofs  or- 
der, haye  the  fame  ratio  ;  the  firil  fhall  have  to  the  lafl 
of  the  firft  magnitudes  the  fame  ratio  which  the  firft 
of  the  others  ha^  to  the  laft.  N.  B,  This  is  ufually 
cited  by  the  words  *'  ex  aequali  in  proportione  perturb  at  a^ 
*'  ^r,  ex  aequo  perturbate.^- 

Firft,  Let  there  be  three  magnitHdes  A;  B,  C,  and  other  three 

D,  £9  F,  which  taken  two  and  two  in  a  crofs  order  have  the  fame 
ratio,  that  is  fuch  that  A  is  to  B,  as  £  to  F ;  and  as  B  is  to  C,  fo 
is  D  to  E.   A  is  to  C,  as  D  to  F. 

Take  of  A,  B,  D  any  equimultiples  whatever  G,  H,  K;  and  of 
C,  E,  F  any  equimultiples  whatever  L,  M,  N.  and  becaufe  G,  H 
are  equimultiples  of  A,  B,  and  that 
magnitudes  havefhefame  ratio  which 
their  equimultiples  have  *  ;  as  A  is 
to  B,  fo  is  G  to  H.  and  for  the  fame 
reafon,  as  E  is  to  F,  fo  is  M  to  N. 
but  a^  A  is  to  B,  fo  is  E  to  F }  as  ^  3  C 
thereforeGistoH,foisMtoNK  O  M  T 
and  becaufe  as  B  is  to  C,  fo  is  D  to  v    -M-  ^ 

E,  and  that  H,  K  are  equimultiples 
of  B,  D,  aod  L,  M  of  C,  E  $  as  H 
is  to  L,  fo  IS  ^  K  to  M.  and  it  has 
bc^n  (hewn  that  G  is  to  H,  as  M 
to  N.  then  becaufe  there  are  three 
iqagniti^des,  G,  {I,  L|  Rpd  other  three 
K,  M,  N  which  have  the  fame  ratio 
taken  two  and  two  in  a  crofs  order; 
if  G  be  greater  than  L,  K  is  greater 

than  N  \  and  if  equal,  equal  \  and  if  lefs,  lefs  ^.  and  G,  K  are  any 
equimultiples  whatever  of  A,  D;  and  L,  N  any  whatever  pf  C,  F; 
as  therefore  A  is  to  C,  fo  is  D  to  F. 


D  E  F 

K  MN 
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VtexXy  Let  there  be  four  magnitucles  A,  B,C,  D, 
ud  other  four  £,  F,  G,  H^  vhich^  taken  two  and 
two  in  a  crofs  order,  have  the  fame  rado,  yit.  A 
to  B,  as  G  to  H }  B  to C,  as  F  toG  ^  and C  to  Dy 
as  £  to  F.    A  is  to  D,  as  E  to  H. 

Becaufe  A,  B,  C  are  three  magnitudes,  dfid  F,  G,  H  other  three,' 
which,  taken  two  and  two  in  a  crofs  order,  have  die  fame  ratio ; 
hj  the  iirft  cafe,  A  is  to  C,  as  F  to  H.  but  C  is  to  D,  as  £  is  to 
F ;  wherefore  again,  by  the  fird  cafe,  A  is  to  D,  as  £  to  H.  and 
lb  on,  whatever  be  the  number  of  magnitudes.  Therefore  if  there 
be  any  number,  &c.     (^  £.  D.- 


I4« 
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PROP,    XXIV.     THE  OR. 

F  the  firft  has  to  the  fecond  the  fame  ratio  which  the  s©e  H: 
third  has  to  the  fourth ;  and  the  fifth  to  the  fedond 
the  iaihe  ratio  which  the  fixth  has  to  the  fourth ;  the  firft 
and  fifth  together  {hall  have  to  the  fecond,  the  fame  ratio 
which  the  third  and  fixth  together  have  to  the  fourth. 

Let  AB  the  firft  have  to  C  the  fecond  the  fame  ratio,  which 
DE  the  third  has  to  F  the  fourth  ;  arid  letf  BG  the  fifth  have  to-  C 
the  iecond  the  fame  ratio,  which  £H  the 
fixth  has  to  F  the  fourth.  AG,  the  firft  Q 
and  fifth  together,  (hall  hare  to  C  the  fe-  fj 

cond  the  fame  fttio,  which  DH,  the  third 
and  fixth  together,  has  fo  F  the  fourth. 

Becaufe  BG  is  to  C,  as  EH  to  1 5  by  B 
inveriion  C  is  to  BG,  as  Fto  EH.  and  be- 
cauie  as  Aft  is  to  C,  fo  is  DE  to  F  -,  and 

as  G  to  BG,  fo  F  to  EH  5  eX  aequali  ■  AB  ft.  %%.  s- 

is  to  BG,  as  DE  to  EH.  and  becaufe  thefe 
magnitudes  are  proportionals,  they  ftiall 
Ckewife  be  proportional?  when  taken  jcnnt- 
Iy*» ;  as  therefore  AG  is  t(5  GB,  fo  is  DH  ro  HE;  but  as  GB  fo  b.  la.  ^ 
C,  fa  is  HE  to  F-     Therefore,  ex  aequali*,  as  AG  is  to  C,  fo  is 
DH  to  F.     Wherefore  if  the  firft,  &c.    Q^  E.  D. 

Cor.  I.  If  the  fame  Hypothefis  be  made  as  in  the  Propofition, 
the  exccfs  of  the  firft  and  fiifth  ftiall  be  to  the  fecond,  as  the  cxcefs 
^f  the  diird  and  fijcthto  the  fourth,  the  Demonftration  of  this-is  the 


E- 


AC     DF 


T41 


THE    ELfiMENtS 


Book  V,  fame  with  that  of  the  Propofidon,  if  Dirifion  be  ufed  inftead  of 
CompofitioQ. 

Cor.  2.  The  Propofition  holds  true  of  two  ranks  of  magni- 
tudes, whatever  be  their  number,  of  which  each  of  the  firft  ranks 
has  to  a  fecond  magnitude  the  fame  ratio  that  the  corre{pondittg 
one  of  the  fecond  rank  has  to  a  fourth  magnitude ;  as  is  mani-*^' 
fcft. 


a. 


b. 


PROP.    XXV.     THEOR. 

■ 

T  F  four  magnitudes  are  projportionals,  the  greateft 
^  and  leaft  of  them  together  ate  greater  than  the 
other  two  together. 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  proportionals,  viz- 
AB  to  CD,  as  E  to  F  5  and  let  AB  be  the  greateft  of  them,  and 
A,&i4  5.  confequently  F  the  leaft  ■.  AB  together  with  F  are  greater  than' 
CD  together  with  E. 

Take  AG  equal  to  E,  and  CH  equal  to  F.  then  beoaufe  as  AB 
to  CD,  fo  is  E  to  F,  and  that  AG  is  equal  to  E,  and  CH  equal 
to  F;  AB  is  to  CD,  as  AG  to  CH.  and 
becaufe  AB  the  whole  is  to  the  whole 
CD,  as  AG  is  toCH ;  likewife  the  remain-  B 
der  GB  ftiall  be  to  the  remainder  HD.as 
the  whole  AB  is  to  the  whole  *>  CD.  but 
AB  is  greater  than  CD,  therefore  ^  GB 
is  greater  than  HD.  and  becaufe  AG  is 
equal  to  E,  and  CH  to  F ;  AG  and  F  to- 
gether are  equal  to  CH  and  E  together. 
If  therefore  to  the  unequal  magnitudes 
GB,  HD,  of  U'hich  GB  is  the  greater, 

there  be  added  equal  magnitudes,  viz.  to  GB  the  two  AG  and  F, 
and  CH  and  E  to  HD  5  AB  and  F  together  are  greater  than  CD 
and  E.     Therefore  if  four  magnitudes,  &c.    Q^  E.  D. 


19'  5 

A.  5. 


G 


D 

Hi 


A    G    E    F 


SeeK. 


PROP.  F.     THEOR. 


RATIOS  which  arc  compounded  of  the  fame  ratios^ 
are  the  fame  with  one  another^ 
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Lee  A  be  to  B,  as  D  to  £ ;  and  B  to  C,  as  £  to  F.  the  rado  Book  V. 
tehjch  is  compounded  of  the  ratios  of  A  to  B,  and 


D.  E.  F- 


B  to  C,  which,  by  the  Definition  of  compound  ra-  .    *     "r   p 
tio,  is  the  ratio  of  A  to  C,  is  the  fame  with  the  ra- 
do of  D  to  F,  which,  by  the  fame  Definition,  is 
compounded  of  the  ratios  of  D  to  £,  and  £  to  F. 

Becaufe  there  are  three  magnitudes  A,  B,  C,  and  three  others 
D,  £,  F  which  taken  two  and  two  in  order  have  the  fame  ratio ; 
ex  aequali,  A  is  to  C,  as  D  to  F  *• 

Next,  Let  A  be  to  B,  as  E  to  F ;  and  B  to  C,  as  D  to  E;  there- 
fore, ex  aequali^  in  proportione  perturbata  *>,  A  is 
to  C,  as  D  to  F;  that  is,  the  ratio  of  A  to  C,  which 
is  compounded  of  the  ratios  of  A  to  B,  and  B  to 
C,  is  the  fame  with  the  ratio  of  D  to  F,  which  is 
compounded  of  the  ratios  of  D  to  £,  and  E  to  F. 
and  in  like  manner  the  Propofitibn  may  be  demonffarated  whatever 
he  the  number  of  ratios  in  either  cafe. 


A*  B.'  C« 
D.  E.  F. 


t.  a&.  x« 


b.  »3.  S% 


PROP.    G.     THEOR. 

IF  ieveraT  ratios  be  the  fame  with  fcvcral  ratios,  each  sce  wi. 
to  each ;  the  ratio  which  is  compounded  of  ratios 
which  are  the  fame  with  the  firfl  ratios,  each  to  each,     . 
is  the  fame  with  the  ratio  compounded  of  ratios  which 
are  the  fame  with  the  other  ratios,  each  to  each* 

Let  A  be  to  B,  as  E  to  F;  and  C  to  D,  as  G  to  H.  and  let  A 
be  to  B,  as  K  to  L ;  and  C  to  D,  as  L  to  M.  then  the  ratio  of  K 
ito  M,  by  the  Definition  of  com- 
pound ratio,  is  compounded  of  the 
ratios  of  K  to  L,and  L  to  M,  which 
are  the  fame  with  the  ratios  of  A 
to  B,  and  C  to  D.  and  as  E  to  F,  fo 

let  N  be  to  O;  and  as  G  to  H,  fo  let  O  be  to  P ;  then  the  ratio' 
of  N  to  P  is  compounded  of  the  ratios  of  N  to  O,  and  O  to  P, 
which  are  the  fame  with  the  ratios  of  £  to  F,  and  G  to  H.  and 
h  is  to  be  fhewn  that  the  rado  of  K  to  M,  is  the  fame  with  the 
ratio  of  N  to  P,  or  that  K  is  to  M,  as  N  to  P. 

Becaufe  K  is  to  L,  as  (A  to  B,  that  is,  as  £  to  F,  that  is  as) 
N  t«  O ;  and  as  L  to  M,  fb  is  (C  to  D,  and  fo  is  G  to  H,  and  b 


A.B.C.D.    K.  L.  M. 
E.F.G.H.    N.O.P. 
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Book  V.  is)  O  tx>  P/  ex  aequali*,  K  is  to  M,  as  N  to  P.      Thefeforc  if  fc- 
^•Y>^  vcrai  ratios,  Sea     Q«^  £•  D* 


a.  XX,  $» 


PROP.    H.     THEOR. 


SbcN. 


T  F  a  Initio  c6mpounded  of  feveral  ratios  be  the  fami 
•*"  with  a  ratio  compounded  of  any  other  ratios,  and 
if  one  of  the  firft  ratioJJ,  or  a  ratio  compounded  of  any 
of  the  firft,  be  the  fame  with  one  of  the  laft  ratios,  or 
with  the  ratio  compounded  of  any  of  the  laft ;  then  tht 
f'atio  compounded  of  the  remaining  ratios^  of  the  firft, 
or  the  remaining  ratio  of  the  firft,  if  but  one  remain, 
*  is  the  fame  with  the  ratio  compounded  of  thofe  remain- 
ing of  the  laft,  dr  with  the  remaining  ratib  of  the  laft'. 

.  Ia(  the  firft  ratios  be  thole  of  A  to  B,  B  to  C,  C  to  D,  D  to  £, 

and  E  to  F;  and  let  the  other  ratios  be  thofe  of  G  to  H,  H  to  K, 

K  to  L,  and  L  id  M.  alfo  let  the  ratio  of  A  to  F,  which  is  com- 

a.  Defini- pounded  *  of  the  fiift  ratios  be  the  fame 

tioiiof  cpm-  ^ifh  the  ratio  of*  G  to  M,  which  is  com- 

^  ^  ""pounded of  the  other  ratios,  aadbefides, 
let  the  ratio  of  A  to  D,  which  is  com- 
pounded of  the  ratios  of  A  to  B,  B  to  C, 
C  to  D,  be  the  fame  with  the  ratio  of  G  to  K,  which  id  compound- 
ed of  the  ratios  of  G  to  H,  and  H  to  K.  then  the  ratio  compound- 
ed of  the  remaining  firft  ratios,  to  wit,  of  the  ratios  of  D  to  E, 
and  E  to  F,  which  compounded  ratio  is  the  ratio  of  D  to  F,  is  the 
feme  with  the  ratio  of  K  to  M,  which  is  compounded  of  the  re- 
maining ratios  of  K  to  L,  and  L  to  M  of  the  other  ratios. 

Becaufe,  hj  the  Hypothefis,  A  is  to  D,  as  G  to  K,  by  inver- 

b.  B.  ^      fion  t>|  D  is  to  A,  as  K  to  G ;  and  as  A  is  to  F,  fo  is  G  to  M; 

t.  XX.  J.     therefore  *=,  ex  aeqnali,  D  is  to  F,  as  K  to  M*    If  therefore  a  ratio 
which  is,  &c.     Q^£.  D.* 


A.  B.  C.  D-  E.  F 
G.  H,  K,  L.  M. 
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Book  V. 

PROP.     K.      T  H  E  O  R.  V.-^v%J 

TF  there  be  any  number  of  ratios,  and  any  number  of 
other  ratios  fuch,  that  the  ratio  compounded  of  ra- 
tios which  arc  the  fame  with  the  fii  ft  ratios,  each  to  each, 
is  the  fame  with  the  ratio  compounded  of  ratios  which 
are  the  fame,  each  to  cach^  with  the  laft  ratios ;  and  if 

r 

one  of  the  firft  ratios,  or  the  ratio  which  is  compound- 
ed of  ratios  which  are  the  fame  wich  feveral  of  the  firft 
ratios,  each  to  each,  be  the  fame  with  one  of  the  laic 
ratios,  or  with  the  ratio  compounded  of  ratios  wliich 
are  the  fame,  each  to  each,  with  feveral  of  the  laft  ra- 
tios, then  the  ratio  compounded  of  ratios  which  are  the 
lame  with  the  remaining  ratios  of  the  firft,  each  to  each, 
or  the  remaining  ratio  of  the  firft,  if  but  one  remain; 
is  the  fame  with  the  ratio  compounded  of  ratios  which 
are  the  fame  with  thofe  remaining  of  the  laft,  each  to 
each,  or  with  the  remaining  ratio  of  the  laft. 

Let  the  ratios  of  A  to  B,  C  to  D,  E  to  Fbe  the  fiift  ratios  5  and 
the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  P,  Qjo  R,  be  tiie 
other  ratios,  and  let  A  be  to  B,  as  S  to  T;  and  C  to  D,  as  T  to 
V5  and  E  to  F,  as  V  to  X.  therefore,  by  the  Definition  of  compound 
ratio,  the  ratio  of  S  to  X  is  compounded  of  the  ratios  of  S  to  T, 


h,  k,  I. 

A,Bi 

C,  D}  E,  F. 

S,  T,  V,  X. 

G,H;K,L} 

M,N;0,Pi  QjR. 

Y,  Z,  a,  b,  c,  d. 

e,  f.  g- 

m,  n,  0,  p. 

T  to  V,  and  V  to  X,  which  are  the  fame  with  the  ratios  of  A  to  B, 
C  to  D,  E  to  F,  each  to  each,  alfo  as  G  to  H,  fo  let  Y  be  to  Z ; 
and  K  to  L,  as  Z  to  a  5  M  to  N,  as  a  to  b-,  O  to  P,  as  b  to  c;  and 
Q^to  R,  as  c  to  d.  therefore,  by  the  fame  Definition,  the  ratio  of 
T  to  d  is  compounded  of  the  ratios  of  Y  to  Z,  Z  to  a,  a  to  b,  b  to 
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Book  V.  C9  and  c  to  d^  which  are  the  fame,  each  to  each,  with  the  ratios  df 
G  to  H,  K  to  L,  M  to  N,  O  to  P,  and  Qjo  R.  therefore,  by  the 
Hypothefis,  S  is  to  X,  as  Y  to  d,  alfo  Itt  the  ratio  of  A  to  B,  that 
is  J  the  ratio  of  S  to  T,  which  is  one  c^  the  firft  ratios,  be  the  fame 
with  the  ratio  of  e  to  g,  which  is  compounded  of  the  ratios  of  e 
to  f,  and  f  to  g,  which,  by  the  Hypothecs,  are  the  fame  with  the 
ratios  of  G  to  H,  afld  K  to  L,  two  of  the  other  ratios;  and  let  the 
ratio  of  h  to  1  be  that  which  is  compounded  of  the  ratios  of  h  to 
k,  and  k  to  1,  which  are  the  fame  with  the  remaining  firft  ratios, 
viz.  of  C  to  D,  and  E  to  F-;  alfo  let  the  ratio  of  m  to  p  be  that 
which  is  compounded  of  the  ratios  of  m  to  n,  n  to  o,  and  o  to  pj 
which  are  the  fame,  each  to  each,  with  the  remaining  other  ratios, 
^  viz.  of  M  to  N,  O  to  P,  and  Qjo  R^  then  the  ratio  of  h  to  1  is 
the  fame  wich  the  ratio  of  m  to  p,  or  h  is  to  1,  as  m  to  p. 


a.  11.^; 


h,  k,  1. 

A,B} 

C,  D}  E,  F. 

S,T,V,  X. 

G,H;K,Li 

M,N}0,P}  QjR. 

"Yy  Zy  a,  b,  c,  d.' 

e.  f.  g* 

m,  n,  0,  p. 

Becaufe  c  is  to  f,  as  (G  toH,  that  is  as)  Y  to  Z;  and  f  is  to  g, 
as  (K  to  L,  that  is  as)  Z  to  a;  therefore,  ex  aequali,  e  is  tog,  as 
Y  to  a.  and,  by  the  Hypothcfis,  A  is  to  B,  that  is  S  to  T,  as  e  to* 
g;  wherefore  S  is  to  T,  as  Y  to  a,  and,  by  invcrfion,  T  is  to  S,  as  a 
to  Y }  and  S  is  to  X,  as  Y  to  d ;.  therefore,  ex  aequali,  T  is  to  X,  as 
a  to  d^  alio  becaufe  h  is  to  k,  as  (C  to  D,  that  is  as)  T  to  V;  and 
k  ii  to  1,  as  (£  to  F,  that  is  as)  V  to  X ;  therefore,  ex  aequali,  h  is 
to  1,  as  T  to  X.  in  like  manner  it  may  be  demonftrated  that  m 
is  to  p,  as  a  to  d.  and  it  was  fhewn  that  T  is  to  X,  as  a  to  d. 
therefore  •  h  is  to  1,  as  m  to  p.     Q^  E.  D. 

The  Propofltions  G  and  K  are  ufually,  for  the  fake  of  brevity, 
expreffed  in  the  fame  terms  with  Propofitions  F  and  H.  and  there* 
fore  it  was  proper  to  (hew  the  true  meaning  of  them  when  they 
are  (b  exprefTedj  efpecially  jQnce  they  are  very  frequently  made  ufo 
of  by  Geometers. 
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BOOK     VI. 


DEFINITIONS. 


^ 


SIMILAR  reftilineal  figures 
are  thofe  which  have  their 
ieveral  angles  eqaal,each  to  each, 
and  the  fides  about  the  equal  an- 
gles propordonals. 

n. 

^  Reciprocal  figures,  viz.  triangles  and  parallelograms,  are  fnch  as  Sd  K/ 
**  have  their  fides  about  two  of  their  angles  proportionals  in 
^'  inch  manner,  that  a  fide  of  the  firft  figure  is  to  a  fide  of  the 
*'  other  as  the  remaining  fide  of  this  other  is  to  the  remaining 
"fide  of  the  firft." 

A  Araight  line  is  fidd  to  be  cut  in  extreme  and  mean  ratio,  when 

the  whole  is  to  the  greater  fegment,  as  the  greater  fegment  it' 

to  the  lefi« 

IV. 
The  altitude  of  any  figure  is  the  ftraight  line 

drawn  firom  its  vertex  perpendicular  to  the 

l>a]e.' 
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PROP.   L     THEOR. 


TRI 


ANGLES  and  parallelograms  of  the  fame 
altitude  are  one  to  another  as  their  bafes. 


Let  the  triaiigles  ABC,  ACD,  and  the  parallelograms  EC,  CF 
have  the  fame  altitude,  viz.  the  perpendicular  drawn  from  the 
point  A  to  BD.  then  as  the  bafc  BC  is  to  the  bafe  CD,  fo  is  the 
triangle  ABC  to  the  triangle  ACD,  and  the  parallelogram  EC  to 
the  parallelogfiini  CF. 

Produce  BD  both  ways  to  the  points  H,  L,  and  take  any  num- 
ber of  ftrajght  lines  BG,GH,  each  equal  to  the  bate  BC;  and  DK, 
KL,  any  number  of  them,  tach  equal  to  the  bafe  CD;  and  Join 
AG,  AH,  AK,  AL.  then  becaufc  CIJ,  BG,  GH  :ire  aU  equal,  the 

a.  38. 1,  triangles  AHG,  AGB,  ABC  are  all  equal  *.  therefore  whatever 
multiple  the  bafe  HC  is  of  the  bafe  BC,  the  fame  multiple  is  the 
ti'iangle  AHC  of  the  triangle  ABC.  for  the  Jame  realon  whatever 
multiple  the  bafe  LC  is  of  T?      A        TS 

the  bafe  CD,  the  fame  mul-  K  -A-      Jr 

tiple  is  the  triangle  ALC  of 
the  triangle  ADC.  and  if  the 
bafe  HC  be  equal  to  the 
bafe  CL,  the  triangle  AHC 
is  alfo  equal  lo  the  triangle  _ 
ALC'i  and  if  the  bafc  HCJ£  (J.Jg 
be  greater  than  the  bafeCL, 
likewife  the  triangle  AHC  is  greater  than  the  triangle  ALC;  and 
if  lefs,  lefs.  therefore  fince  there  are  fom-  magnitudes,  viz.  the  two 
bafes  BC,  CD,  and  the  two  triangles  ABC,  ACD ;  and  of  the  bafc 
BC  and  the  triangle  ABC  the  firft  and  third,  any  equimultiples 
whatever  have  been  taken,  viz.  the  bafe  HC  and  triangle  AHC; 
and  of  the  bafc  CD  and  triangle  ACD  the  fecond  and  fourth  have 
been  taken  any  equimultiples  whatever,  viz.  the  bafe  CL  and  tri- 
angle ALC }  and  that  it  has  been  fliewn  that  if  the  bafe  HC  be 
greater  than  the  bafe  CL,  the  triangle  AHC  is  greater  than  the 

fc.j.Dcf.j.  triangle  ALC;  and  if  equal, equal;  and  if  lefs.lefs.  Therefore* 
as  the  bafe  BC  is  to  the  bafe  CD,  fo  is  the  triangle  ABC  to  th»  ; 
triangle  ACD.  j 
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And  becaufe  the  parallelogram  CE  is  double  of  the  triangle  "^*^*^^'' 
ABC  *,  and  the  parallelogram  CF  doable  of  the*triangle  ACD,  ^■^'^^^^^^ 
afld  that  magnitudes  have  the  fame  ratio  which  their  equimultiples 
have  <•;  as  the  triangle  ABC  is  to  the  triangle  ACD,  fo  is  the  pa-  d.  15.  $• 
rallelogram  EC  to  the  parallelogram  CF.  and  becaufe  it  has  been 
ihewn  that  as  the  bafc  BC  is  to  the  bafe  CD,  fo  is  the  triangle  ABC 
to  the  triangle  ACD ;   and  as  the  triangle  ABC  to  the  triangle 
ACD,  fo  is  the  parallelogram  EC  to  the  parallelogram  CFj  there- 
fore as  the  bafc  BC  is  to  the  bafe  CD,  fo  is  *  the  parallelogram  EC  «•  "•  5« 
to  the  parallelogram  CF.     Wherefore  triangles,  &c.    (^E.  D. 

Cor.  From  this  it  is  plain  that  triangles  and  parallelograms  that 
have  equal  altitudes,  arc  one  to  another  as  their  bafes. 

Let  the  figures  be  placed  fo  as  to  have  their  bafes  in  the  fame 
ftraight  line;  and  having  drawn  pcrpendicuLirs  from  the  vertices  of 
the  triangles  to  the  bafes,  the  ftraight  line  which  joins  the  vertices 
is  parallel  to  that  in  which  their  bafes  are  f,  becaufe  the  pcrpen-  ^-  33»  «• 
dicolars  are  both  equal  and  parallel  to  one  another,  then,  if  the 
fame  conftru(5lion  be  made  as  iu  the  Propofitipn,  the  Dsmonftraj* 
tion  will  be  the  fame. 

PROP.    n.     THE  OR. 

IF  a  ftraight  line  be  drawn  parallel  to  one  of  the  fides  •««  ^* 
of  a  triangle,  it  fliall  cut  the  other  fides,  or  thcfe 
produced,  proportionally,  and  if  the  fides,  or  the  fides 
produced  be  cut  proportionally,  the  ftraight  line  which 
joins  the  points  of  fedion  fhall  be  parallel  to  the  re* 
maining  fide  of  the  triangle. 

Let  DE  be  drawn  parallel  to  BC  one  of  the  fides  of  the  triangle 
ABC.  BD  is  to  DA,  as  CE  to  EA. 

J<nn  BE,  CD ;  then  the  triangle  BDE  is  equal  to  the  triangle 
CDE  *,  becaufe  they  are  on  the  fame  bafe  DE,  and  between  the  a.  37.  i , 
fame  parallels  DE,  BC.  ADE  is  another  triangle,  and  equal  magni- 
tudes have  to  the  fame,  the  fame  ratio  *» ;  therefore  as  the  triangle  b.  7.  j» 
BDE  to  the  triangle  ADE,  fo  is  the  triangle  CDE  to  tlie  triangle 
ADE;  but  as  the  triangle  BDE  to  the  triangle  ADE,  fo  is  *  BD  to  c.  i.  tf, 
DA,  becaufe  having  the  fame  altitude,  viz.  the  perpendicular  drawn 
Arom  the  point  E  tp  AB|  they  are  to  one  another  as  their  bafi;$.  and 
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Book  VI.  for  the  fame  rcafpn,  as  the  triaaglc  CDE  to  the  triangle  ADE,  f^ 

V^VW  is  CE  to  E A.     Therefore  as  BD  to  DA }  fo  is  CE  to  EA  *. 

i  II.  5.         Next,  Let  the  fides  AB,  AC  of  the  triangle  ABC,  or  thcfc  prg^ 


C.  I.  6* 

•     >    • 


C»  9*  5** 


f.  31?.  i< 


ij  :b 


duced,  be  cut  proportionally  in  the  points  D,  E,  that  is,  (6  that  BQ 
be  to  DA,  as  CE  to  EA;  and  join  D£.  D£  is  parallel  to  BC. 

The  fame  conftruftion  being  made,  becaufe  as  BD  to  DA,  fo 
is  CE  to  EA ;  and  as  BD  to  DA,  fo  is  the  triangle  BDE  to  the 
triangle  ADE'^;  and  as  CE  to  EA,  fo  is  the  triangle  CDE  to  the 
triangle  ADE;  therefore  the  triangle  BDE  is  to  the  triangle  ADE, 
as  the  triangle  CDE  to  the  triangle  ADE,  that  is,  the  triangles 
BDE,  CDE  have  the  fame  ratio  to  the  triangle  ADE;  and  there- 
fore °  the  triangle  BDE  is  equal  to  the  triangle  CDE.  and  they  are 
on  the  fame  bale  D£ ;  but  equal  triangles  on  the  fame  bale  are 
between  the  fame  parallels  f ;  therefore  DE  is  parallel  to  BC. 
Wherefore  if  a  ftraight  line,  &c.     Q^  E.  D. 


PROP.  ni.     THEOR. 

IF  the  angle  of  a  triangle  be  divided  into  two  equaf 
angles,  by  a  ftraight  line  which  alfo  cuts  the  bafc  j 
the  fegmentsof  the  bafe  (hall  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have  to  one  another,  and 
if  the  fegments  of  the  bafe  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have  to  one  another,  the 
ftraight  line  drawn  from  the  vertex  to  the  point  of  fec- 
tion  divides  the  vertical  angle  into  two  equal  angles. 


Let  the  angle  B  AC  of  any  triangle  ABC  be  diridad  in  two  equal 
angles  liy  the  ftraight  line  AD,  BD  is  to  DC,  as  BA'to  AC.     ' 
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Thro'  the  point  C  draw  CE  parallel  •  to  DA,  and  let  B A  pro-  Book  VJ. 
daced  meet  C£  in  £•     Becanfe  the  ftraight  line  AC  meets  the  pa-  V^^^wJ 
rallels  AD,  EC,  the  angle  ACE  is  equal  to  the  alternate  angle  a.  }i.  x. 
CAD«>.  but  CAD,  by  the  Hypothcfis,  is  equal  to  the  angle  BAD  j  b.  »y.  m^ 
wherefore  BAD  is  equal  to  the  angle  AC£.    Again,  becaufe  the 
firaight  line  BAE  meets  the  pa-  ^-^ 

rallels  AD,  EC,  the  outward  an^  ^ 

gle  BAD  is  equal  to  the  inward 
and  oppofite  angle  A£C.  but  the 
.angle  ACE  has  been  proved  &- 
qiial  to  the  angle  BAD ;  there- 
fore alio  ACE  is  equal  to  the 

angle  AEC,  and  conieqnentiy  the    '   ■■    ■         ^y^' ^ 

fide  AE  is  equal  to  the  fide  '  AC. -U  -^  ^  c€,im 

and  becaule  AD  is  drawn  parallel  to  one  of  the  fides  of  the  jtri- 
angle  BCE,  viz.  to  EC,  BD  is  to  DC,  as  BA  to  AE  ^  ;  but  AE  is  d.  x.  tf. 
jcqual  to  AC  5  therefore  as  BD  to  DC,  fo  is  BA  to  AC  *.  e.  7.  P 

Let  now  BD  be  to  DC,  as  B A  to  AC,  and  join  AD  5  the  an- 
gle BAC  is  divided  into  two  equal  angles  by  the  ftraight  line 
AD. 

The  fame  conftruAion  being  made,  becaufe  as  BD  to  DC,  fo 
is  BA  to  AC ;  and  as  BD  to  DC,  fo  is  BA  to  AE  <>,  becaufe  AD 
^s  parallel  .to  EC ;  therefore  BA  is  to  AC,  as  BA  to  AE  f.  con-  f.  n.  |. 
ieqnendy  AC  is  equal  to  AE  ^  and  the  angle  AEC  is  therefore  g.  9. 5. 
equal  to  the  angle  ACE »».  but  the  angle  AEC  is  equal  to  the  out-  h.  5.  if 
ward  and  oppofite  angle  BAD  *,  and  the  angle  ACE  is  equal  to 
the  alternate  angle  CAD  ^.  wherefore  alfo  the  angle  BAD  is  e- 
qual  to  the  angle  CAD.  therefore  the  angle  B AC  is  cut  into  two 
pqual  angles  by  the  ftraight  line  AD»      Therefore  if  the  ai^glc^ 
^c,     Q^  £•  D. 
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^-^ '^  PROP.    A.     T  H  E  O  R. 

TF  the  outward  angle  of  a  triangle  made  by  producing 
one  of  its  fides,  be  divided  into  two  equal  angles, 
by  a  ftraight  line  which  alfo  cuts  the  bafe  produced  j 
the  fcgmcnts  between  the  dividing  line  and  the  extre- 
niitics  of  the  bafe  have  the  fame  ratio  which  the  other 
lides  of  the  triangle  have  to  one  another,  and  if  the  feg- 
iiicnts  of  fhe  bafe  produced  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have,  the  ftraight  line 
drawn  from  the  vertex  to  the  point  of  fecbion  divides  the 
cutv.  ard  angle  of  the  triangle  into  two  equal  angles. 

liCt  the  outward  angle  CAE  of  any  triangle  ABC  be  divided 
intf^  tv/o  equal  angles  by  the  ftraight  line  AD  which  meets  the 
L:iie  prodiKed  in  D.  BD  is  to  DC,  as  BA  to  AC. 

t.  31. 1.  Throui^h  C  draw  CF  parallel  to  AD" ;  and  bccaufe  the  ftraight 

line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF  is  equal  to 
the  akernate  angle  CAD**,  but  CAD  is  equal  to  the  angle  DAE*^; 

c  Hyp.  therefore  alio  DAE  is  equal  to  the  angle  ACF.  Again,  bccaufe 
tiy^  ftraight  line  FAE  meets  the  parallels  AD,  FC,  the  outward 
nn-'lc  DAE  is  equal  to  the  in-  Tn 

v/ard  and  oppofite  angle  CF  A.  . 

l;ut  the  angle  ACF  has  been  -A* 

proved   equal    to    the   angle 
Dae  ;  therefore  alfo  the  an- 
£,1^  ACF  is  equal  to  the  angle 
CFA,  Tind   confequently  the— ^ 
i]Jt^  AF  is  equal  to  the  fide -15 

d.  6.  I.       AC  d.  and  bccaufe  AD  is  parallel  to  FC  a  fide  of  the  triangle  BCF, 

c.  X.  6.  ];i)  is  to  DC,  as  BA  to  AF^  ;  but  AF  is  equal  to  AC;  as  there- 
fore BD  is  to  DC,  fo  is  BA  to  AC 

Let  now  BD  be  to  DC,  as  BA  tp  AC,  and  join  AD;  the  angle 
CAO  is  equal  to  the  angle  DAE. 

Th.c  dime  conftrucllon  being  made,  bccaufe  BD  is  to  DC,  as 
BA  to  AC-,  and  that  BD  is  alfo  to  DC,  as  BA  to  AF^;  therefore 
])A  h  to  AC,  as  BA  to  AF^.   wherefore  AC  is  equal  to  AF  «, 

l«.  5.  i.       ;UiU  chc  aiic^le  AFC  ec^ual  ^  to  tlie  angle  ACF.  but  the  angle  AF(j 


b.  ap,  2. 


f.  1  r.  J. 

r  ?  5. 
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is  equal  to  the  outward  angle  EAD,  and  the  angle  ACF  to  the  Book  VI. 
alternate  angle  CAD ;  therefore  alfo  EAD  is  equal  to  the  angle  \,>^y^^ 
CAD.     Wherefore  if  the  outward,  &c.     Q^  E.  D. 

PROP.    TV.     T  H  E  O  R. 

THE  fides  about  the  equal  angles  of  equiangular  tri- 
angles are  proportionals;  and  thofe  which  are op- 
pofite  to  the  equal  angles  are  homologous  fides,  that  is, 
are  the  antecedents  or  confequents  of  the  ratios. 

Let  ABC,  DOE  be  equiangular  triangles,  having  the  angle  ABC 
equal  to  the  angle  DCE,  and  the  angle  ACB  to  ,the  angle  DEC, 
and  confcquently  '  the  angle  BAC  equal  to  the  angle  CDE.  The  *•  3».  ■• 
fides  about  the  equal  angles  of  the  triangles  ABC,  DCE  are  pro- 
portionals ;  and  thot'e  are  the  homologous  fides  which  are  oppo- 
fire  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed  fo  that  its  fide  CE  may  be  con- 
dgujus  to  BC,  and  in  the  fame  ftraight  line  with  it.  and  becaufe 
the  angles  ABC,  ACB  are  together  lefs  than  two  right  angles  ^ ;  b.  17.  i. 
ABC  and  DEC,  which  is  equal  to 
ACB,  are  alfo  lefs  than  two  right  an-    J  ^ 
gles.  wherefore  BA,  ED  produced 

ihall  meet*=;  let  them  be  produced     A  \        "N^      cn.Ax.i. 

and  meet  in  the  point  F.  and  becaufe 
the  angle  ABC  is  equal  to  the  angle 
DCE,  HF  is  parallel  <»  to  CD.  Again,  I  \.    \     N.        d-  *»•  »• 

becaufe  the  angle  ACB  is  equal  to     1\  *  ^L ^ 

the  angle  DEC,  AC  is  parallel  to  C       Jii 

FE  <*.  therefore  F ACD  is  a  parallelogram ;  and  confequently  AF  is 
«qual  to  CD,  and  AC  to  FD*.  and  becaufe  AC  is  parallel  to  FE  e.  34.  ■• 
one  of  the  fides  of  the  triangle  FBE,  BA  is  to  AF,  as  BC  to  CE^.  f.  1.  tf. 
but  AF  is  equal  to  CD,  therefore  «  as  BA  to  CD,  fo  is  BC  to  CE ;  g.  7. 5. 
and  alternately,  as  AB  to  BC,  fo  DC  to  CE.     Again,  becaufe  CD 
is  parallel  to  BF,  as  BC  to  CE,  fo  is  FD  to  DE  f  -,  but  FD  is  equal 
to  AC;  therefore  as  BC  to  CE,  fo  is  AC  to  DE.  and  alternately, 
as  BC  to  CA,  fo  CE  to  ED.  therefore  becaufe  it  has  been  proved 
that  AB  is  to  BC,  as  DC  to  CE ;  and  as  BC  to  C  A,  fo  CE  to  ED, 
ex  aequali  ^^  BA  is  to  AC,  as  CD  to  D£.    Therefore  the  fides,  &c.  ^  »•  5< 
Q^E.  D, 
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PROP.  V.     THE  OR. 

T  F  the  fides  of  two  triangles,  about  each  of  their  an^ 
gles,  be  proportionals,  the  triangles  (hall  be  equian- 
gular, and  have  their  equal  angles  oppofite  to  the  ho- 
mologous fides. 

Let  the  triangles  ABC,  DEF  Jiave  their  fides  proportionals,  fb 
that  AB  is  to  BC,  as  DE  to  EF;  and  BC  to  CA,  as  EF  to  FD ; 
and  confequently,  ex  aequali,  B A  to  AC,  as  ED  to  DF.  the  trian- 
gle ABC  is  equiangular  to  the  triangle  DEF,  and  their  equal  angles 
are  appofite  to  the  homologous  fides,  viz.  the  angle  ABC  equal  to 
.  the  angle  DEF,  and  BCA  to  EFD,  and  alfo  BAC  to  EDF. 

%.  »3. 1.  At  the  poijxts  E,  F  in  the  flraight  line  EF  make  •  the  angle  FEG 

equal  to  the  angle  ABC,  and  the  angle  EFG  equal  to  BCA  \  where- 
fore the  remaining  angle  BAC 
is  equal  to  the  remaining  angle 

h.  %%.  u  EGF  »»,  and  the  triangle  ABC 
is  therefore  equiangular  to  the 
triangle  GEF;  and  confequently 
they  have  their  fides  oppofite  to 

p.  4.  tf.       the  equal  angles  proportionals*^.  J3 
wherefore  as  AB  to  BC,  fo  is 
GEto  EFj  but  as  AB  to  BC, 

d.  II.  5.     fb  is  DE  to  EF ;  therefore  as  DE  to  EF,  fo  ^  GE  to  EF.  therefore 

DE  and  GE  have  the  fame  ratio  to  EF,  and  confequently  are  e- 

e.  9. 5*       qual  ^.  for  the  fame  realbn  DF  is  equal  to  FG.  and  becaufe,  in  the 

triangles  DEF,  GEF,  DE  is  equal  to  EG,  and  EF  common,  the 
two  fides  DE,  EF  are  equal  to  the  two  GE,  EF,  and  the  bafe  t)F 

f.  8.  t.       is  equal  to  the  bale  GF;  therefore  the  angle  DEF  is  equal  f  to  the 

angle  GEF,  and  the  other  angles  to  the  other  angles  which  are 
r  4.  !•  fubtended  by  the  equal  fides  «.  Wherefore  the  angle  DFE  is  e- 
qual  to  the  angle  GFE,  and  EDF  to  EGF.  and  becaufe  the  angle 
DEF  is  equal  to  the  angle  GEF,  and  GEF  to  the  angle  ABC  % 
therefore  the  angle  ABC  is  equal  to  the  angle  DEF.  for  the  fame 
reafbn,  the  angle  ACB  is  equal  to  the  angle  DFE,  and  the  angle 
at  A  to  the  angle  at  D.  Therefore  the  triangle  ABC  is  equianguk^p 
%Q  the  triangle  DEF.     Wherefore  if  the  fides,  &c.   Q^^E;  D^ 


O  F    E  U  C  L  I  D.  155 

BookVr. 

PROP.    VI.     THEOR.  V^^Y>^ 

¥F  two  triangles  have  one  angle  of  the  one  equal  to 
"*"  one  angle  of  the  other,  and  the  fides  about  the  e- 
;qual  angles  proportionals,  the  triangles  (hall  be  equian- 
gular, and  ihall  have  thofe  angles  equal  which  arc  op- 
pofite  to  the  homologous  fides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the  one 
jequal  to  the  angle  £DF  in  the  other,  and  the  fides  about  thoie 
angles  proportionals;  that  is,  BA  to  AC,  as  ED  to  DF.  The  tri- 
angles ABO,  DEF  are  cquiangnlar,  and  have  the  angle  ABC  equal 
to  the  angle  DEF,  and  ACB  to  DFE. 

At  the  points  D,  F,  in  the  ftraight  line  DF,  make  •  the  angle  1.  »|.  i, 
FDG  equal  to  either  of  the  angles  BAC,  EDFj  and  the  angle  DFG 
equal  to  the  angle  ACB.  where- 
fore the  remaining  angle  at  B  is     a 
equal  to  the  remaining  one  at  -^ 

G  *»,  and  confcquently  the  tri-     p^  Y^  ^  b.  3x.  i. 

angle  ABC  is  equiangular  to 
the  triangle  DGF ;  and  there- 
fore as  B  A  to  AC,  fo  is  *  GD  /  \  /        \      /     c.  4.  tf. 
to  DF.  but,  by  the  Hypothefis, 
as  BA  to  AC,  fo  is  ED  to  DF;-.^ 

as  therefore  ED  to  DF,  fo  is  ^-*-^  v/  jii  X       j.  xi.  5. 

GD  to  DF ;  wherefore  ED  is 

equal  *  to  DG;  and  DFis  common  to  the  two  triangles  EDF,GDF.  *•  ^'  ^• 
therefore  the  two  fides  ED,  DF  arc  equal  to  the  two  fides  GD, 
DF5  and  the  angle  EDF  is  equal  to  the  angle  GDF,  wherefore 
the  bafe  EF  is  equal  to  the  bafe  FG  f,  and  the  triangle  EDF  to  f.4- 1- 
the  triangle  GDF,  and  the  remaining  angles  to  the  remaining  angles, 
each  to  each,  which  are  fubtendcd  by  the  equal  fides,   therefore 
the  angle  DFG  is  eqiul  to  the  angle  DFE,  and  the  angle  at  G  to 
the  angle  at  E.  but  the  angle  DFG  is  equal  to  the  angle  ACB ; ' 
therefore  the  angle  ACB  is  equal  to  the  angle  DFE.  and  the  angle! 
BAC  is  equal  to  the  angle  EDF  * ;  wherefore  alfo  the  remaining  g.  Hyp. 
angle  at  B  is  equal  to  the  remaining  angle  at  E.     Therefore  the 
triangle  ABC  is  equiangular  to  the  triangle  DEF.    Wherefore  if 
two  triangles,  &c.     Q^  E.  D. 


fiecN. 


156  THEELEMENTS 

Book  VI 

PROP.    Vn.     THEOR. 

IF  two  triangles  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the  fides  about  two  o- 
thcr  angles  proportionals  ;  then  if  each  of  the  remain- 
ing angles  be  either  lefs,  or  not  lefs  than  a  right  angle ; 
or  if  one  of  them  be  a  right  angle,  the  triangles  ftiall 
be  equiangular,  and  have  thofe  angles  equal  about  whichi 
the  fides  are  proportionals. 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the  one 
equal  to  one  angle  in  the  other,  viz.  the  angle  BAC  to  the  angle 
EDF,  and  the  fides  about  two  other  angles  ABC,  DEF  propor- 
tionals, fo  that  AB  is  to  BC,  as  D£  to  £F;  and,  in  the  firfl  cafe, 
let  each  of  the  remaining  angles  at  C,  F  be  lefs  than  a  right  angle. 
The  triangle  ABC  is  equiangular  to  the  triangle  DEF,  viz.  the 
angle  ABC  is  equal  to  the  angle  DEF,  and  the  remaining  angle 
at  C,  to  the  remaining  angle  at  F. 

For  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is  greater 
than  the  other  5  let  ABC  be  the  greater,  and  at  the  point  B  in  the 
ftraight  line  AB  make  the  an- 
■.  »3-  «•     gle  ABG  equal  to  the  angle '  ji 

DEF.  and  becaufe  the  angle  at  y\  J) 

A  is  equal  to  the  angle  at  D,  j/^    \ 

and  the  angle  ABG  to  the  an-  y^_..---AGc 

gle  DEF  \  the  remaining  angle       ^ —  \ 

b.  ja.  I.     AGB  is  equal  *>  to  the  remain-  j^  C  E  T^ 

ing  angle  DFE.  therefore  the 

c.  4-  ^»      triangle  ABG  is  equiangular  to  the  triangle  DEF;  wherefore  ^  as 

AB  is  to  BG,  fo  is  DE  to  EF5  but  as  DE  to  EF,  fo,  by  Hypothe- 
^.  "•  X-     fis,  is  AB  to  BC  i  therefore  as  AB  to  BC,  fo  is  AB  to  BG^ ;  and 

becaufe  AB  has  the  fame  ratio  to  each  of  the  line:  BC,  BG  ; 
••  9.  5.  BC  is  equal  *  to  BG,  and  therefore  the  angle  BGC  is  equal  to 
f.  5« «.       die  angle  BCG^.  but  the  angle  BCG  is,  by  Hypothefis,  lefs  thaa 

a  right  angle  \  therefore  alfo  the  angle  BGC  is  lefs  than  a  right 

angle,  and  the  adjacent  angle  AGB  muil  be  greater  than  a  right 
\,  13. 1,     angle  >.     But  it  was  proved  that  the  angle  AGB  is  equal  to  the 

angle  at  F  \  therefore  the  angle  at  F  is  greater  than  a  right  angle. 

but,  by  the  Hypothefis,  it  is  lefs  than  a  right  angle;  which  is  ab* 


c 
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furd.     Therefore  the  angles  ABC,  DEF  are  not  unequal,  that  is,  Book  vr 
they  are  equal,  and  the  angle  at  A  is  equal  to  the  angle  at  D  ; 
wherefore  the  remaining  angle  at  C  is  equal  to  the  remaining  angle 
at  F.  therefore  the  triangle  ABC  is  equiangular  to  the  triangle 
DiiF. 

Next,  Let  each  of  the  angles  at  C,  F  be  not  lefi  than  a  right 
angle,  the  triangle  ABC  is  alfo  in  this  caie  equiangular  to  the  tri- 
angle DEF. 

The  fame  conftruftion  being 
made,  it  may  be  proved  in  like 
manner  that  BC  is  equal  to 
BG,  and  the  angle  at  C  equal 
to  the  angle  BGC.  but  the 
gle  at  C  is  not  lefs  than  a  right  — 
angle  ;    therefore  the    angle  •»' 

BGC  is  not  lefs  than  a  right  angle,  wherefore  t\^o  angles  of  the 
triangle  BGC  are  together  not  lefs  than  two  right  angles;  which 
is  impoffible  »> ;  and  therefore  the  triangle  ABC  may  be  proved  to  i,,  ,7. ,, 
be  equiangular  to  the  triangle  DEF,  as  in  the  firft  cafe. 

LaAly,  Let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C  be  a 
right  angle ;  in  this  cafe  likewife  the  triangle  ABC  is  eqmangular 
to  the  triangle  DEF. 

For  if  they  be  not  equiangu- 
lar, make  at  the  point  B  of  the 
llraight  line  AB  the  angle  ABG 
equal  to  the  angle  DEF ;  then 
it  may  be  proved,  as  in  the  ^^11 
cafe,  that  BG  is  equal  to  BC- 
but  the  angle  BCG  is  a  right 
angle,  therefore  f  the  angle  BGC 
is  alio  a  right  angle ;  whence  two 
of  the  angles  of  the  triangle  BGC 
are  together  not  lefs  than  twoD. 
right  angles ;  which  is  impofE- 
ble  ^.  therefore  the  triangle  ABC 

is  equiangular  to  the  triangle  DEF.     Wherefore  if  two  triangles, 
&c.     (^  E.  D. 
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ice  N.       T  N  a  right  angled  triangle,  if  a  perpendicular  be  drawn? 

from  the  right  angle  to  the  bafe ;  the  triangles  on' 
each  fide  of  it  are  fin^ilar  to  the  whole  trfangfe,  and  to' 
one  another. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angle 
BAG ;  and  from  the  point  A  let  AD  be  drawn  perpendicular  to" 
tlie  bafe  BC.  the  triangles  ABD,  ADC  are  fimilar  to  the  whole 
triangle  ABC,  and  to  one  another. 

Becaufc  the  angle  BAC  is  equal  to  the  angle  ADB,  each  of  thenar 
being  a  right  angle,  and  that  the  angle  at  B  is  common  to  the  two' 
triangles  ABC,  ABD  ;  the  re- 
maining angl^  ACB  is  equal  to 

a.  ix*  t,  the  remaining  angle  BAD  ■.  there- 
fore the  triangle  ABC  is  equian- 
gular to  the  triangle  ABD,  and 
the  fides  about  their  equal  angles 

fc.  4-  tf.      arc  proportionals  *>,  wherefore  the 

<i.i.  Dcf.tf;  triangles  are  fimilar  ^.  in  the  like 

manner  it  may  be  demonfirated  that  the  triangle  ADC  is  fimilaf 
to  the  triangle  ABC. 

Alfo  the  triangles  ABD,  ADC  are  fimilar  to  one  another. 
Bccaufe  the  right  angle  BD  A  is  equal  to  the  right  angle  ADC.' 
and  alfo  the  angle  BAD  to  the  angle  at  C,  as  has  been  proved  j  the 
rem^ing  angle  at  B  is  equal  to  the  remaining  angle  DAC.  there- 
fore the  triangle  ABD  is  equiangular  and  fimilar  *  to  the  triangle 
ADC*     Therefore  in  a  right  angled,  &c.    Q^E.  D. 

Cor.  From  this  it  is  mantfeft  that  the  perpendicular  drawn  from 
the  right  angle  of  a  right  angled  triangle  to  the  bafe,  is  a  mean 
proportional  between  the  fegments  of  the  baie.  and  alfo  that  each 
of  the  fides  is  a  mean  proportional  between  the  bafe,  and  its  feg-^ 
meat  adjacent  to  that  fide,  becaufe  in  the  triangles  BDA,  ADC, 
BD  is  to  DA,  as  DA  to  DC  «>  5  and  in  the  triangles  ABC,  DBA, 
BC  is  to  BA,  as  BA  to  BD  »>  5  and  in  the  triangles  ABC,  ACD,- 
BCistoCA,a8eAtoCDK 


E  U  C  L  I  O.  t^y 
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PROP.     IX.      P  R  O  B. 

FROM  a  given  ftraight  line  to  cut  off  any  part  re-sccN. 
quired. 

Let  AB  be  the  g^vea  firaight  line  j  it  is  required  to  cut  off  any 
part  from  it. 

From  the  point  A  draw  a  ftraight  line  AG  making  any  angid 
with  AB ;  and  in  AC  take  any  point  D,  and  take  AC  whidi  is  th^ 
fame  multiple  of  AD  that  AB  is  of  the  part     L 
which  is  to  be  cut  off  from  it;  join  BC,  and  .A 
draw  D£  paraUel  to  it.  then  A£  is  the  fame 
part  of  AB  that  AD  is  of  AC ;  that  is,  AE  Jg 
is  the  part  required  to  be  cue  off. 

Becaufe  ED  is  parallel  to  one  of  the  (ides 
of  the  triangle  ABC,  viz.  to  BC,  as  CD  is  to 

DA,  fo  is  *  BE  to  E A ;  and,  by  compofition  *>,  /  \        *•  »•  ^» 

CA  is  to  AD,  as  BA  to  AE.  but  CA  is  a"r> 
multiple  of  AD,  therefore  *  BA  is  the  fame 
multiple  of  AE.  whatever  part  therefore  AD  is  of  AC,  AE  is  the 
fame  part  of  AB.  wherefore  from  the  ftraight  Ime  AB  the  part 
required  is  cut  off.     "Which  was  to  be  done. 

PROP.    X.      PROB. 

TO  divide  a  given  ftraight  line  fimilarly  to  a  given 
divided  ftraight  fine,  that  is,  into  parts  that  Ihall 
have  the  fame  ratios  to  one  another  which  the  parts  of 
the  divided  given  ftraight  line  have. 

Let  AB  be  the  ftraight  line  given*  to  be  divided,  and  AC  the  dU 
vided  line;  it  is  required  to  divide  AB 
llmikriy  to  AC. 

Let  AC  be  divided  in  the  points  D, 
E;  and  let  AB,  AC  be  placed  fo  as  to 
contain  any  angle,  and  join  BC,  and 

throTigh  the  points  D,  E  draw  •  DF,  Q/ •^ — ^^sJ^       ■•  ^''  '' 

EG  parallels  to  it ;  and  through  D  draw 
DHK  parallel  to  AB.  therefore  each  of  Bi 
the  figures  FH,  HB  is  a  parallelogram. 


b.  it.  i. 

c.  D.  5. 
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Book  vr.  wherefore  DH  is  equal  *»  to  FG,  and  HK  to  GB.  and  bccaufe  Hg 
K^^y\J  is  parallel  to  KC  one  of  the  fides  of  the 

b.  34. 1,     triangle  DKC,  as  CE  to  ED,  fo  is  <^  KH 

c.  *.  6.       to  HD.  but  KH  is  equal  to  BG,  and 

HD  to  GF ;  therefore  as  CE  to  ED,  To 
is  BG  to  GF.  again,  becaufc  FD  is  pa- 
rallel to  EG  one  of  the  fides  of  the  tri- 
angle AGE,  as  ED  to  D  A>  fo  is  GF  to 
FA.  but  it  has  been  proved  that  CE  is  B  T^  |^ 

to  ED,  as  BG  to  GF;  as  therefore  CE  -*^  ^ 

to  ED,  fo  is  BG  to  GF;  and  as  ED  to  DA,  fo  GF  to  FA.  there- 
fore the  given  ftraight  line  AB  is  divided  fimilarly  to  AC,  Whick 
was  to  be  done. 


T 


PROP.    XI.     PR  OB. 

O  find  a  third  proportional  to  two  given  ftraight 
lines. 


Let  AB,  AC  be  the  two  given  flraight  lines,  and  let  them  be* 
placed  fo  as  to  contain  any  angle ;  it  is  required       ^ 
to  find  a  third  proportional  to  AB,  AC.  JnL 

Produce  AB,  AC  to  the  points  D,  E;  and 
make  BD  equal  to  AC,  and  having  joined  BC,  --^1       \  w 
a.  31. 1.     thro'  D  draw  DE  parallel  to  it  •.  JB  | \p 

Becaufe  BC  is  parallel  to  DE  a  fide  of  the 
b. ».  tf.      triangle  ADE,  AB  is  ^  to  BD,  as  AC  to  CE. 

but  BD  is  equal  to  AC,  as  therefore  AB  to  ,._^ 

AC,  fo  is  AC  to  CE.     Wherefore  to  the  two  D  E 

given  ftraight  lines  AB^  AC  a  third  proportional  CE  is  foundr 
Which  was  to  be  done. 


T 


PROP,    Xn.     PROB. 

O  fiind  a  fourth  proportional  to  three  given  ftraight 
lines. 


Let  A,  B,  C  be  the  three  given  ftraight  fines ;  it  is  required 
to  find  a  fourth  proportional  to  A,  B^  C. 
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31.   t{ 


b.  1;.^ 


YV 


Take  two  ftraight  lines  DE^  DF  contaioiog  any  angle  EDF;  and  Bdok  Vf.- 
tpon  thefe  make  DG  equal 
to  A,  G£  equal  to  B,  and 
t)H  equal  to  C;  aild  hailing 
joined  GH,  draw  £F  paral« 
lei  *  to  it  through  the  point 
E.  and  becaufe  GH  is  paral- 
lel to  EF  one  of  the  fides  of 
the  triangle  D£F,  DG  is  to 
GE,  as  DH  to  HF  K  but 
DG  is  equal  to  A,  G£  to  B, 

and  DH  to  C  j  therefore  as  A  is  to  B,  fo  is  C  to  HF.  Wherefore 
to  the  three  given  ftraight  lines  A,  B,  C  a  fourth  proportional  HF 
is  found/    Which  was  to  ht  done. 

PROP.   XIII.     PROB. 

T^  O  find  a  mean  proportion^  between  two  givcnf 
■^       Ih-aight  lines. 

Let  ABj  BC  be  the  two  given  ftraight  Mes ;  it  is  required  to' 
find  a  mean  proportiobal*  between  tliem. 

Place  AB,  BC  in  a  ftraight  line,"  and  upon  AC  defcribe  the  fe- 
midrcle  ADC,  and  from  the  point 

B  draw  »  BD  ait  right  angles  to J]f  •.«»•»'> 

AG,  and  jbto  AD,  DC. 

Becaufe  the  angle  ADC  ia  a  fe-' 
micircle  is  a  right  angle  ^,  and  be- 
dauie  in  the  right  angled  triangle 
ADC,  DB  is  drawn  from  the  right 
angle  perpendicular  to  the  bafe,DB  A. 
is  a  mean  proportional  between 

AB,  BC  the  fegracnts  of  the  bafe  *^.  therefore  between  the  two  c.Confi^i* 
given  ftraight  lines  AB,  BC,  a*  mean  proportional  DB  is  found. 
Which  was  to  be  done. 
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li^^^^YX^  PROP-   XIV.     THEOR. 

EQ^U  A  L  parallelograms. which  have  one  angle  of 
the  one  equal  to  one  angle  of  the  other,  have 
their  fides  about  the  equal  angles  reciprocally  propor- 
tional- and  parallelograms  that  have  one  angle  of  the 
one  equal  to  one  angle  of  the  other,  and  their  fide* 
about  the  equal  angles  reciprocally  proportional,  arc 
equal  to  one  another. 

Let  AB,  BC  be  equal  parallelograms  whkh  have  the  aagles  at 

B  equal,  and  let  the  fides  DB,  BE  be  placed  in  the  fame  ftraighc 
^  Z4  1.     line  J  wherefore  alfo  FB,  BG  are  in  one  ftraight  line  ".  the  fides  of 

the  parallelograms  AB,  BC  about  the  equal  angles,  are  redprocally 

proportional ;  that  is,  DB  is  to  BE,  as  GB  to  BF. 

Complete  the  parallelogram  F£;  and  becaufe  the  paralklogram 

AB  is  equal  to  BC,  and  that      \  Tj^ 

FE   is    another    parallelogram,    -^^^ 
b.  7.  5.       AB  is  to  FE,  as  BC  to  FE  ^. 

but  as  AB  to  FE,  fo  is  the  bafe 
e.  I.  <y.       DB  to  BE*^i  and  as  BC  ta  FE, 

fo  is  the  bafe  GB  to  BF;  there- 
fore as  DB  to  BE,  fo  is  GB  ta 
A  n.  f.     BF  ^.     Wherefore  the  fides  of 

the  parallelograms  AB,  BC  a- 

bout  their  equal  angles  are  reciprocally  proportionaL 

But  let  the  fides  about  die  equal  angles  be  reciprocally  propOT" 

tional,  viz.  as  DB  to  BE,  fo  GB  to  BF;  the  par^elogram  AB  i^ 

equal  to  the  parallelogram  BC. 

Becaufe  as  DB  is  to  BE,  fo  GB  to-BF;  and  as  DB  to  BE,  fo  is 

the  parallelogram  AB  to  the  parallelogram  FE ;  and  as  GB  to 

BF,  fa  is  parallelogram  BC  to  parallelogram  FE;  therefore  as  AB 
e.  y.  5..        to  FE,  fo  BC  to  FE  «>.  wherefore  the  parallelogram  AB  is  equal  ^ 

to  the  parallelogram  BC.     Therefore  equal  parallelograms,.  &c. 

C^IL  D. 
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PROP.    XV.     THEOR. 

X7  QJJA  L  triangles  which  have  oue  angle  of  the  one 
J--*  equal  to  one  angle  of  the  other,  have  their  fides 
about  th6  equal  angles  reciprocally  proportional,  and 
triangles  which  have  one  angle  in  the  one  equal  to  one 
angle  in  the  other,  and  their  fides  about  the  equal  angles' 
reciprocally  proportional,  are  equal  to  one  another. 

Let  ABC,  AD£  be  equal  triangles  whidi  have  the  angle  BAG 
6qaal  to  the  onglt  DAE;  the  fides  about  the  equal  angles  of  thd' 
triangles  are  reciprocally  proportional ;  tliat  is,-  C A  iis  to  AD,  as' 
EA  to  AB* 

Let  the  triangles  b.e  placed  Jo  that  their  fides  CA,  AD  be  in 
6ne  ftraight  Hne;  wherefore  alio  EA  and  AB  are  in  one  ftraight: 
Kne  • ;  and  j^  BD.     Becaufe  the     -q  T\  '•  *"♦•  '** 

^iangle  A^C  is  equal  fo  the  triangle 
AD£,  and  that  ABD  is  another  tri- 
angle; therefore  as  the  triangle  CAB 
is  to  the  triangle  BAD  fa  is  triangle 

EAD  to  triangle  DAB  K  but  as  tri-     /   y^  ^^\     ^'  7-  f' 

angfe  CAB  to  triangle  BAD,  fo  is 

the  bafc  G  A  to  AD  «  ;  and  as  triangle  C  ^' ""' '"  ^* 

EAD  to  triangle  DAB;  fo  is  the  bafe 

EA  to  AB « ;  as  therefore  CA  to  AD,  fo  is  EA  to  AB<».  wherefore  d.  ru  f* 
die  fides  of  the  triangles  ABC,  ADE  about  the  equal  angles  are 
reciprocally  proportional. 

Biit  let  the  fides  of  the  triangles  ABC,  ADE  about  tlie  equal 
angles  be  reciprocally  proportional,  viz.  CA  to  AD,  as  EA  to  AB ; 
the  triangle  ABC  is  equal  to  the  triangle  ADE. 

Having  joined  BD  as  befbre,  becaufe  as  CA  ta  AD,  ib  is  EA 
to  AB;  and  as  CA  to  AD;fo  is  triangle  BAG  to  triangle  BAD  ^ ; 
and  as  EA  to' AB,  fo  triangle  EAD  to  triangle  BAD^ ;  therefore  <* 
as  triangle  BAG  t6  triangle  BAD,  fo  is  triangle  EAD  ta  triangle 
BAD;  that  is,  the  triangles  BAC,  EAD  have  the  fame  ratio  to  the 
O-iangle  BAD.  wherefore  the  triangle  ABC  is  equal  *  to  the  tri-  «•  T-  % 
atigle  ADE.     Therefore  equal  triangles,  &c.     Q^.  E.  D. 

\  h  2 
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PROP.   XVL    THE  OR, 

IF  four  ftraight  lines  be  proportionals,  the  rcftangle 
contained  by  the  extremes  is  equal  to  the  reel mgle 
contained  by  the  means,  and  if  the  rectangle  contained 
by  the  extremes  be  equal  to  the  rectangle  contained  by 

the  means,  the  four  ftraight  lines  are  proportionals. 

» 

Let  the  four  ftraight  Fines  AB,  CD,  E,  F  be  pFoportionaJs,  vi2. 
as  AB  to  CD,  fo  E  to  F  j  the  reftangle  contained  by  AB,  F  is  e- 
qual  to  the  rcftangle  contained  by  CD^  E^ 

From  the  points  A,  C  draw  •  AG,  CH  at  right  angles  to  AB, 
CD;  and  make  AG  equal  to  F,  aHd  CH  equal  to£,  and  complete 
the  parallelograms  BG,  DH.  becaufe  as  AB  to  CD,  ibis  E  to  F ; 
and  that  E  is  equal  to  CH,  and  F  to  AG;  AB  is  ^  to  CD,  as  CH 
to  AG.  therefore  the  fides  of  the  parallelograms  BG,  DH  about 
the  equal  angles  are  reciprocaUy  proportional ;  but  paraUelograms 
which  have  their  fides  about  equal  angles  reciprocally  proportional, 
are  equal  to  one  another  ^  ;  therefore  the  parallelogram  BG  Is  equal 
to  the  paralleiograA  DH.  and  .^ 
the  parallelogFam  BG  is  con-  X.i' 
tained  by  the  flraight  lines 
AB,  F,  becaufe  AG  is  equal 
ro  F ;  and  the  paraUelogram 
DH  is  contained  by  CD  and 
£,  becaufe  CH  is  equal  to  £• 
therefore  the  rectangle  con-^ 
tained  by  the  flraight  lines 
AB,  F  is  equal  to  that  which 
is  contained  by  CD  and  £. 

And  if  the  rcftangle  contained  by  the  fh-aight  lines  a6,  F  be 
equal  to  that  which  is  contained  by  CD,  E ;.  thefc  four  lines  are 
proportionals,  viz.  AB  is  to  CD,  as  E  to  JF.- 

The  fame  conflruftion  being  made,  becaufe  die  rectangle  con- 
tkined  by  the  fhaight  lines  AB,  F  is  equal  to  that  which  is  con- 
tained by  CD,  E,  and  that  the  reftangle  BG  is  contained  by  AB, 
P,  becaufe  AG  is-  equal  ta  F ;  and  the  reftangle  DH  by  CD,  E,- 
Becaufe  CH  is  equal  to  E ;  therefore  the  parallelogram  BG  is  equal 
y^  the  parallelogram  DH;  and  they  are  equiangular,  but  the  fides^ 
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.  jbout  the  equil  angles  of  equal  partlldiograms  are  reciprocally  pro-  Book  VI. 
portional  *.  wherefore  as  AB  to  CD,  fo  is  CH  to  AG ;  and  CH  V^^Vv^ 
is  equal  to  £,  and  AG  to  F.  as  therefore  AB  is  to  CD^  fo  £  to  F.  c.  14.  fi* 
Wherefore  if  four,  &c.    (^  E.  D, 


PROP.  XVn.     THE  OR. 

TF  three  ftraight  lines  be  proportionals,  the  recbtnglc 
contained  by  the  extremes  is  equal  to  the  fquarc 
of  the  ipean.  and  if  the  rectangle  contained  by  the  ex* 
tremes  be  equal  to  the  fquare  of  the  mean,  the  three 
ftraight  lines  are  proportionals. 

Let  the  three  ftraight  lines  A',  B,  C  be  proportionals,  viz.  as  A 
to  B,  ib  B  to  C;  the  reAangle  contaiiied  by  A,  C  is  equal  to  the 
jquare  of  B. 

Take  D  equal  to  B  $  and  becaufe  as  A  to  B,  fo  B  to  C,  and  that 
B  is  equal  to  D  ;  A  is  ^  to  B,  as  D  to  C  but  if  four  ftraight  lines 
be  proportionals,  the  rec- 
tangle contained  by  the     A. ,^^ , 

extremes  is  equal  to  that  "D 

which  is  contained  by  the  -rw 

means^,  therefore  the  rec-   ^  ^ 

tangle  contained  by  A,  C 

is  equal  to  that  contained 

by  B,  D.  but  the  retfbaur 

gle  contained  by  B,  D  is 

die  fqnare  of  B(  becaufe 

B  is  equal  to  D.  therefore  the  reftangle  contained  by  A,  C  is  equal 

to  the  fquare  of  B. 

And  if  the  re£laagle  contained  by  A,  C  be  equal  to  the  fquare 
of  B;  A  is  to  B,  as  B  to  C. 

The  fame  conftruAion  being  made,  becaufe  the  rectangle  con- 
tained by  A,  C  is  equal  to  the  fquare  of  B,  and  the  fquare  of  B  is 
equal  to  the  redangle  contaioed  by  B,  D,  becaufe  B  is  equal  to  D  y 
therefore  the  reAangle  contained  by  A,  C  is  equal  to  that  contained 
by  B,  D.  but  if  the  reQangle  contained  by  the  extremes  be  equal 
to  that  contained  by  the  means,  the  four  ftraight  lines  are  propor^ 
lipoals  ^  therefore  A  is  to  B,  as  D  to  C  ^  but  B  is  equal  to  I>| 
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Book  >V].  wherefore  as  A  to  B,  fo  B  to  C.     Therefore  if  three  ftraigfaj: 
j^^i^YX^  lines,  &c.     Q^  E.  D. 

PROP,  xvnr:   p  r  o  b. 

UPON  a  given  ftraight  line  to  defcribe  a  rfidilincal 
figure  fimilar,  and  fimilarjy  fituated  to  a  givea 
rectilineal  figure. 

Let  AB  be  the  given  ftraight  line,  and  CDEF  the  giveo  rcfti- 
liiical  figure  of  four  fides  ;  it  is  required  upon  the  given  ftraight 
line  AB  to  defcribe  a  reflilineal  figure  fimilar  and  fimilarly  fituated 
to  CDEF. 

f/^j.  X.  Join  DF,  and  at  the  points  A,  B  in  the  ftraight  line  AB  make  ^ 
ih^  angle  BAG  equal  to  the  angle  at  C,  and  the  angle  ABG  equal  to 
the  angle  CDF  ^  therefore  the  remaining  angle  CFD  is  equal  to  the 

J»-  3*'  »•     remaining  angle  AGB  *•.  whcrefqre  the  triangle  FCD  is  equiangular 
■  to  the  triangle   GAB. 

again,  at  the  points  G, 
B  in  the  ftraight  line 
GB  make  *  the  angle 
BGH  equal  to  the  an- 
gle DFE,  and  the  angle 
GBH  equal  t9  FDE ; 
therefore  the  remaining 
angle  FED- is  equal  to 
%\ic  remaining  angle  GHB,  and  the  triangle  FDE  equiangular  to 
the  triangle  GBH.  then  becaufe  the  angle  AGB  is  equal  to  the  an* 
gle  CFD,  and  BGH  to  DFE,  the  whole  angle  AGH  is  equal  tq 
the  whole  CFE.  for  the  fame  reafou,  the  angle  ABH  is  equal  to  the 
angle  CDE;  alfo  the  angle  at  A  is  equal  to  the  angle  at  C,  and  the 
angle  GtJB  to  FED.  therefore  the  rcftilincal  figure  ABH  G  is 
equiangular  to  CDEF.  but  likewlfe  thefe  figures  have  their  fides 
about  the  equal  angles  proportionals,  becauie  the  ^riangles  GAB, 

c.  4-  tf«  FCD  being  cqniangular,  BA  is  *  to  AG,  as  DC  to  CF ;  and  be- 
caufe AG  is  to  GB,  as  CF  to  FD ;  and  as  GB  to  GH,  fo.  by 
reafoh  of  the  equiangular  triangles  BGH,  DFE,  is  FD  to  FE  j 

i.  aa.  5.  therefore,  ex  aequali  «>,  AG  is  to  GH,  as  CF  to  FE.  in  the  fame 
manner  it  may  be  proved  that  AB  is  to  BH,  as  CD  to  DE.  and 
GH  is  to  HB,  as  FE  to  ED  ^.     Wherefore  becaufe  the  reftilineal 
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^gures  ABHG^  CDEF  are  equiangular,  and  have  their  fides  about  Book  Vu 
the  equal  angles  proportipnals,  they  are  fimilar  to  one  another  *.    V.*^VS^ 

Next,  Let  it  be  required  to  defcribe  upon  a  given  flraighcline  c*'.Dc£.4. 
AB,  a  reAilineal  figure  fimilar,  and  iimlUrly  fituated  to  the  tcQU 
lineal  figure  CDKEF  of  five  fides. 

Join  DE,  and  upon  the  given  ftraight  line  AB  dejfcribe  the  rec- 
tilineal figure  ABHG  fimilar  and  fimilarly  fituated  to  the  quadri- 
lateral figure  CDEF,  by  the  former  cafe,  and  at  the  points  B,  H 
in  the  ftraight  line  BH,  make  the  angle  HBL  equal  to  the  angle 
£DK,  and  the  angle  BHL  equal  to  the  angle  DEK;  therefore  the 
remaining  angle  at  K  is  equal  to  the  remaining  angle  at  L.  and  be* 
caufc  the  figures  ABHG,  CDEF  are  fimilar,  the  angle  GHB  is 
equal  to  the  angle  FED,  and  BHL  is  equal  to  DEK ;  whercfo^^e 
the  whole  angle  GHL  is  equal  to  the  whole  angle  FEK.  for 
the  iame  reafon,  the  angle  ABL  is  equal  to  the  angle  CDK.  there- 
fore the  five  fided  figures  AGHLB,  CFEICD  are  equiangular,  and 
becaufe  the  figures  AGHB,  CFED  are  fimilar,  GH  is  to  KB,  as 
FE  to  ED  J  and  as  HB  to  HL,  fo  is  ED  to  EK^j  therefore  ex  c  4.  ^. 
aequali**,  GH  is  to  HL,  as  FE  to  EK.  for  the  fame  reafon,  AB  is  4.  n.  s, 
to  BL,  as  CD  to  DK,  and  BL  is  to  LH,  as  «  DK  to  KE,  becaufe 
riie  triangles  BLH,  DKE  are  equiangular,  therefore  becaufe  the  five 
fided  figures  AGHLB,  CFEKLD  are  equiangular,  and  have  their 
fides  about  the  equal  angles  proportionals,  they  are  fimilar  to  one 
another,  and  in  the  fame  manner  a  rectilineal  figure  of  fix  fides 
may  be  defcribed  upon  a  given  ftraight  line  fimilar  to  one  given, 
and  fb  on.     Which  vas  to  be  done^ 


PROP.    XIX.     THEOR. 

SIMILAR  triangles  are  to  one  another  in  the  da» 
plicate  ratio  of  their  homologous  fides. 

Let  ABC,  DEF  be  fimilar  triangles  having  the  angle  B  equal  to 
the  angle  £,  and  let  AS  be  to  BC,  as  DE  to  EF,  fo  that  the  fide 
BC  is  homologous  to  EF  '.^  the  triangle  ABC  has  to  the  triangle  a.iA,Dcf.^ 
DEF,  the  duplicate  ratio  of  that  which  BC  has  to  EF. 

TakeBG  a  third  proportional  to  BC,  EF  «»,  fo  that  BC  is  to  EF,  h,ij.c, 
^  EF  to  BG,  and  join  GA.  then,  becaufe  as  AB  to  BC,  fo  DE  to 
IBFj  alternately*^,  AB  is  to  DE,  as  BC  to  Ef .  bwt  as  BC  to  EF,  fo  c.  lei.  $, 

J.4 
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Pook  VL  IS  EF  to  BG ;  therefore  ^  as  AB  to  DE,  fo  is  EF  to  BG.  where- 
K/^V^J  fore  the  fides  of  the  triangles  ABG,  DEF  which  arc  about  the  e- 
d.  11.  5.     qual  angles  are  reciprocally  proportional,  but  triangles  which  have 
(he  fides  about  two  equal  angles  reciprocally  proportional  are  equal 
c>  IS'  tf-      to  one  another  ^.  there- 
fore the  triangle  ABG  ^A 
IS  equal  to  the  triangle 
DEF.  and  becaufe  as 
BC  is  to  EF,  fo  EF  to 
£G;  and  thaJt  if  three 
ftrajght  lines  be  propor- 
f.io.Dcf.f .  tionals,  the  firft  is  faid  f  *& 
to  have  to  the  third  the 
duplicate  ratio  of  that  which  it  has  to  the  fecond ;  BC  therefore 
hag  to  fiG  the  duplicate  ratio  of  that  which  BC  has  to  EF,  but  as 
1^-  f .  tf.       BC  to  BG,  fo  is  »  the  triangle  ABC  to  the  triangle  ABG.  there- 
fore the  triangle  ABC  has  to  the  triangle  ABG,  the  duplicate  ratio 
of  that  which  BC  has  to  EF.  but  the  triangle  ABG  is  equal  to 
the  triangle  DEF  5  wherefore  alfo  the  triangle  ABC  has  to  th« 
triangle  DEF  the  duplicate  ratio  of  that  which  BC  has  to  EF, 
therefore  fimilar  triangles,  &c.     Q^  E.  D. 

Cor.  From  this  it  is  manifeft,  that  if  three  ftraight  lines  b^ 
proportionals,  as  the  firft  is  to  the  third,  fo  is  any  ti'iangle  upon  the 
firft  to  a  fimilar  and  fimilarly  defcribed  triangle  upon  the  fecond, 

•  •  . 

1 

PROP.  XX.     THEOR. 

SIMILAR  polygons  may  be  divided  into  tlie  fame 
number  of  fimilar  triangles,  having  the  fame  ra- 
tio to  one  another  that  the  polygons  have  j  and  the  po- 
lygons have  to  one  another  the  duplicate  ratio  pf  that 
which  their  homologous  fides  have. 

Let  ABCDE,  FGHKL  be  fimilar  polygons,  and  let  AB  be  the 
homologous  fide  to  FG.  the  polygons  ABCDE,  FGHKT^  may  be 
divided  into  the  fame  number  of  fimilar  triangles,  whereof  each  to 
each  has  the  fame  ratio  which  the  polygons  have ;  and  the  poly- 
gon ABCDE  has  to  the  polygon  FGHKL  the  duplicate  ratio  of 
that  which  the  fide  AB  has  to  the  fide  FG. 
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Jeto  BE,  EC,  GL,  LH.  and  becaufe  the  polygon  ABCDE  is  Book  VI. 
Amilar  to  the  polygon  FGHKL,  the  angle  BAE  is  equal  to  the  Ky\r\j 
angle  GFL  *,  and  BA  is  to  AE,  as  GF  to  FL  ■.  wherefore  becaufe  ».i.Dcf,tf^ 
•the  triangles  ABE,  FGL  have  an  ahgle  in  one  equal  to  an  angle  In 
the  other,  and  their  fides  about  thele  equal  angles  proportionals,  the 
triangle  ABE  is  equiangular  *>,  and  therefore  fimilar  to  the  triangle  b.  6.  6, 
FGL^ ;  wherefore  the  angle  ABE  is  equal  to  the  angle  FGL.  and,  c.  4. 6. 
becaufe  the  polygons  are  fimilar,  the  whole  angle  ABC  is  equal  * 
^o  the  whole  angle  FpH  ;  therefore  the  remaining  angle  EBC  is 
equal  to  the  remaining  angle  LGH.  and  becaufe  the  triangles  ABE, 
FGL  are  fimilar,  EB  is  to  B A,  as  LG  to  GF  • ;  and  alfo,  becaufe 
the  polygons  arc  fimilar,  AB  is  to  BC,  as  FG  to  GH  *  5  therefore,  * 
ex  aequali  \  EB  is  to  BC,  as  LG  to  GH;  that  is,  the  fides  about  a.  ix.  j, 
the  equal  afdgles  EBC,  LGH  are  proportionals ;  therefore  *>  the 
triangle  EBC  is  equiangular  to  the  triangle  LGH,  and  fimilar  to 
it *^.  for  the  fame  . 

reafbn  the  trian-  -/\. 

gle  ECD  like^ 
wife  is  fimllarT' 
to  the  triangle 
LliK.  therefore 
the  fimilar  poly- 
gons ABCDE, 
FGHKL  are  di- 
iwdcd  into  the  fame  number  of  fimilar  triangles. 

Alfo  thefe  triangles  have,  each  to  each,  the  fiimc  ratio  which  the 
polygons  have  to  one  another,  the  antecedents  being  ABE,  EBC, 
ECD,  and  the  confequents  FGL,  LGH,  LHK.  and  the  polygon 
ABCDE  iias  to  the  polygon  FGHKL  the  duplicate  ratio  of  that 
which  the  fide  AB  has  to  the  homologous  fide  FG. 

Becaufe  the  triangle  ABE  is  fimilar  to  the  triangle  FGIi,  ABE 
has  to  FGL  the  duplicate  ratio  ^  of  that  which  the  fide  BE  has  to  c.  j^.^. 
the  fide  GL.  for  the  fame  reafon,  the  triangle  BEC  has  to  GLJi  the 
duplicate  ratio  of  that  which  BE  has  to  GL.  therefore  as  the  tri- 
angle ABE  to' the  triangle  FGL,  fo' is  the  triangleBECto  the  triangle  f.  n.  |, 
GLH.      Again,  becaufe  the  triangle  EBC  is  fimilar  to  the  tiiangle 
LGH,  EBC  has  to  I-.GH,  the  duplicate  ratio  of  that  which  the  fide 
EC  has  to  the  fide  LH.  for  the  fame  reafon,  the  triangle  ECD  has 
to  the  triangle  LHK,  the  duplicate  ratio  of  that  which  EC  has  to. 
LJfl,  as  therefore  the  triangle  EBC  to  the  triangle  LGH,  fo  is  ^  the 
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Book  VI.  triangle  ECD  to  the  triaagle  LHK.   but  ic  has  been  proved  that 

^,<yxJ  the  triangle  EBC  is  likewife  to  the  triangle  LGH,  as  the  triangle 
ABE  to  the  triangle  FGL.  Therefore  as  the  triangle  ABE  is  to 
the  triangle  FGL,  fo  is  triangle  EBC  to  triangle  LGH»  and  tri- 
angle  ECD  to 

triangle  LHK.  j\. 

and  therefore 
as  one  of  the 
antecedents  to 
oneof  thecon- 
lcquents,(bare 
•  all  the  antece- 
dents to  all  the 

f.  i».  5.  confequents  «.  Wherefore  as  the  triangle  ABE  to  the  triangle 
FGL,  fo  is  the  polygon  ABCDE  to  the  polygon  FGHKL.  but 
the  triangle  ABE  has  to  the  triangle  FGL,  the  duplicate  ratio  of 
that  which  the  fide  AB  has  to  the  homologous' fide  FG.  There- 
fore alfo  the  polygon  ABCDE  has  to  the  polygcm  FGHKL  the 
duplicate  ratio  of  that  which  AB  has  to  the  homologous  fide  FG, 
Wherefore  fimilar  polygons,  &c.    Q^  E,  D. 

Cor.  I.  In  like  manner  it  may  be  proved  that  fimilar  four 
fided  figures,  or  of  any  number  of  fides  are  one  to  another  in  th^ 
duplicate  ratio  of  their  homologous  fides,  and  it  has  already  been 
proved  in  triangles.  Therefore  univerfally,  fimilar  rcftilineal  fi- 
gures are  to  one  another  in  the  duplicate  ratio  of  their  homologous 
fides. 

Cor.  2.  And  if  to  AB,  FG  two  of  the  homologous  fides  z 

li.xo.Dcf.5.  third  proportional  M  be  taken,  AB  has  ••  to  M  the  duplicate  ratio 
of  that  which  AB  has  to  FG.  but  the  four  fided  figure  or  polygon 
upon  AB  has  to  the  four  fided  figure  or  polygon  upon  FG  lik&p 
wife  the  duplicate  ratio  of  that  which  AB  has  to  FG.  therefore 
as  AB  is  to  M,  fb  is  the  figure  upon  AB  to  the  figure  upon  FG» 

i.Cor.i9.tf.  which  was  alfo  proved  in  triangles  *.  Therefore,  univerfally,  it  is 
manifeft,  that  if  three  (Iraight  lines  be  proportionals,  as  the  firft  is 
to  the  third,  fo  is  any  re£lilineal  figure  upon  the  firfl:,  to  a  funila;' 
and  fimilarly  defcribed  redliliueal  figure  upon  the  fecopd. 
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BookVr, 
PR  OR    XXI.     THE  OR.  V^^vO 

RECTILINEAL  figures  which  are  fimilarto  the 
fame  rectilineal  figure,  are  alfo  fimilar  to  one 
another. 

Let  each  of  the  reftUincal  figures  A,  B  be  fimilar  to  the  rcfti- 
lineal  figcrc  C.  the  figure  A  is  fimilar  to  the  figure  B. 

Becaiife  A  is  fimilar  to  C,  chey  are  equiangular,  and  alio  have 
their  fides  about  the  equal  angles  proportionals  ■.     Again,  becaufe  a.i.D€f.tf 
B  is  fioiilar  to  C,  they  are 
equiangular,   and    have 
thcif  fides  about  the  c-  • 
qual   angles    proportio- 
nals •.  therefore  the  fi- 
gures A,  B  are  each  of 
them  equiangular  to  C,  and  havp  the  fides  about  the  equal  angles 
of  each  of  them  and  of  C  proportionals.  .  Wherefore  the  refti- 
iincal  figures  A  end  B  arc  equiangular  **,  and  have  their  fides  about  b.  1.  Ax.  >. 
the  equal  angles  proportionals*.     Therefore  A  is  fimilar  *  to  B.  c.  n.  j. 
iC^E.  D. 

PROP.     XXII.     THfiOR^ 

TF  four  ftraight  lines  be  proportionals,  the  fimilar  recr 
*  tilineal  figures  fimilarly  defcribed  upon  them  fhall 
alfo  be  proportionals,  and  if  the  fin^ilar  redilineal  figure^ 
fiimilarly  defcribed  upon  four  ftraight  lines  be  propor- 
tionals, thofe  ftraight  lines  fliall  be  proportionals. 

Let  the  four  ftraight  Tmes  AB,  CU«  EF,  GH  be  proportionals, 
fiz.  AB  to  CD,  as  £P  to  GH>  and  upon  AB,  CD  let  the  fimilar 
redlilineal  figures  KAB,  LCD  be  fimilarly  defcribed  i  and  cpoa 
EF,  GH  the  fimilar  reAilineal  figures  MF,  NH,  in  like  manner,  the 
reftilineal  figure  KAB  is  to  LCD,  as  MF  to  NH. 

To  AB,  CD  take  a  third  proportional  *  X ;  and  to  EF,  GH  a  1. 1  r.  <r. 
third  proportional  O.  and  becaufe  AB  is  to  CD,  as  EF  to  GH,  b:  ju  $, 
^crefore  CD  is  ^  to  X,  as  GH  to  O  j  wherefore  ex  aequali  ^,  as  AB  c  »z .  5- 
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Book  VI.  to  X,  To  EF  to  O.  but  as  AB  to  X,  Co  is  <*  the  reftllincal  KAB  to 

O-YVJ  the  reftijincal  LCD,  and  as  EF  to  O,  fo  is  <*  the  reftilineal  MF  to 

a.  1.  Cor.  the  reftUineal  NH.  therefore  as  KAB  to  LCD,  fo  ^  is  MF  to  NH. 

And  if  the  reftilineal  KAB  be  to  LCD,  as  MF  to  NH ;  the 

ftralght  line  AB  is  to  CD,  as  EF  to  GH. 

le.  i».  6.  Make  «  as  AB  to  CD,  fo  EFto  PR,  and  upon  PR  dcfcribc  f 

4'  >9.  ^p      the  reftilineal  figure  SR  fimilar  and  fimilarly  fituated  to  either  of 

K 


ao.  6, 
h-  II*  5* 


3  C 


Ki 


N 


ran       T     B. 

the  figures  MF,  NH.  then  becaufe  as  AB  to  CD,  fo  EF  to  PR,  and 
that  upon  AB,  CD  are  defcribed  the  fimilar  and  fimilarly  fituated 
reftilineajs  KAB,  LCD,  and  upon  EF,  PR,  in  like  manner,  the 
fimilar  reftiUneals  MF,  SR;  KAB  is  to  LCD,  as  MF  to  SR;  but, 
by  the  Hypothefis,  KAB  is  to  LCD,  as  MF  to  NH;  and  therefore 
the  reftilineal  MF  hax^ing  the  fiime  ratio  to  each  of  the  two  NH, 
f.  9, 5«  SR,  thefe  are  equal  ^  to  one  another,  they  are  alfo  fimilar,  and  fir 
milarly  fituated  ;  therefore  GH  is  equal  to  PR.  and  becaufe  as  AB 
to  CD,  fo  is  EF  to  PR,  and  that  PR-  is  equal  to  GH ;  AB  is  to 
CD,  35  EF  to  GH.    If  therefore  four  ftraight  lines,  &c.  Q;  E.  D. 

PROP.    XXin.     THE  OR. 

^ ^'  T7*  QJ^ lANGULAR  parallelograms  have  tP  one 
-^--^  another  the  ratio  which  is  compounded  of  the 
ratios  of  their  fides  * 

Let  AC,  CF  be  equiangular  parallelograms,  having  the  angle 
BCD  equal  to  the  angle  ECG.  the  ratio  of  the  paralleJogram  AC 
to  the  parallelogram  CF,  is  the  fame  with  the  ratio  which  is  comt 
pounded  of  the  ratios  of  their  fides,  • 
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Lei  BC,  CG  be  placed  in  a  ftraight  line,  therefore  DC  and  CE  Book  Vl^ 
Are  alio  in  a  ftraight  line  ■  ;■  and  complete  the  parallelogram  DG,  L^w^ 
aind,  taking  any  ftraight  line  K,  make  •»  as  BC  to  CG,  (b  K  to  L}  a.  14.  x. 
and  as  DC  to  CE,  fo  maive  *>  L  to  M.  therefore  the  ratios  of  K  to  **•  ■*•  ^• 
L,  and  L  to  M  arc  the  fame  with  the  ratios  of  the  fides,  viz.  of 
BC  to  CG,  and  DC  to  CE.  But  the  ratio  of  K  to  M  is  that  which 
is  faid  to  be  compounded  ^  of  the  ratios  of  K  to  L,  and  L  ta  M*  c.A.Dcr.5<. 
"wherefore  alfo  K  has  to  M,  the 
ratio  compounded  of  the  ratios  of 
the  fides,   and  becaufe  as  BC  to 
CG,  fo  is  the  parallelogram  AC  to 

the  parallelogram  CH  ^ ;  but  as  BC        -P  \   ^\        \  d.i.€. 

to  CG,  fo  is  K  to  L;  therefore  K  is 

*  to  L,  as  the  parallelogram  AC  [         [  \        \         e.  n.  5^ 

to  the  parallelogram  CH.  again, 
becaufe  as  DC  to  CE,  fo  is  the  pa- 
rallelogram CH  to  the  parallelo-  KLM. 
gram  CF;  but  as  DC  to  CE,  fo  is  L  to  M  j  wherefore  L  is  ^  to  M, 
as  the  parallelogram  CH  to  the  parallelogram  CF-  therefore  fmcc 
it  has  been  proved  that  as  K  to  L,  fo  is  the  parallelogram  AC  to 
the  parallelogram  CH ;  and  as  L  to  M,  fo  the  parallelogrgm  CH 
to  the  parallelogram  CF  5  ex  aequali  f,  K  is  to  M,  as  the  parallelo-  f.  »».  f* 
gram  AC  to  the  parallelogram  CF.  but  K  has  to  M  the  ratio  which 
is  compounded  of  the  ratios  of  the  fides*,  therefore^  alfo  the  paral- 
lelogram AC  has  to-  the  parallelogram  CF  the  ratio  which  is  coiA- 
|>ounded  of  the  ratios  of  the  fides.     Wherefore  equiangular  pa-' 
rallelograms^  &c.     Q^  E.  D. 

PROP,   XXIV.     THE  OR. 

* 

THE  parallelograms  about  the  diameter  of  any  pi-  «cc  wL- 
rallclogram,  are  fimilar  to  the  whole,  and  to  one 
another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diametef  is  AC;: 
and  EG,  HK  the  parallelograms  about  the  diameter,  the  parallelo- 
gramsEG,  HK  are  fimilar  both  to  the  whole  parallelogram  ABCD, 
and  to  one  another. 

Becaufe  DC,  GF  are  parallels,  the  angle  ADC  is  cqXial  *  to  the  a.  1^;  iv 
angle  AGF.  for  the  lame  rcafon,  becaufe  BC,  Ef  are  parallels,  the 


/ 


174  tHEELEMENTS 

Book  VI.  afiigle  ABC  is  equal  to  the  angle  AEF.   and  each  of  the  angW 

K^y^sJ  BCD,  EFG  h  equal  to  the  oppolitc  angle  DAB  *>,  and  therefore  arc 

t>.  34.  X.     equal  to  one  another;  wherefore  the  parallelograms  ABCD,  AEFGf' 

arc  equiangular,  and  becaufe  the  angle  ABC  is  equal  to  the  angle 

AEF,  and  the  angle  BAC  common  to  the  two  triangles  BAC,EAF, 

they  are  equiangular  to  one  another ;  • 

c.  4-  ^-        therefore  *^  as  AB  to  BC,  fo  is  AE  to        A.     lEi  JB 

EF.  and  becaufe  the  oppoiite  fides  of         / 
parallelograms  arc  equal  to  one  ano-    f*  I 
^.  7.  S'      ther  *>,  AB  is  ^  to  AD,  as  AE  to  AG ;         ^ 
and  DC  to  CB,  as  GF  to  FE;  and  alfo 
CD  to  DA,  a$  FG  to  GA.  therefore 
the  fides  of  the  parallelograms  ABCD, 
AEFG  about  the  equal  angles  are  pro- 

e.  i.Dcf.ff.  portbnals ;  and  they  are  therefore  fimilar  to  one  another  *.  for  the' 

fame  rcafon,  the  parallelogram  ABCD  is  fimilar  to  the  parallelo^ 
gram  FHCK.  Wherefore  each  of  the  parallclogiams  GE,  KU 
is  fimilar  to  DB.   but  reftilineal  figures  which  are  fimilar  to  the 

f.  ai.  6.      fame  rectilineal  figure,  are  alfo  fimilar  to  one  another  f,  therefore 

the  parallelogram  GE  is  fimilar  to  KH,  Wlierefore  the  parallclo*' 
grams,  ^c'    (^  E.  D. 

fROP.    XXV.      PROB. 

SecN.       'TT'O  defcribe  a  reftilincal  figure  which  fhall  be  fimi- 
-*-      lar  to  one,  and  equal  to  another  given  rcclilincaf 
figure. 

Let  ABC  be  the  given  re<?Hlineal  figure,  to  which  the  figure  ta* 
be  defcribed  is  required  to  be  fimilar,  and  D  that  to  which  it  muft 
be  equal.     It  is  required  to  defcribe  a  rcftilineal  figure  fimilar  to' 
ABC  and  equal  to  D. 
fe.CQr.45.1.       Upon  the  ftraight  line  BC  defcribe  ■  the  parallelogram  BE  equal' 
to  the  figure  ABC  5  alfo  upon  CE  defcribe  "  the  parallelogi'am  ClNf 
equal  to  D,  and  having  the  angle  FCE  equal  to  the  angle  CBL; 
b.  j^'^'  therefore  EC  and  CF  are  in  a-  ftriight  line  *>,  as  alfo  LE  and  EM.- 
€.13,6.      between  BC  and  CF  find  ^  a  mean  proportional  GH,  and  upon 

d.  i3.  6.     GH  defcribe  ^  the  reftilineal  figure  KGH  fimilar  and  fimilarly 

fituated  to  the  figure  ABC.  and  becaufe  BC  is  to  GH,  as  GH  to-' 

^         CF,  and  if  three  ftraight  lines  be  proportionals,  as  the  firft  is  to- 
es. Cor.  20.         ',  ^  ,       ^  t     ^   fy  y      n     '\  i  /•     -i '    i 

c         the  third,  fo  is  *  the  figure  upon  the  nru  to  the  fimilar  and  fimilarl]^ 
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defcribed  figure  upon  the  fecond ;  therefore  as  BC  to  CF,  fo  is  tfic  Book  VI. 
reftilineal  figure  ABC  to  KGH.  but  as  BC  to  CF,  fo  is  t  the  pa.  K^rv^^ 
rallelogram  BE  to  the  parallelogram  EF.  therefore  as  the  re6lilineal  ^«  «•  ^* 
figure  ABC  is  to  KGH,  to  is  the  parallelogram  BE  to  the  paral- 
lelogram £F  *.  and  the  reftilineal  figure  ABC  is  equal  to  the  pa-  ^,  n.  5.- 


rallelogram  BE ;  therefore  the  reAilineat  figure  KGH  is  equal  ^  h.  14^  $• 
to  the  parallelogram  EF.  but  EF  is  equal  to  the  figure  D,  where- 
fore alfo  KGH  is  equal  to  D  ;  and  it  is  fimilar  to  ABC.    Therefore 
the  reftilineal  figure  KGH  nas  been  defcribed  fimilar  to  the  fi- 
gure ABC,  and  equal  to  D.     Which  was  to  be  done. 

PROP.    XXVI.     THEOR. 
TF  two  fimilar  parallelograms  have  a  common  angle, 
■*•     and  be  fimilarly  fituated ;  they  are  about  the  fame 
diameter^ 

Let  the  parallelograms  ABCD,  AElFG  be  fimilar  and  frmilnrly 
fituated,  and  have  the  angle  DAB  common.  a\BCD  and  AEFGr 
are  about  the  lame  diameter. 

For  if  not,  let,  if  poflible,  the 
parallelogram  BD  have  its  diame- 
ter AHC  in  a  different  ftraight  line 
from  AF  the  diameter  of  the  paral- 
lelogram EG,  and  letGFmect  AHC 
in  Hi  and  thro* H draw HK  parallel 
to  AD  or  BC.  therefore  the  paral- 
klpgrams  ABCD,  AKHG  being 
about  the  fame  diameter,  they  are  fimilar  to  one  another  V  where-  1. 14.  ^. 
fore  as  DA  to  AB,  fo  is  «>  GA  to  AK.  but  bccaufe  ABCD  and  b..i.Dcf.tf. 
AEFG  are  fimilar  parallelofframs,  as  DA  is  to  AB  fo  is  GA  to  AE. 


c.  iz.  s 
4.  9.  5' 
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ioot  VI.  therefore  *  as  G A  to  AE,  fo  GA  to  AK ;  wherefore  GA  has  ike 
fame  ratio  to  each  of  the  ftraight  lines  AE,  AK;  and  confequendy 
AK  is  equal  <^  to  AE,-  the  lefs  to  the  greater,  wliich  is  impoffibic. 
therefore  ABCD  and  AKHG  are  not  about  the  fame  diameter  ; 
wherefore  ABCD  and  AEFG  muft  be  about  the  fame  diameter. 
Therefore  if  two  fimilar,  &c.     Q^  E.  D, 

*  To  undcrftand  the  three  following  propoCdons  more  eafily,  it 
^  is  to  be  obferved, 

^  I .  That  a  parallelogram  Is  faid  to  be  applied  to  a  ftraight  line, 

*  when  it  is  defcribed  upon  it  as  one  of  its  fides.     Ex.  gr.  the  pa«< 

*  rallelogram  AC  is  faid  ta  be  applied  to  the  ftraight  line  AS. 

*  2.  But  a  pandklogJ-am  AE  is  faid  to  be  applied  to  a  ftraight 

*  line  AB,  deficient  by  a  parallelogram,  when  AD  the  bafc  of  AE  is 

*  lefs  than  AB,  and  therefore  AE 

*  is  lefs  than  the  parallelogram  AC 

*  defcribed  upon  AB  in  the  fame 
'  angle,  and  between  the  fame  pa- 
*"  raliels,  by  the  parallelogram  DC ; 
^  and  DC  is  therefore  called  the  j\^ 
«  defcft  of  AE. 

*  3.  And  a  parallelogram  AG  is  faid  to  be  applied  to  a  ftraight 
^  line  ABy  exceeding  by  a  parallelogram,  when  AF  the  bafc  of 

*  AG  is  greater  than  AB,  and  therefore  AG  exceeds  AC  the  pa- 
*'  Fallelogram  defcribed  upon  AB  in  the  fame  angle,  and  between- 
'  the  fame  parallels,  by  the  parallelogram  BG.' 


Jl  c      a 


JD  B       i* 


teeN. 


f  R  O  P.  XXVn.    T  H  E  O  Ht. 

II F  all  parallelograms  applied  to  the  fame  ftraight" 
^^  line,  and  deficient  by  parallelograms  fimilar  and 
fimilarly  fituated  to  that  which  is  defcribed  upon  the 
half  of  the  line  ;  that  which  is  applied  to  the  half,  and' 
is  iimilar  to  its  defect,  is  the  greateft. 

Let  AB  be  a  ftraight  line  divided  into  two  equal  parts  in  C;  and- 
let  the  parallelogram  AD'be  applied  to  the  half  AC,  which  is  there-- 
fore  deficient  from  the  parallelogram  upon  the  whole  line  AB  by  the 
parallelogram  CE  upon  the  other  half  CB.  of  all  the  parallelograms* 
applied  to  any  other  parts  of  AB  aad  deficient  by  parallelogrsum^' 
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b.  43.  !• 


A       CK  B 


c.  16,  f. 


that  arc  fimilar  and  fimilarfy  fituated  to  CE,  AD  is  the  greatcft.  Book  vf. 

Let  AF  be  arty  parallelogram  applied  to  AK  any  other  part  of 
AB  than  the  half,  fo  as  to  be  deficient  from  the  parallelogram 
ftpon  the  whole  line  AB  by  the  parallelogram  KH  fimilar  and 
fimilarly  fituated  to  CE  5  AD  is  greater  than  AF. 

Firft,  Let  AK  the  bafe  of  AF  be  greater  than  AC  the  half  of 
AB ;  and  bccauft  CE  is  fimilar  to  the 
parallelogram  TSU^  they  are  about  the 
fame  diameter  *. .  draw  their  diameter 
DB,  and  complete  the  fcheme.  becaufe 
the  parallelogram  CF  is  equal  *>  to  FE, 
add  KH  to  both,  therefore  the  whole 
CH  is  equal  to  the  whole  KE.  but  CH 
is  equal  *  to  CG,  becaufe  the  bafe  AC 
IS  equal  to  the  bafe  CB ;  therefore  CG 

h  equal  to  KE.  to  each  of  thefe  add  CFj  then  the  whole  AF  is 
equal  to  the  gnomon  CHL.  thefefore  CE  or  the  parallelogram 
AD  if  greater  than  the  parallelogram  AF. 

Next,  Let  AK  the  bafe  of  AF  be  left  than  AC,  and,  the  fame 
tonftruftion  being  made,  the  paral- 
lelogram DH  is  equal  to  DG  *^,  for 
HM  is  equal  to  MG  **,  becaufe  BC 
lis  equal  to  CA  ;  wherefore  DH  is 
greater  than  LG.  but  DH  is  equal  * 
to  DK;  therefore  DK  is  greater 
than  LG.  to  each  of,  thefe  add 
AL;  then  the  whole  AD  is  great- 
er than  the  whole  AF.  Therefore 
of  all  parallelograms  applied,  &c. 
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^^-'"^^'^^  PROP.  XXVnl.     PROB. 

See  N.  nnO  a  given  ftraight  line  to  apply  a  parallelogram 
•^  equal  to  a  given  rcftilineal  figure,  and  deficient 
by  a  parallelogram  fimilar  to  a  given  parallelogram,  but 
the  given  rectilineal  figure  to  which  the  parallelogram 
to  be  applied  is  to  be  equal,  muft  not  be  greater  than 
the  parallelogram  applied  to  half  of  the  given  line  hav- 
ing its  defect  fimilar  to  the  defeft  of  that  which  is  te 
be  applied ;  that  is,  to  the  given  parallelogram. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  rcftilineal 
figure,  to  which  the  parallelogram  to  be  applied  is  required  to  be 
equal,  which  figure  muft  not  be  greater  th«i  the  parallelogram  ap- 
plied to  the  half  of  the  line  having  its  defcft  from  that  upon  the 
whole  line  fimilar  to  the  defeft  of  that  which  is  to  be  applied;  and 
let  U  be  the  parallelograia  to  which  this  defc6l  is  required  to  be 
fimilar.  It  is  required  to  apply  jj-  ^  rv  12^ 
a  parallelogram  to  the  ftraight  -~-  ^^  U  X 
line  AB,  whkb  ftiall  be  equal 
to  the  figure  C,  and  be  deficient 
from  the  parallelogram  upon 
ihe  whole  Hoe  by  a  parallelo- 
gram fimilar  to  D« 

Divide  AB  into  two  equal 
parts  *'ia  the  point  E,  and  upon 
EB  dcfcrifee  the  parallelogram 
EBFG  fimilar  ^  and  fimilarly 
fituatcd  to  D,  and  complete  the 
parallelogram  AG,  which  muft 

either  be  equal  to  C,  or  greater  than  it,  by  the  determination,  and  if 
AG  be  equal  to  C,thenwhatwas  required  is  already  done;  for  upoir 
the  ftraight  line  AB  the  parallelogram  AG  is  applied  equal  to  the 
figure  C,  and  deficient  by  the  parallelo^tm  EF  fimilar  to  D.  but 
if  AG  be  not  equal  to  C,  it  is  greater  than  it ;  and  EF  is  equal  to 
«.  15.  tf.  AG,  therefore  EF  alfo  is  greater  than  C.  Make  *  the  parallelogran* 
KLMN  equal  to  the  cxcefs  of  EF  above  C,  and  fimilar  and  fimi- 
larly fituated  to  D ;  but  D  i$  iiimlai:  (q  £F^  therefore  ^  alfo  KM  is> 


t.   lo.  I. 


b.  1 8.  6. 


d.  M.  tf. 
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iimilar  to  £F.  let  KL  be  the  homologous  fide  to  EG,  and  LM  to  Book  V( 
GF.  and  becaufe  EFis  equal  to  C  and  KM  together,  £F  is  greater 
than  KM;  therefore  the  ftraight  line  EG  is  greater  than  KL,  and 
GF  than  LM.  make  GX  equal  to  LK,  and  GO  equal  to  LM, 
and  complete  the  parallelogram  XGOP.  therefore  XO  is  equal  and 
fuAilar  to  KM ;  biit  KM  is  fimtlar  to  EF ;  wherefore  alfo  XO  is 
Iimilar  to  EF,  and  therefore  XO  and  EF  are  about  the  fame  dia- 
meter  *.  let  GPB  be  their  diameter,  and  complete  the  fchcme.  then 
becaufe  EF  is  eqaal  to  C  and  KM  together,  and  XO  a  part  of  the 
one  is  equal  to  KM  a  part  of  the  other,  the  remainder,  viz.  the 
gnomon  ERG  Is  equal  to  the  remainder  C.  add  becaufe  OR  is 
equal  ^  to  XS,  by  adding  SR  to  each,  the  v^hole  OB  is  equal  to 
the  whole  XB.  but  XB  is  equal  «  to  TE,  becaufe  the  baic  AE 
IS  equal  to  the  bafe  EB;  wherefore  alfo  TE  is  equal  to  OB.  add 
XS  to  each,  then  the  whole  TS  is  equal  to  the  iiPhole,  viz.  to 
the  gnomon  ERO.  but  it  has  been  proved  that  the  gnomon  ERO 
is  equal  to  C,  and  therefore  alfo  TS  is  equal,  to  C.  Whcjrcfore 
the  parallelogram  TS  equal  to  the  given  re^Wineal  figure  C,  is 
applied  to  the  given  ftraight  line  AB  deficient  by  the  p.irallelo- 
gi'am  SR  is  fimilar  to  the  given  one  D,'becaufe  SR  is  fimilar  to 
EF  K    Which  was  to  be  done.  i»- 14.  ^. 


5.  3^.  1. 


PROP.   XXIX.     P  R  O  B. 

TO  a  given  ftraight  line  to  apply  a  parallelogram 
equal  to  a  given  reftilineai  figure,  exceeding  by 
a'  parallelogram  fimilar  to  another  given. 

Let  AB  be  the  ^ven 
ftraight  line,  and  C  the 
given  reftilincal  figure 
to  which  the  parallelo* 
gram  to  be  appGed  is 
required  to  be  equal, 
and  D  the  parallelo- 
gram to  which  the  ex- 
cefs  of  the  one  to  be 
applied  above  that  up- 
on the  given  line  is  re- 
<|«ired  to  be  fimilar. 
It  is  required  to  apply 

M   a 


See  N. 
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Book  VI«  a  parallelogram  to  the  given  ftraight  line  AB  which  fliall  be  equal  to 
^^yy\J  the  figure  C,  exceeding  by  a  parallelogram*  fimilar  to  D. 

Divide  AB  into  two  equal  parts  in  the  point  £,  and  upon  £B 

a.  is.  6.     defcribe  *  the  parallelogram  £L  fimilar  and  fimikriy  fituated  to  D< 

b.  as-  f*     and  make  ^  the  parallelogram  GH  equal  to  £L  and  C  together,  and 
c*  »i.  tf.      fimilar  and  fimilarly  fituated  to  D;  wherefore  GH  is  fimilar  to  £L®^ 

let  KH  be  the  fide  homologous  to  FL>  and  KG  to  F£.  and  becauie 
the  paialleiogram  GH  is  greater  than  EL,  therefore  the  fide  KH  is 
greater  than  FL,.and  KG  than  F£.  produce  FL  and  F£,  and  make 
FLM  equal  to  KH,  and  FEN  to  KG,  and  complete  the  paralleU 
ogram  MN.    MN  it  .^^ 

therefore    equal    and        ^  ^  \  ^^- 

fimilar  ta  GH$  but 
GH  is  fimilar  to  £L.j 
wherefore  MN  is  fi- 
milar  to  EL,  and  con- 
fequendy  EL  and  MN 
,  are  about  the  fame  dia- 

a.  xs,  6.  meter  ^.  draw  their  di- 
.ameter  FX,  and  com- 
plete the  fcheme.  there- 
fore fince  GH  is  equal 
to  £L  and  C  together, 
and  that  GH  is  equal  to  MN  5  MN  is  equal  to  EL  and  C.  take 
away  the  common  part  EL;  then  the  remainder,  viz.  the  gnomon 
NOL  is  equal  to  C.  and  becaufe  AE  is  equal  to  EB,  the  parallel- 

e.  j6.  r.      ogram  AN  is  equal  *  to  the  parallelogram  NB,  that  is  to  BM  ^ 

f .  4S  I-      ^dd  NO  to  each  y  therefore  the  whole,  viz.  the  parallelogram  AX 

is  equal  to  the  gnomon  NOL.  but  the  gnomon  NOL  is  equal  to 
C  ;  therefore  alfo  AX  is  equal  to  C.  Wherefore  to  the  flraight 
line  AB  there  is  applied  the  parallelogram  AX  equal  to  the  given 
reftilineal  C,  exceeding  by  th©  parallelogram  PO,  which  is  fimilar 
p  »4.  tf.     'o  ^>  becaufe  PO  is  fimilar  to  EL  •.    Which  was  to  be  done. 


T 


PR  O  P.  XXX.     P  R  O  B. 
O  cut  a  given  ftraight  line  in  extreme  and  mean' 


ratio. 


Let  AB  be  the  given  flraight  line  ^  it  is  required  to  cut  it  in 
csureme  and  mean  ratio. 
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k  ip.  tf« 


Upon  AB  dcfcribc  •  the  fquarc  BC,  and  to  AC  apply  the  paral-  Book  VI 
klogram  CD  equal  to  BC  exceeding  by  the  figure  AD  fimilar  to 
BC  K  but  BC  is  a  fquare,  therefore  alfo  »•  4«- » 

AD  Is  a  (quare.  and  becayie  BC  is  equal         f      ■>■■   yD 
to  CD,  by  taking  the  common  part  CE 
from  each,  the  remainder  BF  is  equal  to 
the  remainder  AD.  and  thefe  figures  are    A, 
equiangular,  therefore  their  fides  about 
the  equal  angles  are  reciprocally  propor- 
tional ^.  wherefore  as  FE  to  ED,  fb  AE 
to  EB.  but  FE  is  equal  to  AC  «J,  that  is 
to  AB;  and  ED  is  equal  to  AE.  there-     fj 
fore  as  BA  to  AE,  fo  is  AE  to  EB.  but 
AB  is  greater  than  AE;  wherefore  AE  is  greater  than  EB«.  there*  c.  14  y. 
fore  the  ftraight  line  AB  is  cut  in  extreme  and  mean  ratio  in  E  f.  f.  j.Dcf.  s. 
Which  was  to  be  done* 

Otherwife, 

Let  AB  be  the  given  ftraight  line ;  it  is  required  to  cut  it  in 
extreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  fo  that  the  reftangic  contained  by 

AB,  BC  be  equal  to  the  fquare  of  AC  '.  then  ^ j.  "•  »f 

becaufe  the  reftangle  AB,  BC  is  equal  to  the    A  OR 

fquare  of  AC,  as  BA  to  AC,  fo  is  AC  to 

CB  ^.  therefore  AB  is  cut  in  extreme  and  mean  ratio  ihCf.    Which  b.  17.  f. 
was  to  be  done. 


PROP-   XXXr.     THEOR- 

TN  right  angled  triangles  the  reftilineal  fig;nrc  defcrib-  Sec  i>f, 
^    ed  upon  the  fide  oppofitc  to  the  right  angle,  is  e- 
qual  to  the  fimilar,  and  fimilarly  defcribed  figures  upon 
the  fides  containing  the  right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAC  the  reAilineal  figure  defcribed  upon  BC  is  equal  to  the  fimi- 
lar and  fimilarly  defcribed  figures  upon  BA,  AC. 

Draw  the  perpendicular  AD;  therefore  becaufe  in  the  right  aUf 
gled  triangle  ABC,  AD  is  drawn  from  the  right  angle  at  A  perpen^f 
dicular  to  the  bale  BC,  the  triangles  ABD,  ADC  are  fimilar  to  the 
whole  triangle  ABC|  and  to  one  another*,  and  becaufe  the  triangle  i.  9.  |, 
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Sec  N. 


»■  xp.  s. 


Book  vr.  ABC  is  fimUar  to  ABD,  as  CB  to  BA,  fo  is  BA  to  BD  K  an4  bc- 
O^Y'O  cauie  thcfc  three  ftraight  lines  are  proportioDals,  as  the  firft  to  tde 
^'  4. 6'       third,  fo  is  the  figure  upon  the  firft  to  the  ilmilar,  and  Similarly  de- 
fcribcd  figure  upon  the  fc- 

c.  a.  Cbr.  cond  *.  therefore  as  CB  to 
*••  ^'     BD,  fo  is  the  figure  upon  CB 

to  the  fimilar  and  fimilarly 
defcribed  figure  upon  BA* 

d.  B.  5.      and,  inverfely  <,  as  DB  to 

BC,  fo  is  the  figure  upon 
B  A  to  that  upon  BC.  for  the 
fame  rcafon,  as  DC  to  CB, 
fo  is  the  figure  upon  CA  to  that  upon  CB.  Wherefore  as  BD  and 
DC  together  to  BC,  fo  arc  the  figures  upon  BA,  AC  to  that  upon 
BC*=.  but  BD  and  DC  together  are  equal  to  BC.  Therefore  the 
figure  defcribed  on  BC  is  equal  f  to  the  fimilar  and  fimilarly  defcrib- 
ed figures  on  BA,  AC.  Wherefore  in  right  angled  triangles,  &c. 
Q^E.  D. 

PROP.    XXXII.     T  H  E  O  R. 

TF  two  triangles  which  have  two  fides  of  the  one  pro-  ' 
•^  portional  to  two  fides  of  the  other,  be  joined  at  one 
angle  fo  as  to  have  their  homologous  fides  parallel  to  one 
another ;  the  remaining  fides  ihall  be  in  a  flraight  line. 

Let  ABC,  DCE  be  two  triangles  which  have  the  two  fides  BA, 
AC  proportional  to  the  two  CD,  t)E,  viz.  BA  to  AC,  as  CD  to 
DE;  and  let  AB  be  parallel  to  DC,  and  AC  to  DE.  BC  and  CE 
are  in  a  fl:raight  line. 

Becaufe  AB  is  parallel  to  a 
DC,  and  the  ftraight  line  ^^ 
AC  meets  them,  the  alter- 
nate angles  BAC,  ACD  are 
equal  ■ ;  for  the  fame  rcafon 
the  angle  CDE  is  equal  to 
the  angle  ACD  ;  wherefore 
alfo  BAC  is  equal  to  CDE. 
and   becaufe    the    triangles 

ABC,  DCE  have  one  angle  at  A  equal  to  one  at  D,  and  the  fides 
about  thefe  angles  proportionals,  viz;  BA  no  AC,  as  CD  to  DE, 
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die  tiiingie  ABC  is  equiangular  ^  to  DCE.  therefore  the  angle  Book  Vf. 
ABC  is  equal  to  the  angle  DC£.  and  the  angle  B AC  was  proved  V^xw^ 
to  be  equal  to  ACD.  therefore  the  whole  angle  ACE  is  equal  to  ^'  ^-  ^* 
the  two  angles  ABC^  BAC.  add  the  common  angle  ACB,  then  the 
angles  ACE,  ACB  are  equal  to  the  angles  ABC,  BAC,  ACB.  but 
ABC,  BAC,  ACB  are  equal  to  two  right  angles  ^ ;  therefore  alfb  9  }».  z. 
the  angles  ACE,  ACB  are  equal  to  two  right  angles,  and  fince  at 
th«  point  C  iu'the  flraight  line  AC,  the  two  flraight  lines  BC,  CE, 
which  are  on  the  oppofite  ildes  of  it,  make  the  adjacent  angles 
ACE,  ACB  equal  to  two  right  angles  5  therefore  <*  BC  and  CE  are  a.  14. 1. 
in  a  flraight  line.     Wherefore  if  two  triangles,  &c.     Q^  E.  D. 


PROP.xxxrn.  theor. 

TN  equal  circles,  angles  whether  at  the  centers  or  cir-  Sce  n. 

cumferenccs  have  the  fame  ratio  which  the  circum- 
ferences on  which  they  ftand  have  to  one  another,  fo 
alfo  have  the  feftors. 


Let  ABC,  DEF  be  equal  circles;  and  at  their  centers  the 
angles  BGC,  EHF,  and  the  angles  BAC,  EDF  at  their  circumfe- 
rences, as  the  circumference  BC  to  the  circumference  f  F,  fo  is  the 
angle  BGC  to  the  angle  EHF,  and  the  angle  BAC  to  the  angle 
EDF;  and  alfo  the  feftor  BGC  to  the  feftor  EHF. 

Take  any  numbet  of  circumferences  CK,  KL  each  equal  to  BC, 
and  any  number  whatever  FM,  MN  each  equal  to  EF ;  and  join 
GK,  GL,  KM,  HN.    Becaufe  the  circumferences  BC,  CK,  KL  are 


i|ll  equal,  the  angles  BGC,  CGK,  KGL  are  alfo  all  equal  ■.  thert-  a.  xj.  |, 
fore  what  multiple  foever  the  circumference  BL  is  of  the  circumfe- 
rence BC,  the  fame  muldple  is  the  angle  BGL  of  the  angle  BGC. 
for  the  fame  retfon,  whatever  multiple  the  circumference  EN  is  of 

^  M  4 
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Book  V|.  the  drcumfereoce  EF,  the  fame  loultiple  is  the  angle  EHN  of  the 
angle  EHF.  and  if  the  circumference  6L  be  equal  to  the  drcumfe* 
rence  EN,  the  angle  BGL  is  alfo equal  •  to  the  angle  EHN;  and  if 
the  circumference  BL  be  greater  than  EN,likewife  the  angle  BGL 
is  greater  than  EHN;  and  if  lefs,  lefs.  there  being  then  four  magni- 
tudes, the  two  circumferences  BC,  EF,  and  the  two  angles  BGC, 
EHF ;  of  the  circumference  BC,  and  of  the  angle  BGC,  have  beea 
taken  any  equimultiples  whatever,  viz.  the  circumference  BL,  and 
the  angle  BGL ;  and  of  the  circumference  EF,  and  of  the  angle 


E     Y 


EHF,  any  equimultiples  whatever,  viz.  the  circumference  EN,  and 
the  angle  LHN.  and  it  has  beeii  p^-oved  that  if  the  circumference  BL 
be  greater  than  EN,  the  angle  BGL  is  greater  than  EHN;  and  if 
equal,  equal ;  and  if  lefs,  lefs.  as  therefore  the  circumference  BC 

b.s.Def.  s.  to  the  circumference  EF,  fo  •>  is  the  angle  BGC  to  the  angle  EHF. 

t.  15.  s.     but  as  the  angle  BGC  is  to  thic  angle  EHF,  fo  is  ^  the  angle  BAC  to 

4.  xo.  3.  the  angle  EDF,  for  each  is  double  of  each  <*.  therefore  as  the  cir- 
cumference BC  is  to  EF,  Co  is  the  angle  BGC  to  the  angle  EHF, 
and  the  angle  BAC  to  the  angle  EDF, 

Alio,  as  the  prcumference  BC  to  EF,  fo  is  the  fcftor  B(jC  to 
the  feclor  EHF* '  join  BC,  CK,  and  in  the  circumferences  BC,  CK 
take  any  points  X,  O,  and  join  BX,  XC,  CO,  OK.  then  becaufe  iu 
the  triangles  GBC,  GCK  the  two  fides  BG,  CC  are  equal  to  the  two 

c.  4.  X.       CG,  GK,  and  that  they  contain  equal  angles ;  the  bafe  BC  is  equal  ^ 

'   -  to  the  bafe  CK,  and  the  triangle  QBC  to  the  triangle  GCK.  and 

becaufe  the  circumference  BC  is  equal  to  the  circumference  CK,  the 
remaining  part  of  the  whole  circumference  of  the  circle  ABC,  is 
equal  to  the  remaining  part  of  the  whole  circumference  of  the  fame 
circle,  wherefore  the  angle  BXC  is  equal  to  the  angle  COK  * ;  and 

f.ii.Dcf.j.  the  fegmcnt  BXC  is  therefore  fimilar  to  the  fcgment  COK  f^ ;  and 
they  are  upon  equal  Araight  lines  BC,  CK.  but  fimilar  fegments  of 

^  24. 3.     circles  upon  equal  Araight  lines,  are  equal  >  to  one  another,  there- 
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fore  the  fegmcBt  BXO  is  equal  to  the  iegment  COK.  and  the  tri-  Book  V|. 
angle  BGCis  equal  to  the  triangle  CGK;  therefore  the  whole,  the 
fcdlor  BGC  is  equal  to  the  whole,  the  feftor  CGK,  for  the  fame 
reafon  the  fedor  KGL  is  equalto  each  of  the  fedors  BQC,  CGK. 
in  the  fame  manner  the  feAors  EHF,  FHM,  MHN  may  be  proved 
equal  to  one  another,  therefore  what  multiple  Ibever  the  circumfe- 
rence BL  is  of  the  circumference  BC,  the  fame  multiple  is  the  fe£tor 
BGL  of  the  feAor  BGC.  for  the  fame  reaibn,  whatever  multiple 
the  circumference  £N  is  of  EF,  the  fame  multiple  is  the  fedtor  £HN 
of  the  (e&ov  £HF.  and  if  the  circumference  BL  be  equal  to  £N» 
the  f&^or  BGL  is  equal  to  the  feflor  EHN ;  and  if  the  circumfe- 


rence BL  be  greater  than  EN,  the  feftor  BGL  is  greater  than  the 
fedtor  EHN ;  and  if  lefs,  lefs.  fmce  then  there  are  four  magnitudes, 
the  two  circumferences  BC,  £F,  and  the  two  fcftors  BGC,  EHF, 
and  of  the  circumference  BC  and  feftor  BGC,  the  circumference 
BL  and  ietEtor  BGL  are  any  equimultiples  whatever ;  and  of  the 
circumference  EFimd  feftor  EHF,  the  circumference  EN  and  ftftor 
EHN  are  any  equimultiples  whatever ;  and  that  it  has  been  proved 
if  the  circumference  BL  be  greater  than  EN,  the  fe^Elcr  BGL  is 
greater  than  the  feAor  EHN  ;  and  if  equal,  equal ;  and  if  Icfs,  lefs« 
Therefore  *»  as  the  circumference  BC  is  to  the  circumference  EF,  lb  b.5.Def.|. 
is  the  feftor  BGC  to  the  ftftor  EHF.  Wherefore  in  equal  circles, 
&c.     Q^E.  D. 


SoeN. 
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P  R  O  P.  B.     T  H  E  O  R. 

IF  an  angle  of  a  triangle  be  bifeftcd  by  a  ftraight  line, 
which  likewife  cuts  the  bafe  ;  the  rcftangle  con^ 
tained  by  the  fides  of  the  triangle  is  equal  to  the  rec- 
tangle contained  by  the  fegments  of  the  bafe,  together 
with  the  fquare  of  the  ftraight  line  bifefting  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bifeftcd  by 
the  ftraight  line  AD ;  the  reftangle  BA,  AC  is  equal  to  the  rep- 
tangle  BD,  DC  together  with  the  fquare  of  AD. 

^  5. 4.  Defaibe  the  circle  *  ACB  about  the  triangle,  and  prodice  AD  to 

the  circumference  in  E,  and  join  EC.  then  bccaufe  the  angle  BAD 
is  equal  10  the  angle  C  A£,  and  the 

K  II.  3.  angle  ABD  to  the  angle  *>  AEC,  for 
they  are  in  the  fame  fegmcnt ;  the 
triangles  ABD,  AEC  are  equian- 
gular to  one  another,  therefore  as 

«.  4.  *•  B A  to  AD,  fp  is ""  EA  to  AC,  and 
coniequentlj  the  redlangle  BA,  AC 

d.  If.  6,     is  equal  ^  to  the  reftanglc  EA, 

le.  3-  »•        AD,  that  is  *  to  the  reftangle  ED, 

DA  together  with  the  fquare  of  E 

f.  35.  3.  AD.  but  the  reftangle  ED,  DA  is  equal  to  the  reftangle  f  BD, 
DC.  Therefore  the  reftangle  B  A,  AC  is  equal  to  the  reftangle  BD, 
DC  together  with  the  fquare  of  AD.  Wherefore  if  an  angle,  &c. 
(^E.  D. 


SeeK. 


PROP.  C.  THEOR. 
T  F  from  an  angle  of  a  triangle  a  ftraight  line  be 
-■-  drawn  perpendicular  to  the  bafe  ;  the  reftanglc 
contained  by  the  fides  of  the  triangle  is  equal  to  the 
reftangle  contained  by  the  perpendicular  and  the  dia- 
meter of  the  circle  defcribed  about  the  triangle. 

Let  ABC  be  z  triangle,  and  AD  the  perpendicular  from  the 
angle  A  to  the  bafe  BC ;  the  reftanglc  BA,  AC  is  equal  to  the 
reftangle  conuined  by  AD  and  the  diameter  of  the  circle  defcrib* 
ed  about  the  triangle. 


OP     EUCLID. 


167 

Book  Vr. 


Dcfcribc  •  the  circle  ACB  tbout 
Ac  tmngle,  aad  draw  its  diameter 
AE,  and  join  EC.  becaufe  the  right 
angle  BDA  is  eqnal  ^  to  the  angle 
ECA  in  a  femicirde,  and  the  angle 
ABD  to  the  angle  A£C  in  the  fame 
fegment^ ;  the  triangles  ABD,  A^C 
are  equiangular,  therefore  as  '  BA 
to  AD>  fb  it  £A  to  AC,  and  confe- 
^aently  the  reAangle  BA,  AC  is 
equal  *  to  the  rcftanglc  EA,  AD.  If  therefore  from  an  angle,  &c.  «•  '*•  *■ 
O.  E.  D. 


PROP.    D.     T  H  E  O  R. 

THE  rc<^a]igle  contained  by  the  diagonals  of  a  quar 
drilateral  infcribed  in  a  circle,  is  equal  to  both 
the  rectangles  contained  by  its  oppofite  iides. 

Let  ABCD  be  any  quadrilateral  infcribed  in  a  circle,  and  join 
AC,  BD ;  the  reftangle  contained  by  AC,  BD  is  equal  to  the  two 
rcftanglcs  contained  by  AB,  CD  and  by  AD,  BC  ♦. 

Make  the  angle  ABE  equal  to  the  angle  DBC ;  add  to  each  of 
thefe  the  common  angle  EBD,  then  the  angle  ABD  is  equal  to  the 
angle  EBC.  and  the  angle  BDA  is  equal  *  to  the  angle  BCE, becaufe  ».  ai.  3. 
they  are  in  the  fame  fegment ;  therefore  the  triangle  ABD  is  equi- 
angular to  the  triangle  BCE.  where- 
fore ^  as  BC  is  to  CE,  fo  is  BD  to  DA, 
and  confequently  the  reftangle  BC, 
AD  is  equal  *  to  the  redtangle  BD, 
CE.  again,  b«cauie  the  angle  ABE  is 
equal  to  the  angleDBC,  and  the  angle 
•BAE  to  the  angle  BDC,the  triangle 
ABE  is  equiangular  to  the  triangle 
BCD.  as  therefore  BA  to  AE,  fo  it 
BD  to  DC  5  wherefore  the  reftangle. 

B A,  DC  is  equal  to  the  reftangle  BD,  AE.  but  the  rcftangle  BC, 
AD  has  been  fhewn  equal  to  the  reftangle  BD,  CE;  therefore  the 
whole  reftanglc  AC,  BD  is  equal  to  the  reftangle  AB,  DC  togcthei 
with  the  reftangle  AD,  BC.  Therefore  the  reftanglc,  &c.  qTe.D. 

*  This  if  ft  Leonma  of  CI.  Ptolomacos  in  page  ^.  of  his  f^/<^^n  ovna^ig. 
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BOOK     XI. 


DEFINITIONS. 

A  I- 

SOLID  U  that  which  hath  length,  breadth,  and  thickneis, 

II. 
That  which  bounds  a  folid  is  a  fuperiicies. 

m. 

^  ftraight  line  is  perpendicular,  or  at  right  angles,  to  a  pLme, 
when  it  makes  right  angles  with  every  ftraight  line  meeting  it 
in  that  plane. 

IV. 

« 

A  plane  is  perpendicular  to  a  plane,  when  the  ftraight  lines  drawn 
in  one  of  the  planes  perpendicularly  to  the  common  (eAion  of 
the  two  planes,  are  perpendicular  to  the  other  plane. 

V. 

The  inc,lination  of  a  ftraight  line  to  a  plane  is  the  acute  angle  con* 
tained  by  that  ftraight  line,  and  another  drawn  from  the  point 
in  which  the  firft  line  meets  the  plane,  to  the  point  in  which  a 
perpendicular  to  the  plane  drawn  from  any  point  of  the  firft 
line  above  the  plane,  meets  the  fame  plane. 

VI. 

The  inclination  of  a  plane  to  a  plane  is  the  acute  angle  contained 
by  two  ftraight  lines  drawn  from  any  the  fame  point  of  their 
common  icAion  at  right  angles  to  it,  one  upon  ose  plane^  an^ 
the  other  upon  the  other  plane. 
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VII.  BadtXL 

Two  plaaes  are  iaid  to  have  the  fame,  of"  a  like  inclmadon  to  one 
aqpther,  'which  t^vo  other  planes  have^  whea  the  iaid  angles  of 
inclination  are  equal  to  one  another. 

vni. 

Parallel  planes  are  fnch  Mrhich  do  not  meet  one  another  tho'  pro- 
duced. 

IX. 
A  iblid  angle  is  that  which  k  made  by  the  meeting  of  more  than  SceK. 
two  plane  angles,  which  are  not  in  the  fame  plane,  in  one 
point 

X. 
'  The  tenth  Definition  is  omitted  for  reafons  given  In  the  M'otes.*    See  N. 

XI. 
Similar  folid  figures  are  fuch  as  have  all  (heir  folid  angles  equal,  Sc«  ^* 
each  to  each,  and  which  are  contained  hj  the  iame  number  of 
iimilar  planes. 

xn. 

A  Pyramid  is  a  folid  figure  contained  by  planes  that  are  conftituted 
betwixt  one  plane  and  one  point  above  it  in  which  they  iiieet. 

xin. 

A  Prifjn  is  a  folid  figure  contained  by  plane  figures  of  which  two 
that  are  oppofite^  are  equal,  fimilar,  and  parallel  to  one  another  ; 
and  the  others  parallelograms. 

XIV. 
A  Sphere  Is  a  folid  figure  defcribed  by  the  revolution  of  a  femi- 
circle  about  its  diameter,  which  remains  unmoved. 

XV. 
The  axis  of  a  fphere  is  the  fixed  flraight  line  about  which  the  fc- 
midrcle  revolves. 

*xvr. 

The  center  of  a  fphere  is  the  fame  with  that  of  the  femicircle. 

XVII. 
The  diameter  of  a  fphere  is  any  ftraight  line  which  pailes  thro' 

the  center,  and  is  terminated  both  ways  by  the  fuperficies  of 

the  fphere. 

xvm. 

A  Cone  is  a  folid  figure  defcribed  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  fides  containkig  the  right 
angle,  which -fide  remsuns  fixed. 
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Book  XI.  If  the  fixed  fide  be  equal  to  the  other  fide  containing  the  right 
angle,  the  Cone  is  called  a  right  angled  Cone ;  if  it  be  Itfs 
than  the  other  fide,  an  obtufe  angledy  and  if  greater,  an  acute 
angled  Cone. 

XIX. 
The  axis  of  a  Cone  is  the  fixed  ftraight  line  about  which'  the' 
triangle  revolvet. 

XX. 
The  bale  of  a  Cone  is  the  circle  defcribed  by  that  fide  containing^ 
the  right  angle,  which  revohres. 

XXI. 
A  Cylinder  is  a  folid  figure  defcribed  by  the  rerolution  of  a  right 
angled  parallelogram  about  one  of  its  fides  which  remains  fix- 
ed. 

XXII. 
The  axis  of  a  cylinder  is  the  fixed  ftraight  line  about  which  the 
parallelogram  rcrolves. 

XXUI. 
The  bafes  of  a  cylinder  are  the  circles  defcribed  by  the  two  re-' 
volving  oppofite  fides  of  the  paralldognun. 

XXIV. 
Similar  cooes  and  cy finders  are  thofe  which  have  tfaeir  axes  aad' 
the  diameters  of  their  bafes  proportionals. 

XXV. 
A  Cube  is  a  folid  figure  contained  by  fix  equal  fquares. 

XXVI. 
A  Tetrahedroii  is  a  folid  figure  contained  by  four  equal  and  equi- 
lateral triangles* 

XXVII. 
An  Oftahedron  is  a  folid  figure'  contained  by  eight  ecjnai  and' 
equilateral  triangles. 

XXVIII. 
A  Dodecahedron  is  a  folid  figure  contained  by  twelve  equal  pen« 
tagons  which  are  equilateral  and  equiangdlar. 

XXIX. 
An  Icofahedron  is  a  folid  figure  contained  by  twenty  equal  and 
equilateral  triangles. 

D  E  F/    A. 
A  Paralklei»ped  is  a  folid  figurer  contained  by  fix  quadrilaterals 
figures  whereof  every  oppofite  twa  are  parallel;- 
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Bobk  XU 
PROP.    L     THEOR.  ^s^^n^U 

/^NE  part  of  a  ftraight  line  cannot  be  in  a  plane  and  see  U^ 
^^  another  part  above  it. 

If  It  be  poffible,  let  AB  part  of  the  ftraight  line  ABC  be  in  the 
plane,  and  the  part  BC  above  it.  and  fince  the  ftraight  line  AB  is  ia 
the  plane,  it  can  be  produced  in  that 
plane,  let  it  be  produced  to  D.  and 

let  any  plane  pafs  thro'  the  ftraight  V  — -p^r*     ^ 

line  AD,  and  be  tnrned  aboBt  it  until    \^        Jg  TyK 

it  p^fs  thro'  the  point  C;  and  becanfe 
the  points  B,  C  are  in  this  plane,  the 

ftraight  line  BC  is  in  it  *.   therefore  there  are  two  ftraight  lines  n.y.lBktt/ 
ABC,  ABD  in  the  fame  plane  that  have  a  comsion  fegment  AB, 
which  is  impoiSblc  K     Therefore  one  part,  &c.    Q^  E.  D/  b.Cor,ii.n 


PROP.   11.     THEOR. 

TW  O  ftraight  lines  which  cut  one  another  are  in  see  K 
one  plane,  and  three  ftraight  lines  which  meet 
one  another  are  in  one  plane* 

Let  two  ftraight  lines  AB,  CD  cut  one  another  in  E;  AB,  CDi 
acre  in  one  plane,  and  three  ftraight  lines  EC,  CB,  BE  which  meet 
one  another,  are  in  one  plane. 

Let  any  plane  pafs  thro'  the  ftraight  line 
£B,  and  let  the  plane  be  turned  about  £B, 
produced  if  ncceflary",  until  it  pafs  thro'  the 
point  C.  then  becaufe  the  points  E,  C  arc 

hi  this  plane,  the  ftraight  line  EC  is  in  it\  ^/\  «.|.I>«ti. 

for  the  fame  reafon,  the  ftraight  Kne  BC  is 
in  the  fame ;  and,  by  the  Hypothecs,  EB  is 
in  it.  therefore  the  three  ftraight  lines  EC,  ^ 
CB,  BE  are  in  one  plane,  but  in  the  plane  ^ 

m  which  EC,  EB  are,  in  the  fame  are  ^  CD,  b.  x.  1  u 

AB.  therefore  AB,  CD  are  in  one  plane.    Wherefore  two  ftraight 
liaesy  &c.     Q^  E.  D 
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PROP.    m.     THE  OR. 


^  K.      TF  two  planes  cut  one  another,  their  common  fedionr 


A.to.As.1. 


is  a  ftraight  line. 


Let  two  planes  AB,  BC  cut  dne  another^  and  let  the  line  DB* 
I^e  tbdr  common  fc£tion ;  DB  is  a  Araight 
fine.  If  it  be  not,  from  the  p<nnt  D  to  B 
draw  in  the  plane  AB  the  fbnight  line 
i)EB,  and  ill  the  plane  BC  the  ftraight 
Hne  DFB.  then  two  ftraight  lines  DEB, 
DFB  have  the  fame  extremities,  and  there- 
fore include  a  fpacb  betwixt  them ;  which 
is  impollible  *.  therefore  BD  the  common 
fefiion  of  the  planes  AB,  BC  cannot  but 
be  a  ftraight  line.    Whcrefof-c  if  two  planes,  &c.   Q^E.  D- 


PROP.    TV.     tHEOR. 

See  K.       Tt  a  ftraight  line  fland  at  right  angles  to  each  of  two^ 

ftraight  lines  in  the  point  of  tlieir  interfcction,  it' 
fliall  alfo  be  at  right  angles  to  the  plane  which  paffcs 
through  them,  that  is,  to  the  plane  in  which  they  are. 

Let  the  ftraight  line  EF  ftand  at  right  angles  to  each  of  the 
ftraight  lines  AB,  CD  in  E  the  point  of  their  interfeftion.  EF  is 
alfo  at  right  angles  to  the  plane  paffing  thro'  AB,'  CD. 

Take  the  ftraight  lines  AE,  EB,  CE,  ED  all  equal  to  one  ano- 
ther; and  thro'  E  draw,  ifl  the  plane  in  which  are  AB,  CD,  any 
ftraight  line  GEH ;  and  join  AD,  OB;  then  from  any  point  F  in 
EF,  draw  FA,  FG,  FD,  FC,  FH,  FB.  and  bccaufe  the  two  ftraight 
lines  AE,  ED  are  equal  to  the  two  BE,  EC,  and  that  they  contain*^ 
ft.  If.  I.     equal  angles  •  AED,  BEC,  the  bafe  AD  is  equal  ^  to  the  bafc  BC, 

b.  4-  <«      and  the  angle  DAE  to  the  angte  EBC.  atid  the  angle  AEG  is  equal 

to  the  angle  BEH  * ;  therefore  the  triangles  AEG,  BEH  have  twa' 
angles  of  one  equal  to  two  angles  of  the  other,  each  to  each,  and  the 
fides  AE,  EB,  adjacent  to  the  equal  angles,  equal  to  one  another) 

c.  %€.  u     wherefore  they  ftiall  have  their  other  fides  equal  ^.  GE  is  therefore 
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equal  to  EH,  and  AG  to  BH.  and  bccaufe  AE  is  equal  to  EB,  and  Book  Xf. 
FE  common  and  at  right  angles  to  them,  the  bafc  AF  is  equal  *>  to 
•  the  bafe  FB;  for  the  fame  reafon  CF  is  equal  to  FD.   and  be-  b-  4- 
caufe  AD  is  equal  to  BC,  and  AF  to  FB,  the  two  fides  FA,'  AD 
are  equal  to  the  two  FB,  BC,  each  to  each  j 
and  the  bafe  DF  was  proved  equal  to  the 
bafe  FC ;  therefore  the  angle  FAD  is  e- 
(jual  *  to  the  angle  FBC.  again,  it  wa^ 
proved  that  AG  is  equal  to  BH,  and  alfo  j^ 
AF  to  FB }  FA  then  and  AG,  are  equal" 
to  FB  and  BH,  and  the  angle  FAG  has^ 
been  proved  equil  to  the  angle  FBH;^ 
therefore  the  bafe  GF  is  equal  ^  to  the 
bafe  FH.  again,  becaufe  it  wais  proved 
fhat  GE  is  equal  to  EH,  and  EF  is  com-yi 
mon;  GE,  EF  are  equal  to  HE,  EF ;  and-*^ 
the  bafe  GF  is  equal  to  the  bafe  FH  ;  therefore  the  angle  GEF 
is  equal  *  to  the  angle  HEF,  and  confequently  each  of  thcfc  angles 
is  a  fif^ht  *  angle,    Thertforc  FE  makes  right  angles  with  GH,  that  c,io,t)tUi 
is,  with  any  ffraight  line  drawn  thro'  E  in  the  plane  pafling  thro* 
AB,  CD.    In  like  manner  it  may  be  proved  that  FE  makes  righf 
angles  with  every  (iraight  line  which  meets  it  in  that'  plane.    But  a 
fir  light  line  is  at  right  angles  to  a  plane  when  it  makes  right  angles 
with  every  ftraight  line  which  meets  it  in  that  plane  f.  therefore  EF  f.3  D«f  H, 
is  at  right  angles  to  the  plane  in  which"  are  AB,  CD.    Wherefore 
ff  a  ftfaighf  line,  &c!.    Q^  E.  D* 


PRQP.  V.    THE  OR. 

TF  three  ftraight  lines  meet  all  in  one  point,  and  a  SccH, 

ftraight  line  ftands  at  right  angles  to  each  of  them 
in  that  point ;  thefc  three  ftraight  lines  are  in  one  and 
the  fame  plane. 

Lef  the  ftraight  Hfle  AB  itand  at  right  angles  to  each  of  the 
ftraight  lines  BC,  BD,  BE,  in  B  (he  point  where  they  meet;  BC, 
BD,  BE  are  in  one  and  the  fame  plane. 

If  not,  let.  If  it  be  poflible,  BD  and  BE  be  in  one  plane,  and  BC 
be  above  it  5  and  let  a  plane  pafs  through  AB,  BC,  the  common 
ftftion  of  which  with  the  plane,  in  which  BD  and  BE  are,  fhall  be  t 

N 


194 


TriE    ELEMENTS 


Book  XI.  ftralght  ■  line;  let  this  be  BF.  therefore  the  three  flraight  lines  AB, 
Vi^/^y-O  BC,  BF  are  all  in  one  plane,  viz.  that  which  pafles  thro'  AB,  BC. 

a.  3.  IX.     aiidbecaafe  ABflands  at  right  angles  toeachof  the  flraight  lines BD, 

b.  4-  ".     BE,  it  is  alfo  at  right  angles  ^  to  tlic 

plane  paffing  thro'  them;  and  there-     /i 
c^Def.xx.  fore  naakes  right  angles  *  with  every 
firaigbt  line  meeting  it  in  that  plane; 
but  BF  which  is  in  that  plane  meets 
It.  therefore  the  angle  ABF  is  a  right 
angle ;  but  the  angle  ABC,  by  the 
Hypothefis,  is  alfo  a  right  angle  ; 
therefore  the  angle  ABF  is  equal  10 
the  angle  ABC,  and  they  are  both 
in  the  fame  pJane,  w'hich  is  impofTible.  therefore  the  ftraight  line 
BC  is  not  above  the  plane  in  which  are  BD  and  BE.  wherefore 
the  three  flraight  lines  BC,  BD,  BE  are  in  one  and  the  fame  plane. 
Therefore  if  three  ftraight  lines,  &c.  (^  E.  D. 

P  R  O  P.  VI.     T  H  E  O  R. 
T  F  two  ftraight  lines  be  at  right  angles  to  the  fame 
plane,  they  fliall  be  parallel  to  one  another. 

Let  the  flraight  linej  AB,  CD  be  at  right  angles  to  the  fame 

plane ;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 

flraight  Kne  BD,  to  which  draw  DE  at  right  angles,  in  the  fame 

plane ;  and  make  DE  equal  to  AB,  and  ^  m 

join  BE,  AE,  AD.    Then  becaufe  AB  is   A^  '^ 

perpendicular  to  the  plane,  it  fhall  make 
»;i.Dcf.»i.  right  '  angles  with   every  flraight  line 

which  meets  it,  and  is  in  that  plane,  .but 

BD,  BE,  which  are  in  that  plane,  do  each 

of  them  meet  AB.  therefore  each  of  the 

angles  ABD,  ABE  is  a  right  angle,  for 

the  fame  reafon,  each  of  the  angles  CDBy 

CDE  is  a  right  angle,  and  bccaufe  AB  is 

equal  to  DE,  and  BD  common,  the  two 

fidet  AB,  BD,  are  equal  to  the  two  ED,D  B;  and  they  contain  right 
lr.'4- 1.      angles ;  therefore  the  bafc  AD  is  equal  ^  to  the  bafe  BE.  again,  bc- 
caufe AB  is  equal  to  DE,  and  BE  to  AD ;  AB,  BE  arc  equal  to  ED, 
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DA,  tnd,  in  the  triangles  ABE^  EDA,  the  bafe  AE  is  common  \  Book  xr. 
therefore  the  angle  ABE  is  equal  '  to  the  angle  EDA.  but  ABE  K^^^^n^j 
Js  a  right  angle;  therefore  EDA  is  alfo  a  right  angle,  and  ED  per-  c  «.  i. 
peddicolar  to  DA.  but  it  is  alfo  perpendicular  to  each  of  the  x.vto 
BD,  DC.  wherefore  ED  is  at  right  angles  to  each  of  the  three 
toaight  lines  BD,  DA,  DG  in  the  point  in  which  they  meet,  there- 
fore thefe  three, ftraight  lines  arc  all  in  the  fame  plane  ^.  but  AB  i.  5.  i'-' 
is  in  the  plane  in  which  are  BD,  DA,  becaufe  any  three  ftraight 
lines  whi€h  meet  one  another  are  in  one  plane*,  therefore  AB,  e.  a.  iz. 
BD,  DC  ar^  in  one  plane,  and  each  of  the  angles  ABD,  BDC  is 
a  right  aDgle  5  therefore  AB  is  parallel  ^  to  CD.     Wherefore  if  f.  aS.  i .' 
two  ftraight  lines,  &c.     Q^  E.  D. 


PROP.    VII.     THE  OR. 


F  two  ftraight  lines  be  parallel,  the  ftraight  line  drawn  Scc  k; 
from  any  point  in  the  one  to  any  point  in  the  other 
is  in  the  fame  plane  wifth  the  parallels. 


I 


Let  AB,  CD  be  parallel  ftraight  lines,  and  taJce  anf  point  E  in 
the  one,  and  the  point  F  in  the  other,  the  ftraight  line  which  joins 
£  and  F  is  in  the  fame  plane  with  the  parallels. 

If  not,  let  it  be,  if  poiTible,  above  the  plane,'a$  EGF;  and  in  the 
l^lanc  ABCD  in  which  the  parai-       A  "n  -r% 

Icls  are,  draw  the  ftraight  line.EHF    -A        Jj^ JB 

from  E  to  F;  and  fince  EGF  alfo 
is  a  ftraight  line,  the  two  ftraight 
lines  EHF,EGFincludc  a  fpace  be- 
twixt them,  which  is  impoflible  ••  .  .    .  ^\) •        a.  to.  Ajf.  i. 

Therefore  the  ftraight  line  joining-      fj  "Jji  ^T\ 

the  points  E,  F  is  not  above  the 

plane  in  which  the  parallels  AB,  CD  arc,  and  is  therefore  in  that 
plane.      Wherefore  if  two  ftraight  lines,  &c.     Q^  E.  D. 

f 

PROP.  VIII.     THE  OR. 

to 

T  F  two  ftraight  lines  be  parallel,  and  one  of  them  is  Set  jf 

at  right  angles  to  a  plane ;  the  other  alfo  fliall  be  at 
right  angles  to  the  fame  plane. 

N    2' 
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Let  AB,  CD  be  two  parallel  ftraight  lines,  and  let  one  of  thcin 
AB  be  at  right  angles  to  a  plane;  the  other  CD  is  at  right  angles 
to  the  fame  plane. 

Let  AB,  CD,  meet  the  plane  in  the  points  B,  D,  and  join  BD. 
therefore  AB,  CD,  BD  are  in  one  plane.  In  the  plane,  to  which 
AB  is  at  right  angles,  draw  D£  at  right  angles  to  BD,  and 
make  DE  equal  to  AB,  and  join  BE,  AE,  AD.  And  becaufe  AB 
is  perpendicular  to  the  plane,  it  is  perpendicular  to  every  ftraight 

x.>.Dcr.ii.  line  which  meets  it,  and  is  in  that  plane  ■.  therefore  each  of  the 
angles  ABD,  ABE,  is  a  right  angle,  and  becaufe  the  ftraight  line 
BD  meets  the  parallel  ftraight  lines  AB,  CD,  the  angles  ABD, 
CDB  are  together  equal  ^  to  two  right  angles,  and  ABD  is  a  right 
angle;  therefore  alfo  CDB  is  a  right  angle,  and  CD  perpendicular 
to  BD.  and  becaufe  AB  is  equal  toDE,  and  BD  common,  the  two 
AB,  BD,  are  equal  to  the  two  ED,  DB, 
and  the  angle  ABD  is  equal  to  the  angle 
EDB,  becaufe  each  of  them  is  a  right 
angle ;  therefore  the  bafe  AD  is  equal  * 
to  the  bafe  BE.  again,  becanfe  A  Bis  equal 
to  DE,  and  BE  to  AD;  the  two  AB,  BE 
are  equal  to  the  two  ED,  DA;  and  the 
bafe  AE  is  common  to  the  triangles  ABE, 
EDA ;  wherefore  the  angle  ABE  is  equal 
«>  to  the  angle  EDA.  and  ABE  is  a  right 
angle;  and  therefore  EDA  is  a  right  angle, 
and  ED  perpendicular  to  DA,  but  k  is 
alfo  perpendicular  to  BD;  therefore  ED 
is  perpendicular  *  to  the  plane  which  pa/Ies  thro'  BD,  DA,  and 

fi3.Dcf.11.  ftiall  f  make  right  angles  with  every  ftraight  line  meet-ng  it  in  that 
plane,  but  DC  is  in  the  plane  paffing  thro'  BD,  DA,  becaufe  all 
three  are  in  the  plan«  in  which  are  the  parallels  AB,  CD.  where- 
fore ED  is  at  right  angles  to  DC ;  and  therefore  CD  is  at  right 
angles  to  DE.  but  CD  is  alfo  at  right  angles  to  DB;  CD  then  is 
at  right  angles  to  the  two  ftraight  lines  DE,  DB  in  the  point  of 
their  interfeftion  D;  and  therefore  is  at  right  angles  to  the  plane 
paffing  thro'  DE,  DB,  which  is  the  fiimc  plane  to  which  AB  is  at 
right  angles.     Therefore  if  two  ftraight  lines^  &c.     Q..  £•  D. 


d;  ».  I. 


c.  4%  If. 


»97 
Book  XI. 


<•  4<  If* 


OF     E  U  C  L  I  D* 


PROP.    EX.    THEOR. 

'X'WO  ftraight  lines  which  are  each  of  them  parallel 
-■-      to  the  fame  ftraight  line,  and  not  in  the  fame 
plane  with  it,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not  in  the 
fdtnc  plane  with  it ;  AB  fhall  be  parallel  to  CD. 

In  £F  take  any  point  G,  from  which  di;aw,  in  the  plane  pa/Ting 
thro'  EF,  AB,  the  ftraight  line  GH  at  right  angles  to  EF ;  and  in 
the  plane  paflGng  thro'  EF,  CD,  draw  GK  at  right  angles  to  the 
fame  EF.  and  bccaufc  EF  is   per-     A      -tt" 
pen Jlcular  both  to  GH  and  GK,  EF  -^    ""- 
is  perpendicular  •  to  the  plane  HGK 
pafling  thro'  them,  and  EF  is  parallel 
to  AB ;  therefore  AB  is  at  right  an- 
gles ^  to  the  plane  HGK.  for  the 
fame  reafbn,  CD  is  likewife  at  right 
angles  to  the  plane  HGK.  therefore  O    Jv.  ]D 

AB,  CD  are  each  of  them  at  right  angles  to  the  plane  HGK. 
but  if  two  ftraight  lines  be  at  right  angles  to  the  fame  plane,  they 
[hall  be  parallel  ^  to  one  another,  therefore  AB  Is  parallel  to  CD.  t,4.ji, 
Wherefore  two  fti-aight  lines,  &c.    Q^  E.  D. 

PROP.    X.     THEOR. 

T  F  two  ftraight  lines  meeting  one  another  be  parallel 
to  two  others  that  meet  one  another,  and  are  not  in 
the  fame  plane  with  the  firft  two ;  the  firft  two  and  the 
other  two  ftiall  contaiq  equal  angles. 

Let  the  two  ftraight  lines  AB,  BC  which  meet  one  another  be 
parallel  to  the  two  ftraight  lines  DE,  EF  that  meet  one  anotherj| 
and  are  not  in  the  fame  plane  with  AB,  BC.  The  angle  ABC  19 
^ual  to  the  angle  DEF. 

Take  BA,  BC,  ED,  EF  all  equal  to  one  another;  and  join  AD^ 
^Fy  BE,  AC,  DF.  becaufe  BA  is  equal  and  parallel  tQ  ED,  thcro^ 
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Book  XI.  fore  AD  is  ■  both  cquil  and  parallel  to 

BE.     For  the  fame  rcafon,  CF  is  equal 

and  parallel  to  BE.     Therefore  AD  and 

CF  are  each  of  them  equal  smd  parallel 

to  BE.     Bnt  ftraight  lines  that  are  paral- 

•-iel'to  the  fame  flraight  line,  and  not  in 

the  fame  plane  -with  it,  arc  parallel  *>  to 

one  another.    Therefore  AD  is  parallel 
r.  X.  Ax.  I.  to  CF  i  and  it  is  equal  *  to  it»  and  AC, 

DF  join  them  towards  the  fame  parts ; 

and  therefore' '  AC  is  equal  and  parallel 

to  DF.  and  becaufe  AB,  BC  are  equal  to  DE,  EF,  and  the  bafc 

AC  to  the  bafe  DF  5  the  angle  ABC  is  equal  <»  to  the  angle  DEF, 

Therefore  if  two  flraight  lines,  &c.     (^  E.  D. 


b.  9'  II. 


i.  8.  I. 


ft.  ja.  I. 


II.  I. 


c.  SI.  I. 


A,  4.  iz. 


c.  8.  If. 


T 


P  R  O  P.   XI.     P  R  O  B. 

O  draw  a  ftfaight  line  perpendicular  to  a  plane, 
from  a  given  point  above  it. 


Let  A  be  the  given  point  above  the  plane  BII;  it  is  required  tp 
draw  froiii  ihe  point  A  a  ftra'ight  line  perpendicular  to  the  plane 
BH. 

li^  the  plane  draw  any  flraight  line  BC,  and  from  the  point  A 
draw  ■  Al)  perpendicular  to  i»C.  If  then  AD  be  ai.o  ptrpendj"- 
cular  to  the  plime  EH,  the  thing  required  is  already  done ,  but  if  it 
be  nor,  from  the  point  D  draw  *> 
i.i  the  plane  BH,  the  ftiaight  line 
DEat  rl^^ht  angles  toBC;  and  from 
the  point:  A  driiwA  F  perptiidicuhir 
to  DK-,  and  thro'  F  draw  ^  CIH  pa- 
rallel to  BC.  and  becaufe  BC  is  at 
right  angles  to  ED  and  DA,  BC  is 
at  right  angles  **  to  the  plane  paf- 
ling  thro'  ED,  DA.    And  GH  is 


B        D         C 

parallel  to  BC  j  but  if  two  flraight  lines  be  parallel,  one  of  which  i3f 
at  right  angles  to  a  plane,  the  other  fhall  be  at  right  ^  angles  to 
the  fame  plane ;  wherefore  GH  is  at  right  angles  to  the  plane  thro* 
r  3.Dcf.xx.  ED,  DA,  and  is  perpendicukr  f  ta every  flraight  line  meeting  it  in 
that  plane.    But  AF,  which  is  in  the  plane  thro'  ED,  DA  meets  k# 
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therefore  GH  is  perpendicular  to  AF,  and  conlequeotly  AF^  13  Book  XI. 

perpendicular  to  GH.  and  AFis  perpendicular  to  DE;  therefore 

AF  is  perpendicular  to  each  of  the  ftraight  lines  GH,  DE.  bMt 

if  a  ftraight  line  ftands  at  right  angles  to  each  of  two  ftiaight  line^ 

in  the  point  of  their  interfeAion,  it  fhall  alfo  be  at  right  angles  to 

the  plane  paffing  through  them,  but  the  plane  pafling  through  ED, 

GH  is  the  plane  BH  5  therefore  AF  is  perpendicular  to  the  plane 

BH.  therefore  from  the  given  point  A  above  the  plane  BH,  the 

ftraight  line  AF  is  drawn  perpendicular  to  that  plane.     Which 

"was  to  be  done. 


PROP.    XU.     PR  OB. 

O  ere6t  a  ftraight  line  at  right  angles  to  a  given 
plane,  from  a  point  given  in  the  plane. 

Let  A  be  the  point  given  in  the  plane  ;  it  is  required  to  ereft  a 


T 


D 


A 


:b 


ftraight  line  from  jiie  point  A  at  right  an- 
gles to  the  plane. 

From   any  point  B  above  the   plane 
draw  ■  BC  perpendicular  to  it ;  and  from 
A  draw  *>  AD  panillcl  to  BC.   becaufe 
therefore  AD,  CB  are  two  parallel  ftraight 
iines,  and  one  of  them  BC  is  at  right  an-^ 
gles  to  the  given  plane,  the  other  AD  isi 
alfo  at  right  angles  to  it  ^.  therefore  a  ftraight  line  has  been  creft- 
cd  at  right  angles  to  a  given  plane  from  a  point  given  in  it. 
Which  was  to  be  done. 


— 1 


a. 
b. 


II.  Ji. 

3.1.  X. 


c.  8.  IX. 


PROP.  XIII.     T  H  E  O  R. 

FROM  the  fame  point  in  a  given  plane  there  cannot 
be  two  ftraight  lines  at  right  angles  to  the  plane, 
upon  the  fame  fide  of  it,  and  there  can  be  but  one  per? 
pendicular  to  a  plane  from  a  point  above  the  plane. 

For,  if  it  be  pofliWe,  let  the  two  ftraight  lines  AB,  AC  be  at 
right  angles  to  a  given  plane  from  the  fame  point  A  in  the  plane, 
and  upon  the  fame  fide  of  it  j  and  let  a  plane  pafs  thro'  BA,  AC; 
ibc  common  fcftion  of  this  with  the  given  plane  is  a  ftraight  *  line  |.  3.  t , 

- 1 
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XI.  pafling  through  A.  let  DAE  be  their  common  feftion.  thercfon; 
the  ftiaight  lines  AB,  AC,  DAE  arc  in  one  plane,  and  bccaufe 
C A  is  at  right  angles  to  the  given  plane,  it  (hall  make  right  angles 
with  every  ftraight  line  meeting  it  in 
that  plane,  but  DAE  which  is  in 
that  pLmc  meets  CA;  therefore  CAE 
is  a  right  angle,  for  the  fame  reafon 
BAE  is  a  right  angle,  -wherefore  the 
angle  CAE  is  equal  to  the  angle 
BAE ;  and  they  are  in  one  plane, 
which  is  impoffible.  Alfo,  from  a  point  above  a  plane  there  caft 
be  but  one  perpendicular  to  that  plane  j  for  if  there  could  be  two, 
1),  <.  If .  they  would  be  parallel  ^  to  one  another,  which  is  abfurd.  There- 
fore from  the  fame  point,  &c.     Q^  E,  D. 


p 


PROP.    XIY.     THE  OR. 

LANES  to  which  the  fame  ftraight  line  is  perpen-^ 
dicular,  are  parallel  to  one  another. 


Let  the  ftraight  line  AB  be  perpendicular  to  each  of  the  planes 
CD,  EF;  thtfc  planes  are  parallel  to  one  another. 

If  not,  they  (liall  meet  one  onother  when  produced  ;  let  them 
meet ;  their  common  feftion  ihall  be  a 
ftraight  line  GH,   in  which  take  any 
point  K,  and  join  AK,  BK.   then  be- 
caufe  AB  is  perpendicular  to  the  plane 

•.3.Dcf.  IX.  EF,  it  is  perpendicular  •  to  the  ftraight    C 

•^  '  '  line  BK  which  is  in  that  plane,  there- 

fore x\BK  13  a  right  angle,  for  the  fame 
rea(bn,  BAK  is  a  right  angle ;  where- 
fore the  two  angles  ABK,  BAK  of  the 
triangle  ABK  are  equal  to  two  right 

b.  ly.  X.      angles,  which  is  impoffible  •>.  therefore 
the  planes  CD,  EF  though  produced  do 

c.s.Dcf.xi.  not  meet  one  another  ;  that  is,  they  arc  parallel  *,     Therefore 

^  planes,  &c.     (^  E.  D. 
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PROP.  XV.     T  If  I  OR. 

T  F  two  ftraight  lines  meeting  one  another,  be  parallel  $«  n; 
^   to  two  ftraight  lines  which  meet  one  another,  but 
are  not  in  the  fame  plane  with  the  firft  two ;  the  plane 
which  paiTcs  through  thefe  is  parallel  to  th^  plane  paf- 
fing  through  the  others* 

Let  AB,  BC  two  ftraight  lines  meeting  one  another,  be  pa- 
rallel to  D£,  £F  that  meet  one  another^  but  are  not  in  the  fame 
plane  with  AB,  BC.  the  planes  tlirough  AB,  BC,  and  DE,  EF 
fhall  not  meet  though  produced. 

From  the  point  B  draw  BG  perpendicular  ■  to  the  plane  which 
pafles  through  DE,  EF,  and  let  it  meet  that  plane  in  G ;  and 
through  G  draw  GH  parallel  »>  to  ED,  and  GK  parallel  to  EF. 
and  becaufe  BG  is  perpendicular  to  the  plane  through  DE,  EF,  it 
fhall  make  right  angles  with  e-  -jp 

very  ftraight  line  meeting  it  in  "^ 

that  plane  ^.    but  the  ftraight  "D 
lines    GH,  GK  in  that   plane 
meet  it.    therefore  each  of  the 
angles  BGH,  BGK  is  a  right 
angle,  and  becaufe  BA  is  paral-   fi^ 
lei  ^  to  GH  (for  each  of  them  is    ' 
parallel  to  DE,  and  they  are  not 

both  in  the  fame  plane  with  it)  the  angles  GBA,  BGH  zrc  to- 
gether equal  *  to  two  right  angles,  and  BGH  is  a  right  sr.j  ic, 
therefore  alfo  GBA  is  a  right  angle,  and  GB  perpentiicular  ti>  l>A. 
for  the  fame  reafon,  GB  is  perpendicular  to  BC.  fince  tliticfo'e 
the  ftraight  line  GB  ftands  at  right  angles  to  the  two  ftra  .?f,: 
lines  BA,  BC,  that  cut  one  another  in  B;  GB  is  perpendknlu  ' 
to  the  plane  through  BA,  BC.  and  it  is  perpendicular  to  the  pi  w.c 
through  DE,  EF  j  therefore  BG  is  perpen.iicular  to  each  of  t!.c 
planes  through  AB,  B^C  and  DE,  EF.  but  planes  to  which  t!ic 
fame  ftraight  line  is  perpendicular,  are  parallel  «  to  one  anot'  ei.  £ 


c 

(T^T 

« 

SL 

L^ 

3) 

B 

^^^^^^ 

c.j.Dcf.ii, 


4.  9.  t  r* 


e.  19.  I. 
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therefore  the  plane  thro*  AB,  BC  is  parallel  to  the  plane  t.-i  J 
pE,  EF,     Wherefore  if  two  ftraight  liaes,  &c.    (^  E.  D. 
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PROP.  XVI.     THEOR. 


S«eN. 


TF  two  parallel  planes  be  cut  by  another  plane,  thdr 
^  commoQ  feftions  with  it  are  parallels. 

I^et  the  parallel  planes  AB,  CD  be  cut  by  the  plane  EFHG, 
and  let  their  commoQ  feftions  witli  it  be  EF,  GH.  EF  is  pai  aUl 
to  GH. 

For,  if  it  is  not,  EF,  GH  (hall  meet,  if  produced,  either  on  the 
fide  of  FH,  or  EG.  firft,  let  them  be  produced  on  the  fide  of  \Wy 
and  meet  in  the  point  K.  therefore  fmce  EFK  is  in  the  plane  A13, 
every  point  in  EFK  is  in  that 
plane;  and  K  is  a  point  in  EFKj 
therefore  K  is  in  the  plane  AB. 
for  the  fame  rcafon  K  is  alfo  in 
the  plane  CD.  wherefore  the 
planes  AB,  CD  produced  meet 
one  another  \  but  they  do  not 
meet,  fince  they  are  parallel  by 
the  Hypothefis.  therefore  the 
ftraight  lines  EF,  GH  do  not 
meet  when  produced  on  the  fide 

of  FH.  in  the  fame  manner  it  may  be  proved  that  EF,  GH  do 
not  meet  when  produced  on  the  fide  pf  EG.  but  ftraight  lines 
which  are  in  the  fame  plane  and  do  not  meet,  though  produced 
cither  way,  are  parallel,  therefore  EF  is  parallel  to  GH.  Where* 
fore  if  two  parallel  planes,  &c.     Q^  E.  D, 

PROP.  XVII.     THEOR. 

T  F  two  ftraight  lines  be  cut  by  parallel  planes,  thejr 
^  fhall  be  cut  in  the  fame  ratio. 

Let  the  ftraight  lines  AB,  CD  be  cut  by  the  parallel  planes 
GH,  KL,  MN,  in  the  points  A,  E,  B;  C,  F,  D.  as  AE  is  to  EB, 
So  is  CF  to  FD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL  in  the  point 
X;  arid  join  EX,  XF.  bccaufe  the  two  parallel  planes  KL,  MN  arc 
cut  by  the  plane  £BDX|  the  common  feAions  £X,  BD  are  paral^ 
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H  '•  for  the  fame  reafon,  becaufe  the  two  parallel  planes  GH^  KL 
arc  cut  by  the  plane  AXFC, 
the  common  feOions  AC,  XF 
are  parallel,  and  becauie  EX 
is  parallel  to  BD,  a  fide  of  the 
triangle  ABD,  is  AE  to  EB, 
fo  is  *>  AX  to  .XD.  again,  be- 
cauie XF  is  parallel  to  AC,  a 
iide  of  the  triangle  ADC,  as 
AX  to  XD,  fo  is  CF  to  FD. 
and  it  was  proved  that  AX.  is 
to  XD,  as  AE  to  EB.  therefore 
«  as  AE  10  EB,  fo  is  CF  to  ^j 
FD.  Whercfotc  if  two  ftrai^jht 
lines,  &c.     Q^  E.  D, 
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PROP.    XVIII.     T  H  E  O  R. 

IF  a  ftraight  line  be  at  right  angles  to  a  plane,  every 
plane  which  paffcs  thro'  it  dull  be  at  ri^ht  anglqs 
to  that  plane. 

Let  the  ftraight  line  AB  be  at  right  angles  to  the  plane  CK. 
every  plane  which  pafles  through  AB  fhall  bz  at  right  angles  to 
the  plane  CK. 

Let  any  plane  DE  pafj  through  AB,  and  let  CE  be  the  common 
fcflion  of  the  planes  DE,  CK ;  take  any  point  F  in  CE,  from 
which  draw  FG  in  the  plane 
DE  at  right  angles  to  CE.  and 
l)ecaure  AB  is  perpendicular  to 
the  plane  CK,  therefore  it  Is  aUb 
perpendicular  to  every  ftraight 
line  in  that  plane  meeting  it  ■. 
and  confequendy  it  is  perpendi- 
cular to  CE,  wherefore  ABF  is  -^ 
^  right  angle ;  but  GFB  is  like-          C  Jb         JB        JE 
^ife  a  right  angle;  therefore  AB  is  parallel  »>  to  FG.  and  AB  is  at  b.  18.  i. 
right  angles  to  the  plane  CK ;  therefore  FG  is  alfo  at  right  angles 
to  the  fame  plane  ^.  but  one  plane  is  at  right  angles  to  another  plane  c.  8.  n. 
when  the  ftraight  lines  drawn  in  one  of  the  planes,  at  right  angles 
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look  XL  to  thdr  common  ftAion,  are  alio  at  right  angles  to  the  other 
Vi^y^y  plane  ^ ;  and  any  ftraight  line  FG  in  the  plane  DE,  which  is  at 
d.4.Dcf.if.  right  angles  to  CE  the  common  left  ion  of  the  planes^  has  btea 
proved  to  be  perpendicular  to  the  other  plane  CiC ;  therefore  the 
plane  DE  is  at  right  angles  to  the  plane  CK.  In  like  manner^  it 
may  be  proved  that  ail  the  planes  which  pafs  through  Ali  arc 
at  right  angles  to  the  plane  CK*  Therefore  if  a  ftraight  line^  &c* 
Q^  E.  D. 

PROP.   XIX.     THE  OR. 

TF  two  planes  cutting  one  another  be  each  of  them 
■"•  perpendicular  to  a  third  plane ;  their  common  fec- 
tion  iliall  be  perpendicular  co  the  fame  plane. 


Let  the  two  planes  AB,  BC  ^e  each  of  them  perpendicular  to 

a  third  plane,  and  let  BD  be  the  common  feftion  of  the  firil  two. 

BD  is  perpendicular  to  the  third  plane. 

If  it  be  not,  from  the  point  D  draw,  in  the  plane  AB,  the 

ftraight  line  DE  at  right  angles  to  AD  the  common  feftion  of  the 

plane  AB  with  the  third  plane ;  and  in  the  plane  BC  draw  DF  at 

right  angles  to  CD  tlie  common  feftion  of 

the  plane  BC  with  the  third  plane,  and  be- 

caufe  the  plane  AB  is  perpendicular  to  the 

third  plane,  and  DE  is  drawn  in  the  plane 

AB  at  right  anglcjf  to  AD  their  common 

fcftion,  DE  is  perpendicular  to  the  thu-d 
a.4.Def.xi.  plane  ■.    in  the  fame  manner,  it  may  be 

proved  that  DF  is  perpendicular   to   the 

third  plane,  wherefore  from  the  point  D 
^  two  ftraight  lines  ftand  at  right  angles  to 

the  third  plane,  upon  the  fame  fide  of  it, 
b.  13.  II.    which  is  impoffible  *>•  therefore  from  the 

point  D  there  cannot  be  anj  ftraight  line  at  right  angles  to  the 

third  plane,  except  BD  the  common  ieflion  of  the  planes  AB9 

BC.  BD  therefore  is  perpendicular  to  the  third  plane.     Where* 

£6re  if  two  planes^  &c     Q^  £•  D. 
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Book  Xff. 
PROP.  XX.     THEOIt 

F  a  folid  angle  be  contained  by  three  plane  angles,  see  k. 
any  two  of  them  are  greater  than  the  third. 


Let  the  folid  angle  at  A  be  contained  by  the  three  plane  angles 
BACy  CAD,  DAB.  any  two  of  them  are  greater  than  the  third* 

If  the  angles  BAG,  CAD,  DAB  be  all  equal,  it  is  evident  that 
any  two  of  them  are  greater  than  the  third,  but  if  they  are  not,  let 
B  AC  be  that  angle  which  is  not  lefs  than  either  of  the  other  two, 
and  is  greiter  thati  one  of  them  DAB;  and  at  the  point  A  in  the 
ll.aight  line  AB,  make  in  the  plane  which  pafTes  through  BA, 
AC,  the  angle  B AE  equal  •  to  the  angle  DAB ;  and  make  AE  »•  *»•  '* 
equal  to  AD,  and  through  E  draw  BEC  ^V 

cutting  AB,  AC  in  the  points  B,  C,  and  ^ 

jo.n  DB,  DC.  and  becauie  DA  is  equal 
to  AE,  and  AB  is  common,  the  two  DA, 
AB  are  equal  to  the  two  EA,  AB,  and 
the  angle  DAB  is  equal  to  the  angle 
E AB.  therefore  the  bafe  DB  is  equal  ^  JZ  ^  ^^^  b,  4.  #• 

to  the  bafe  BE.  and  becaufe  BD,  DC  J>  -Bi      V 

are  greater  ^  than  CB,  and  one  of  them  BD  Kas  been  proved  equal  c.  xo.  u 
to  BE  a  part  of  CB,  therefore  the  other  DC  is  greater  than  the 
remaining  part  EC.  and  becanfc  DA  is  equal  to  AE,  and  AC 
common,  but  the  bafe  DC  greater  than  the  bafe  EC ;  therefore 
the  angle  D AC  is  greater  <*  than  the  angle  EAC ;  and,  by  the  d.  is.  »• 
conflruftion,  the  angle  DAB  is  eqval  to  the  angle  BAE ;  where- 
fore the  angles  DAB,  DAC  are  together  greater  than  the  angle 
BAC.  but  BAC  is  not  lefs  than  either  of  the  angles  DAB,  DAC, 
therefore  BAC  with  either  of  them  is  greater  than  the  other. 
Wherefore  if  a  folid  angle,  &c.     Q^E.  D. 

PROP-  XXI.     THE  OR. 

Xp  VE  RY  folid  angle  is  contained  by  plane  angles 
•*— '  which  together  are  lefs  than  four  right  angles. 

Firft,  Let  the  iblid  angle  nt  A  be  contained  by  three  plane  an* 
gles  BAC,  C4D,  DAB.  tbefe  three  together  are  lefs  than  four 
iighc  angles. 
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Book  XI.  Take  in  each  of  the  ftraight  lines  AB,  AC,  AD  any  points  B,  C, 
D,  and  join  BC,  CD,  DB.  then,  bccaufe  the  folid  angle  at  B  is 
contained  by  the  three  plane  angles  CJ^A,  ABD,  DBC,  any  two  of 
them  are  greater  *  than  the  third;  therefore  the  angles  CBA,  ABD 
are  greater  than  the  angle  DBC.  for  the  fame  reafon,  the  angles' 
BCA,  ACD  are  greater  than  the  angle  DCB;  and  the  angles  CD  A, 
ADB  greater  than  BDC*  \^herefore  the  fix  angles  CBA,  ABD, 
BCA,  A CD^  CD  A,  ADB  are  greater 
than  the  three  angles  DBC,  BCD,  CDB. 
but  the  three  angles  DBC,  BCD,  CDB 
fc»  3*-  »•  are  equal  to  two  right  angles  *».  theie- 
fore  the  fix  angles  CBA,  ABD,  BCA, 
ACD,  CD  A,  ADB  are  greater  than  two 

right  ajigles.  and  becaufe  the  three  angled  -p  ^ 

of  each  of  the  triangles   ABC,  ACD,  "^  C 

ADB  are  equal  to  two  right  angles,  therefore  the  nine  angles  of 
thefe  three  triangles,  viz.  the  angles  CBA,  BAC,  ACB,  ACD, 
CD  A,  DAC,  ADB,  DBA,  BAD,  are  equal  to  fix  right  angles, 
of  thefe  the  fix  angles  CB  Ay  ACB,  ACD,  CD  A,  ADB,  DBA  arc 
greater  than  two  right  angles,  therefore  the  remaining  three  angles 
BAC,  DAC,  BAD  which  contain  the  fblid  angle  at  A,  are  lefs 
than  four  right  angles. 

Next,  Let  the  folid  angle  at  A  be  contained  by  any  number  of 
plane  angles  BAC,  CAD,  DAE,  EAF,  FAB;  thefe  together  are 
lefs  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are  be  cut  by  a  plane,  and 
let  the  common  feftions  of  it  with  thofe 
planes  be  BC,  Ci),  DE,  EF,  FB.  and 
becaufe  the  folid  angle  at  B  is  contained 
by  three  plane  angles  CBA,  ABF,  FBC, 
of  which  any  two  are  greater '  than  the 
third,  the  angles  CBA,  ABF  arc  greater  -^ 
tlian  the  angle  FBC.  for  the  fame  rea- 
fon,  the  two  plane  angles  at  each  of  the 
points  C,  D,  E,  F,  viz.  the  angles  which 
are  at  the  bafcs  of  the  triangles  having 
the  common  vertex  A,  are  greater  than 
the  third  angle  at  the  fame  point,  which 
fe  one  of  the  angles  of  the  polygon  BCDEF.  therefore  all  the 
'  angles  at  the  bafcs  of  the  triangles  are  together  greater  than  all  the 
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tngles  of  the  polj^gon.  and  becaufc  all  the  angles  of  the  triangles  Book  XI. 
are  together  equal  to  twice  as  many  right  angles  as  there  are  tri-  Vi^w/ 
angles  *» ;  that  is,  as  there  are  fides  in  the  polygon  BCDEF  5  and  b.  3*.  i. 
that  all  the  angles  of  the  polygon  together  with  four  right  angles 
are  iikewifc  equal  to  twice  as  many  right  angles  as  there  are  fides 
in  the  polygon  ^ ;  therefore  all  the  angles  of  the  triangles  are  equal  o  x.  Cor. 
to  all  the  angles  of  the  polygon  together  with  four  right  angles.      **•  '• 
But  all  the  angles  at  the  bales  of  the  triangles  are  greater  than  aQ 
the  angles  of  the  polygon,  as  has  been  proved,  wherefore  the 
remaining  angles  of  the  triangles,  viz.  thofe  at  the  vertex,  which 
contain  the  folid  angle  at  A,  are  lefs  than  four  right  angles. 
Therefore  every  folid  angle,  &c.     Q^  E.  D. 

PROP.  XXIL     T  H  E  O  R. 

TF  every  two  of  three  plane  angles  be  greater  thaA  the  Sce  n- 

third,  and  if  the  ftraight  lines  which  contain  them  be 
all  equal ;  a  triangle  may  be  made  of  the  ftraight  lines 
that  join  the  extremities  of  thofe  equal  ftraight  linei. 

Let  ABC,  DEF,  GHK  be  three  plane  angles,  whereof  ^vcry  ' 
two  arc  greater  than  the  third,  and  are  contained  by  the  equal 
ftraight  lines  AB,  BC,  DE,  EF,  GH,  HK ;  if  their  extremities  be 
joined  by  the  ftraight  lines  AC,  DF,  GK,  a  .triangle  may  be  made 
of  three  ftraight  lines  equal  to  AC,  DF,  GK;  that  is,  every  two 
of  them  are  together  greater  than  the  third. 

If  the  angles  at  B,  E,  H,  are  equal  j  AC,  DF,  GK  are  alfo  equal",  t.  4- 1. 
and  any  two  of  them  greater  than  the  third,  but  if  the  ailgles  are 


^  a 


fiCPt  all  equal,  let  the  angle  ABC  be  not  lefs  than  either  of  the  two 
at  £,  Hi  therefore  the  ftraight  line  AC  is  not  lefs  than  either  of  the 
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Book  X!.  other  two  DF,  GK  *> ;  and  it  is  plain  that  AC  together  with  cithcf 
Ovv>'  of  the  other  two  muft  be  greater  than  the  third,  alfo  DF  with  GK 
b.4.ori4i.  are  greater  than  AC.  for,  at  the  point  B  in  the  ftraight  line  AB 
make  ^  the  angle  ABL  equal  to  the  angle  GHK,  and  make  BL 
equal  to  one  of  the  ftraight  lines  AB,  BC,  DE,  EF,  GH,  HK,  and 
join  AL,  LC.  then  becaufe  AB,  BL  arc  equal  to  GH,  HK,  and 
the  angle  ABL  to  the  angle  GHK,  the  bafe  AL  is  equal  to  the 
bafe  GK.  and  becaufe  the  angles  at  E,  H  are  greater  than  the  angle 
ABC,  of  which  GHK  is  equal  to  ABL^  therefore  the  remaining 


SccK. 
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angle  at  E  is  greater  than  the  angle  LBC.  and  becaufe  the  two  fides 
LB,  BC  are  equal  to  the  two  DE,  EF,  and  that  the  angle  DEF  is 

^  »4. 1.  greater  than  the  angle  LBC,  the  bafe  DFis  greater  ^  than  the  bale 
LC.  and  it  has  been  proved  that  GK  is  equal  to  AL ;  therefore' 
DF  and  GK  are  greater  than  AL  and  LC.  but  AL  and  LC  arc 

c  «o.  I.  greater  ^  than  AC  5  much  more  then  are  DF  and  GK  greater  than 
AC.     Wherefore  every  two  of  the  ftraight  lines  AC,  DF,  GK 

t,  aa.  X.  are  greater  than  the  third,  and  therefore  a  triangle  may  be  made  f 
the  fides  of  whith  fliall  be  equal  to  AC^  DF,  GK.     C^E.  D. 


PROP.  xxin.    P  R  O  B/ 

To  make  a  folid  angle  which  (hall  be  contained  by 
three  given  plane  angles,  any  two  of  them  being 
greater  than  the  third,  and  aU  three  together  lefs  thanr 
four  right  angles. 

Let  the  three  given  plane  angles  be  ABC,  DEF,  GHK,  any  two' 
©f  'Which  are  greater  than  the  third,  and  all  of  them  together  lefs 
than  four  right  angles.  It  is  required,to  make  a  folld  angle  contained 
by  three  plane  angles  equal  to  ABC,  DEF,  GHK,  each  to  each. 
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From  the  ftraight  lines  containing  the  angles,  cut  oiT  AB,  BC,  Book  xr. 
DE,  EF,  GH,  HK  all  equal  to  one  another  j  and  join  AC,  DF,  v^-y<^ 
GJC  then  a  triangle  may  be  made  •  of  three  ftraight  lines  equal  «•  »»*  i». 


to  AC,  DF,  GK.     Let  this  be  the  triangle  LMN  ^,  fo  that  AC  b.  n.  u 
be  equal  to  LM,  DF  to  MN,  and  GK  to  LN ;  and  about  the  tri- 
angle LMN  defcribe  ^  a  circle,  and  £nd  its  center  X,  which  will  c.  s,  4. 
cither  be  within  the  triangle,  or  in  one  of  its  fides,  or  without  it. 

Firft,  Let  the  center  X  be  within  the  triangle,  and  join  LX, 
MX,  NX  AB  is  greater  than  LX.  if  not,  AB  muft  either  be 
equal  to,  or  lefs  than  LX ;  firft,  let  it  be  equal,  then  becaufe  AB 
is  equal  to  LX,  and  that  AB  is  alfo  equal  to  BC,  and  LX  to  XM, 
AB  and  BC  are  equal  to  LX  and  XM,  each  to  each ;  and  the 
bale  AC  is,  by  conftruAion,  equal  to  the  bafe  LM  \  wherefore  the 
angle  ABC  is  equal  to  the  angle  LXM  <*•  for  the  fame  reafon,  the.  d.  d.  1, 
angle  D£F  is  equal  to  the  angle 
MXN,  and  the  angle  GHK  to  the 
angle  NXL.  therefore  the  three  an- 
glcs  ABC,  DEF,  GHK  are  equal  to 
the  three  angles  LXM,  MXN,  NXL. 
but  the  three  angles  LXM,  MXN, 
NXL  are  equal  to  four  right  angles^  j 
therefore  alfo  the  three  angles  ABC, 
DEF,  GHK  are  equal  to  four  right  M 
angles,  but,  by  the  hypothcfis,  they 
are  Icfs  than  four  right  angles;  which 

is  abfnrd.  therefore  AB  is  not  equal  to  LX.  but  neither  can  AB  be 
lefe  than  LX.  for,  if  polEble,  let  it  be  lefs,  and  upon  the  ftraight 
line  LM,  on  the  fide  of  it  on  which  is  the  center  X,  defcribe  the 
triangle  LOM,  the  fides  LO,  OM  of  which  are  equal  to  AB,  BC  ; 
and  becaufe  the  bafc  LM  is  equal  to  the  bafe  AC,  the  angle  LOM 

O 


».  Cor. 


a  lo 


THE    ELEMENTS 


d.  8.  r. 


f.   XT.  t. 


BooklCI.  fs  equal  to  the  angle  ABC.  and  AB,  that  is,  LO^  bjthe  hypo« 

thefis,  is  lefs  than  LX;  wherefore  LO,  OM  fall  ^vithm  the  tfiati- 

gle  LXM;  for,  if  they  fell  tfpon  its  fides,  or  vdthont  it,  they  would 

be  equal  to,  or  greater  than  LX, 

XM  '.  therefore  the  angle  LOM, 

that  is,  the  angle  ABC  it  greater 

than  the  angle  LXM  '.  in  the  fame 

manner  it  may  be  proved,  that  the 

angle  DBF  is  greater  than  the  angle 

MXN,  and  the  angle  GHK  greater 

than  the  angle  NXL.  therefore  the 

three  angles  ABC,  DEF,  GHK  are  M^F^^ ^y  N 

greater  than   three   angles  LXM, 

MXN,NXL5  that  is,  than  four  right 

angles,  but  the  fame  angles  ABC,  DEF,  GHK  are  lefs  than  four 

right  angles ;  which  is  abfurd.  therefore  AB  is  not  lefs  than  LX, 

and  it  has  been  proved  that  it  is  not  equal  to  LX ;  wherefore  AB 

Is  greater  than  LX. 

Next,  Let  the  center  X  of  the  drck  fall  in  otte  of  the  fides  of 

the  triangle,  viz.  in  MN,  and  join 

XL.  in  this  cafe  alio  AB  is  greater 

than  LX.  if  not,  AB  is  either  equal 

to  LX  or  lefs  than  it.  firff,  let  it  be 

equal  to  LX.  therefore  AB  and  BC, 

that  is,  DE  and  £F,  are  equal  to  MX 

and'XL,  that  is  to  MN.  but,  by  the 

conftruftion,  MN  is  equal  to  DF; 

therefore  DE,  EF  are  equal  to  DF, 
t  xo.  I.      which  is  impoflible  +.  wherefore  AB 

is  not  equal  toLX ;  nor  is  it  lefs ; 

for  then,  much  more,  an  abfurdity  would  follow,  therefore  AB- 

is  greater  than  LX. 

But  let  the  center  X  of  the  circle  fall  without  tBe  triangle  LMN, 

and  join  LX,  MX,  NX.    In  this  cafe  likewife  AB  is  greater  than 

LX.  if  not,  it  is  cither  equal  to,  or  lefs  than  LX.  firft,  let  it  be 

equal ;  it  may  be  proved,  in  the  fame  manner,  as  in  the  firft  calc, 

that  the  angle  ABC  is  equal  to  the  angle  MXL,  and  GHK  to 
LXN ;  therefore  the  whole  angle  MXN  is  equal  to  the  two  angles* 

ABC,  GHK.  but  ABC  and  GHK  ai«  together  greater  than  the 
angle  DEF ;  therefore  alfo  the  angle  MXN  is  greater  than  DEP. 


1 


OF    EUCLID.  tit 

tod  hcauf^  D£,  £F  are  equal  to  MX,  XN,  aad  the  bafe  DF  to  Boc  k  TCI. 
the  hafe  MN,  the  angle  MXN  is  equal  ^  to  the  angle  DEF.  and  it 
has  bcea  proved  that  it  is  greater  than  D£F,  which  is  abfurd.  ^-  ^ 
thierefore  AB  is  not  equal  to  LX.  nor  yet  is  it  lefs  •,  for  then,  as 
has  been  proved  in  the  firft  cafe,  the  ang^e  ABC  is  greater  thait 
the  angle  MXL,  and  the  angle  GHK  greater  than  the  angle  LXN. 
at  the  point  B  in  the  ftraight  line  CB  make  the  angle  CBP.  equal 
to  the  angle  GHK^  and  make  BP  equal  to  HK,  and  join  CP,  AP/ 


and  becaafe  CB  is  equal  to  GH  j  CB,  BP  are  equal  tb  GH,  HK, 
each  to  each,  and  they  contain  equal  angles ;  wherefore  the  baie 
CP  is  equal  to  the  bafe  GK,  that  is,  fo  LN.  and  in  the  Ilbfceks 
triangles  ABC,  MXL,  becaufe  the  angle  ABC  is  greatef  than  the 
angle  MXL,  therefore  the  angle  MLX 
at  the  bafe  is  greater  <  than  the  angle 
ACB  at  the  bafe.  for  the  fame  rea- 
fon,  becaufe  the  angle  GHK,  or  CBP, 
is  greater  than  the  angle  LXN,  the' 
angle  XLN  is  greater  than  the  angle 
BCP.  therefore  the  whole  angle  MLN 
b  greater  than  the  whole  angle  ACP.  jri 
and  becaufe  ML,  LN  are  equal  to 
AC,  CP,  each  to  each,  but  the  angle 
MLN  greater  than  the  angle  ACP, 
the  bafe  M  N  is  greater  ^  than  the 
bafe  AP.  and  MN  is  equal  to  DFj 
therefore  alfo  DF  is  greater  than  AP.  Again,  becaufe  DE,  E?  are 
equal  to  AB,  BP,  but  the  bale  DF  greater  than  the  bafe  AP,  the 
angle  DEF  is  greater  k  than  the  angle  ABP.  and  ABP  is  equal  to 
the  two  angles  ABC>.  CBP,  that  is  to  the  two  angles  ABC, 
OHK»  therefore  the  angle  DEF  is  greater  than  the  rrs'o  an^ic* 

O  a 


V  54-  '/ 


h.  24. 


K.    %$,     I« 


212  THEELEMtNTS 

Book  XT.  ABC,  GHK;  but  it  is  alfo  lefs  than  theft ;  which  is  impofEblc* 

K„yy'\J  therefore  AB  is  not  lefs  than  LX  j  and  it  has  been  proved  that 
it  is  not  equal  to  it  5  therefore  AB  is  greater  than  LX. 

L  II.  IX.         From  the  pomt  X  ereft  1  XR  at  right  angles  to  the  plane  of 
the  circle  LMN.  and  becaufe  it  has  been  proved  in  all  the  cafts^ 
that  AB  is  greater  than  LX»  find  a  fquare  equal  to  the  exce&  of 
^  the  fquare  of  AB  above  the  fquare  of 

LX,  and  make  RX  equal  to  its  fide^ 
and  join  RL,  RM,  RN.  becaufe  RX 
is  perpendicular  to  the  plane  of  the 

IB. 3- Dcf. II.  circle  LMN,  it  is  "*  perpendicular  to 
each  of  the  ftraight  lines  LX,  MX, 
NX.  and  becaufe  LX  is  equal  to  MX, 
.  and  XR  coi^imon,  and  at  right  angles  -w->i 
to  eAch  of  them,  the  bafc  RL  is  equal 
to  the  bafc  RM.  for  the  fame  reafon, 
RN  is  equal  to  each  of  the  two  RL, 
R  M.  therefore  the  three  ftraight 
lines  RL,  RM,  RN  are  all  equal,  and 
bccauft  the  fquare  of  XR  is  equal  to  the  excefs  of  the  fquare  of 
AB  above  the  fquare  of  LX  5  therefore  the  fquare  of  AB  is  equal 

n.  4ff.  t,  to  the  fquares  of  LX,  XR.  but  the  fquare  of  RL  is  equal  «  to  the 
fame  fquares,  becaufe  LXR  is  a  right  angle,  therefore  the  fquare 
of  AB  is  equal  to  the  fquare  of  RL,  and  the  ftraight  line  AB  to 
RL.  but  each  of  the  ftraight  lines  BC,  DE,  EF,  GH,  HK  is  equal 
to  AB,  and  each  of  the  two  RM,  RN  is  equal  to  RZ.  wherefore 
AB,  BC,  DE,  pF,  GH,  HK  are  each  of  them  equal  to  each  of 
the  ftriught  lines  RL,  RM,  RN.  and  becaufe  RL,  RM,  are  equal 
to  AB,  BC,  and  the  bafe  LM  to  the  bafe  AC ;  the  angle  LRM 

•.  I.  X.  is  equal  o  to  the  angle  ABC.  for  the  fame  reafon,  the  angle  MRN 
is  equal  to  the  angle  DEF,  and  NRL  to  GHK.  Therefore  there 
is  made  a  folid  angle  at  R,  which  is  contained  by  three  plane  an- 
gles LRM,  MRN,  NRL,  which  are  equal  to  the  three  given 
plane  angles  ABC,  DEF,  GHK,  each  to  each.  Which  was  to 
be  done. 
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Book  XI. 


TF  each  of  two  folid  angles  be  contained  by  three  *«n. 
•^    plane  angles  equal  to  one  anpdier,  each  to  each  ; 
the  planes  in  which  the  equal  angles  are  have  the  fan^e 
inclination  to  one  another. 


Let  there  be  two  folid  angles  21  the  points  A,  B ;  and  let  the 
angle  at  A  be  coniained  by  the  three  plane  angles  CAD,  CAE, 
EAD ;  and  the  angle  at  B  by  the  three  plane  angles  FBG,  FBH, 
HBG  ;  of  which  the  angle  CAD  is  equal  to  the  angle  FBG,  and 
CAE  to  FBH,  and  EAD  to  HBG.  the  planes  in  which  the  equal 
angles  are,  have  the  fame  inclination  to  one  another. 

In  the  Araight  line  AC  take  any  point  K,  and  in  the  plane  CAD 
from  K  draw  the  ftraight  line  KD  at  right  angles  to  AC,  and  in  - 
the  plane  CAE  tht  ftraight  line  KL  at  right  angles  to  the  fame 
AC.  therefore  the  angle  DKL  is  the  inclination  •  of  the  plane  a.tf.pef.jj. 
CAD  to  the  plane  CAE.  in  BF  take  BM  equid  to  AK,  and  from 
the  point  M  draw,  in  the  planes  FBG,  FBH,  the  ftraight  lines 
MG,  MN  at  right  an* 
gks  to  BF;  therefore 
the  angle  GMN  is  the 
incliaation  *  of  the  plane 
FBG  to  the  plane  FBH. 
join  LD,  NG ;  and  be- 
caufe  in  the  triangles  C 
K  AD,  MBG,  the  angles 
KAD,  MBG  are  equal, 

as  alfo  the  right  angles  AKD,  BMG,  and  that  the  fides  AK,  BM, 
adjacent  to  the  equal  angles,  are  equal  to  one  another,  therefore 
KD  is  equal  *>  to  MG,  and  AD  to  BG.  for  the  fame  reaibn,  in  the  b. 
triangles  KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to  BN.  and 
in  the  triangles  LAD,  NBG,  LA,  AD  are  equal  to  NB,  BG,  and 
they  contain  equal  angles  5   therefore  the  bafe  LD  is  equal  *  to  c. 
the  bafe  NG.  laftly,  in  the  triangles  KLD,  MNG,  the  fides  DK, 
KL  are  equal  to  GM,  MN,  and  the  bafe  LD  to  the  bafe  NG ; 
therefore  the  angle  DKL  is  equal  ^  to  the  angle  GMN.  but  the  d- 
angle  DKL  is  the  inclination  of  the  plane  CAD  to  the  plane  CAE. 
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Book  XI.  and  the  angle  GMN  is  the  inclinatioa  of  the  plane  FBG  to  the 

v>ry<^^  plane  FBH»  which  planes  hare  therefore  the  fame  inclination  ^  to 

tij  Dcf.iz.  one  another,  and  in  the  fame  manner  it  may  be  demonfirated,  that 

the  other  planes  in  which  the  equal  angles  are,  hare  the  £une  in^ 

clinauon  to  one  anoth^.      Therefore  if  two  folid  angles,  &c. 

Q/ E.  D.  ^  ... 

« 

P  R  O  P.  B.     T  H  E  O  R. 


Uc  N. 


TF  two  folid  angles  be  contained,  each  by  three  plane 
angles  which  arc  equal  to  one  another,  each  to 
each,  and  alike  fituated  j  thefe  folid  angles  arc  equal  to 
one  another. 

Let  there  be  two  folid  angles  at  A  an4  S>  ^^  which  the  folid 
^ngle  at  A  is  contained  by  the  three  plane  angles  CAD,  CAE^ 
EAD  ;  and  that  ai  B,  by  the  three  plane  angles  FBG,  FBH,  HBG-, 
of  which  CAD  is  equal  to  FBG ;  CAE  to  FBH  ;  and  EAD  to 
JIBG.  the  folid  anp.le  ajt  A,  is  equal  to  thrf  folid  angle  at  B. 

iLfCt  the  folid  angle'  at  A  be  applied  to  the  f.>l:d  angle  ?it  B  j 
and  firft,  the  plane  angh  CAD  bting  applied  to  the  plane  angle 
TBG,  fo  as  the  point  A  may  coiacu^e  vith  tlie  point  B,  and  the 
ftraight  line  AC  with  BF ;  then  AD  coir.;  ides  with  BG,  becaufc 
the  aagle  CAD  is  equal  to  ihe 
angle  FBG.  and  becaufe  the  in- 
clination of  the  plane  CAE  to  the 

t.  A.  II.  plane  CAD  is  equal  '  to  the  iq- 
clination  of  the  plane  FBH  to  the 
plane  FBG,  the  plane  CAE  coin-  A 
cidcs  with  the  plane  FBH,  be- 
caufe the  planes  CAD,  FBG  coincide  with  one  another,  and  be- 
caufe the  ftraight  lines  AC,  BF  coincide,  and  that  the  angle  CAE 
is  equal  to  the  angle  FBH,  therefore  AE  coincides  with  BH.  and 
AD  coincides  with  BG,  wherefore  the  plane  EAD  coincides  with 
the  plane  HBG.  therefore  the  folid  angle  A  coincides  with  the 

b.s.  Ajc.  \.  iblid  angle  B,  and  confequently  they  arc  equal  *>  to  on«  anothcir* 
.      (^  F^  D. 


OF    EUCLID, 


PROP.    G.     THE  OR. 


Book  xr. 


SOLID  figures  contained  by  the  fame  number  of  equal  see  «* 
and  fimilar  planes  alike  iituated,  and  having  none 
of  tlieir  folid  angles  contained  by  more  than  three 
plane  angles ;  are  equal  and  fimilar  to  one  another. 

Let  AG,  KQ^be  two  folid  figures  contained  by  the  fame  num^ 
ber  of  fimilar  aod  equal  planes,  alike  fituated,  viz.  let  the  plane 
AC  be  fimilar  and  equal  to  the  plane  KM  ;  the  plane  A7  to  KP^ 
BG  to  L(^;  GD  to  QN  ;  DE  to  NO ;  and  laftly.  FH  fimilsu-  and 
equal  to  PR.  the  folid  figure  AG  is  equal  and  fimilar  to  the  folid 
figure  KQ^  • 

Becaule  the  folid  angle  at  A  is  contained  by  the  three  plane  angles 
BAD,  BA£,  EAD  which,  by  the  hypothefis,  arp  equal  to  the  plane 
angles  LKN,  LKO,  OKN  which  contain  the  folid  angle  at  K,  each 
to  each;  therefore  the  folid  angle  at  A  is  equal  *  to  the  folid  angle  a-  3. 
at  K.  in  the  fame  manner,  the  other  folid  angles  of  the  figures  are 
equal  to  one  another.  If  then  the  Iblid  figure  AG  be  applied  to  the 
folid  figure  KQ^  firft,  the  plane  figure  AC  being  applied  to  the 
plane  figure  KM ;  the 
flraight  line  A  B  coin-  XX  G  R  Q 


IX.. 


ciding  with  KL,  the 
figure  AC  muft  co- 
incide  with  the  figure  J) 
KM,  becaufe  they 
are  equal  and  fimilar* 
therefore  the  ftraigh^ 
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lines  AD,  DC,  CB  coincide  with  KN,  NM,  ML,  each  with  each ; 
and  the  points  A,  D,  C,  B  with  the  points  K,  N,  M,  L.  and  the 
folid  angle  at  A  coincides  '  with  the  folid  angle  at  K  ;  wherefoie 
the  plane  AF  coincides  with  the  plane  KP,  and  the  figure  AF 
with  the  figure  KP,  becaafe  they  are  equal  and  fimilar  to  one  ano* 
ther.  therefore  the  ftraight  lines  A£,  EF,  FB  coincide  with  KO, 
OP,  PL  -,  and  the  points  E,  F,  with  the  points  O,  F.  In  the 
fame  manner,  the  figure  AH  cdncides  with  the  figure  KR,  and 
the  ftraight  line  DH  with  NR,  and  the  point  H  with  the  point  R. 
and  becaafe  the  folid  angle  at  B  is  equal  to  the  folid  angle  at  L,  it 
pktj  be  proved  in  the  fame  manner,  that  the  figure  BG  coincid^^ 
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Book  xr.  with  the  figure  LQ^,  and  the  ftraight  line  CG  'with*  MQ^  and 
the  point  G  \rith  the  point  Q^  fincc  therefore  all  the  planes  and 
fides  of  the  folid  figure  AG  coincide  with  the  planes  and  fides  of 
the  folid  figure  KQ^  AG  is  equal  and  fimilar  to  KQ^and  in  the 
fcimc  manner,  any  other  folid  figures  whatever  contained  by  the 
fame  ninnhcr  of  equal  and  fimilar  planes^  alike  fituated^  and  having 
none  of  their  folid  angles  contained  by  more  than  three  plane  angles, 
may  be  proved  to  be  equal  and  fimilar  to  one  another.  (^E  D. 


SceN. 


pi  itf.  ir. 


b.  I9<  It* 


C.  4    <• 


i'  34*  I 


PROP,  XXIV.     T  H  E  O  R. 

IF  a  folid  be  contained  by  fix  planes,  two  and  two  of 
which  arc  p;irallcl ;  the  oppolite  planes  arc  fimilar 
and  equal  parallelograms. 

« 

Let  the  folid  CDGH  be  contained  by  the  parallel  planes  AC, 
GF;  BG,  CE  5  FB,  AE.  its  oppofite  planes  are  fimilar  and  equal 
parallelograms. 

Because  the  two  parallel  planes,  BG,  CE  are  cut  by  the  plane 
AC,  tl-je'ii  common  fc6V;ons  AB,  CD  are  parallel  •.  again,  bccaufe 
the  two  paiallej  pjr^nes  BF,  AE  are  cnt  by  the  plane  AC,  their 
commoa  fvx^krn?  AD,  Jt>C  are  parallel '.  and  AB  is  pdrailcl  to  CD; 
tlieiviorc  AC  is  a  piiraJkior-ram.  ia 
like  mannc  ,  it  may  be  frovc!  that 
€ach  of  the  figures  CE,  FG,  Gi^  B\\  y\ 
AE  is  a  parallelogram,  join  AH,  Dl'i 
and  bccaufe  AB  is  parallel  to  DC,  and 
BH  to  CF;  the  two  ftraight  lines  AB, 
BH,  which  meet  one  another,  arc  pa- 
rallel to  DC  and  CF  which  meet  one  T) 
another  and  are  not  in  the  fame  plane 
with  the  other  two ;  wherefore  they  contain  equal  angles  ^  ;  the 
angle  ABH  is  therefore  equal  to  the  angle  DCF.  and  bccaufe  AB, 
BH  arc  equal  to  DC,  CF,  anJl  the  angle  ABH  equal  to  the  angle 
DCF,  therefore  the  bafe  AH  is  equal  '  to  the  bafe  DF,  and  the 
tliangle  ABH  to  the  triangle  DCF.  and  the  parallelogram  BG  is 
double  <  of  the  triangle  ABH,  and  the  parallelogram  CE  double 
of  the  triangle  DCF ;  therefore  the  parallelogram  BG  is  equal  and 
fimilar  to  the  parallelogram  CE.  in  the  lame  (manner,  it  may  be 
proved  that  the  parallelogram  AC  is  equal  and  fimilar  to  the  pa.- 
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ndlelognm  GF,  and  the  parallelogram  A£  to  BF.     Therefore  if  a  Book  xr. 
folid,  &c.  ^  (^  E.  D.  K^TYXJ 

PROP-  XXV.     T  H  E  O  R. 

IF  a  folid  parallelepiped  be  cut  by  a  plane  parallel  to  Scc  k. 
two  of  its  oppofite  planes  ;  it  divides  the  whole 
into  two  folids,  the  bafe  of  one  of  which  fliall  t-j  to  the 
bafe  of  the  other,  as  the  one  folid  is  to  the  other. 

Let  the  folid  parallelepiped  ABCD  be  cut  by  the  plane  EV 
which  is  parallel  to  the  oppoCte  planes  AR^  HD,  and  dirides  the 
whole  into  the  two  folids  ABFV,  EGCD  ;  as  the  bafe  AEFT  of 
the  firft  is  to  the  bafe  EHCF  of  the  other,  fo  is  the  folid  ABFV  to 
the  folid  EGCD. 

Produce  AH  both  ways,  and  take  any  number  of  (h'alght  lines 
HM,  MN  each  equal  to  EH,  and  any  number  AK,  KL  each  equal 
to  EA,  and  complete  the  parallelograms  LO,  KT,  HQ^,  MS,  and 
the  folids  LP,  KR,  HU,  MT.  then  bccaufc  the  ftraight  lines  LK, 
KA,  AE  are  all  equal,  the  parallelograms  LO,  KY,  AF  are  equal  *.  a.  35.  i. 


and  likewifc  the  parallelograms  KX,  KB,  AG  • ;  as  alfo  *»  the  pa-  i,,  ,^ 
rallelograms  LZ,  KP,  AR,  bccaufe  they  are  oppofite  planes,  for 
the  fame  reafon,  the  parallelograms  EC,  HQ^,  MS  are  equal ' ;  and 
the  parallelograms  HG,  HI,  IN,  as  alfo  ^  HD,  MU,  NT.  there- 
fore three  phncs  of  the  folid  LP,  are  equal  and  fimilar  to  three 
planes  of  the  folid  KR,  as  alfo  to  three  planes  of  the  folid  AV.  but 
the  three  planes  oppofite  to  thefe  three  are  equal  and  fimilar  ^  to 
them  in  the  feveral  folids,  and  none  of  their  folid  angles  are  coi'- 
tained  by  more  than  three  plane  angles,  therefore  the  three  folids 
LP,  KR,  AV  are  equal  *  to  one  another,  for  the  fame  reafon,  the  c  C. 
three  folids  ED,  HU,  MT  are  equal  to  one  another,  therefore  what 
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Book  XI.  multiple  fbever  the  bale  LF  is  of  the  bafe  AF,  the  fame  multiple  it 
the  folid  LV  of  the  folid  AV.  for  the  fitme  reafon,  whatever  mul^ 
tiple  the  bafe  NF  is  of  the  bafe  HF,  the  fame  multiple  is  the  folid 
NV  of  the  folid  ED.  and  if  the  bafe  LF  be  equal  to  the  bafe  NF, 
the  folid  LV  is  equal  «  to  the  folid  NV ;  and  if  the  bafe  LF  be 
greater  than  the  bafe  NF,  the  folid  LV  is  greater  than  the  folid 
NV )  and  if  lefs,  lefs.  fince  then  there  arc  four  magnitudes,  viz. 


c.  C.  it« 


the  two  bafes  AF,  FH.  and  the  two  folids  AV,  ED,  and  of  the 
bafe  AF  and  folid  AV,  the  bafe  LF  and  folid  LV  arc  any  equi- 
multiples whatever  -,  and  of  the  bafe  FH  and.  folid  ED,  the  bafe 
FN  and  folid  N  V  are  any  equimultiples  whatever  ;  and  it  has  been 
proved,  that  if  the  bafe  LF  is  greater  than  the  bafe  FN,  the  folid 
LV  is  greater  than  the  folid  NV;  and  if  equal,  equal ;  and  if  left, 
a.5.Def.5*  lefs.  Therefore  «*  as  the  bafe  AF  is  to  the  bafe  FH,  fo  is  the  folid 
AV  to  the  folid  ED,     Wherefore  if  a  folid.  Sec.     Q.  E.  D. 


SeeN. 
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b.  »3.  s« 


PROP.    XXVI.     PR  OB. 

AT  a  given  point  in  a  given  flraight  line,  to  make  a 
folid  angle  equal  to  a  given  folid  angle  contained 
by  three  plane  angles. 

Let  AB  be  a  given  ftraight  line,  A  a  given  point  in  it,  and  D  a 
given  iblid  angle  contained  by  the  three  plane  angles  EDC,  EDF, 
FDC.  it  is  required  to  make  at  the  point  A  in  the  ftraight  lint 
AB  a  iblid  angle  equal  to  the  fdid  angle  D» 
J  (  In  the  ftraight  line  DF  take  any  point  F,  from  which  draw  * 
SFG  perpendicttlar  to  the  plane  EDC,  meedng  that  plane  in  G ) 
join  DG,  and  at  the  point  A  in  the  ftraight  line  AB  fliake  ^  the 
angle  BAL  equal  to  the  angle  EDC,  and  in  the  plane  B AL  make 
the  angle  BAK  equal  to  the  angle  EDG ;  then  make  AK  eqnsj 
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to  D6»  and  from  the  point  K  erc&  ^  KH  at  riglu  angles  ^o  the  Bpak  XI. 
plane  BAL ;  and  make  KH  equal  to  6F,  and  join  AH.  then  the|v^>ivs^ 
Iblid  angk  at  A  which  is  contained  by  the  three  plane  angles  BAL,  c.  ix,  n. 
BAH,  HAL  is  equal  to  the  folid  angle  at  D  contained  by  the 
three  plane  angles  EDC,  EDF,  FDC. 

Take  the  equal  ftraight  lines  AB,  DE,^nd  join  KB,  KB,  FE. 
G£.  and  becaufe  FG  is  perpendicuUr  to.tH^  plane  EDC,  it  makes 
right  angles  <*  with  every  ftraight  line  meeting  it  in  that  plane.  d.jDef.n. 
therefore  eacli  of  the  angles  FGD,  FGE  is  a  right  angle,  for  the 
fame  reafon,  HKA,  HKB  are  right  angles,  and  becaufe  KA,  AB 
are  equal  to  GD,  DE,  each  to  each,  and  contain  equal  angles, 
therefore  the  bafe  BK  is  equal  •  to  the  bafe  EG.  and  KH  is  equal  c.  4.  i, 
to  GF,  "and  HKB,  FGE  are  right  angles,  therefore  HB  Js  equal  ^  to 
FE.  again,  becaufe  AK,  KH  are  equal  to  DG,  GF,  and  contain 
right  angles,  the  bafe  AH  is  equal  to  the  bafe  DF  5  and  AB  is 
equal  to  DE;  therefore  HA,  AB  are  equal  to  FD,  DE,  and  the 
bafe  HB  is  equal  to  the  .  -t\ 

bafe  FE ;  therefore  the  A  ^ 

angle  BAH  is  equal  f  to  yflV  /n\  ^-  ••  '• 

the  angle  EDF.  for  the 

fame  reafon,  the  angle 

HAL  is  equal  to  theS 

angle  FDC.  becaule  if 

AL  and  DC' be  made 

equal,  and  KL,  HL, 

GC,  FC  be  joined,  fince  the  whole  angle  BAL  is  equal  to  the 

whole  EDC,  and  the  p«rts  of  them  BAK,  EDG  arc,  by  the  con- 

ftruftion,  equal ;  therefore  the  remaining  angle  KAL  is  equal  to 

the  remaining  angle  GDC.  and  becaufe  K  A,  AL  are  equal  to  GD, 

DC,  and  contain  equal  angles,  the  bafe  KL  is  equal  ^  to  the  baic 

GC.  and  KH  is  equal  to  GF,  fo  that  LK,  KH  are  equal  to  CG, 

GF,  and  they  contain  right  angles;  therefore  the  bafe  HL  is  equal 

to  the  bafe  FC.  again,  becaule  HA,  AL  are  equal  to  FD,  DC,  and 

the  bafe  HL  to  the  bafe  FC,  the  angle  HAL  is  equal  ^  to  the 

angle  FDC.  therefore  becaufe  the  three  plane  angles  BAL,  BAH, 

HAL  which  contain  the  folid  angle  at  A,  are  equal  to  the  three 

plane  angles  EDC,  EDF,  FDC  which  contain  the  folid  angle  at  D, 

^ch  to  each,  and  are  iituated  in  the  fame  order  ;  the  folid  angle 

at  A  is  equal  «  to  the  folid  angle  at  D.     Therefore  at  a  given  j.b.  u. 
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Book  XI.  point  in  2  given  ftraight  Cne  a  ibiid  angle  has  been  made  equal  to  a 
given  folid  angle  contained  by  three  plane  angles.  Which  was 
to  be  done. 


t.  %6.  It. 


\,  II.  €. 


J.  14*  >>• 


T 


PROP.    XXVn.     PROB. 

O  defcribe  from  a  given  ftraight  line  a  folid  pa- 
rallelepiped fimilar,  and  fimilarly  iituated  to  one 


e.  B.  IT. 

f.iz.Def.ii. 


given. 

Let  AB  be  the  given  ftraight  line,  and  CD  the  given  folid  pa- 
rallelepiped. It  is  required  from  AB  to  dcfcnbc  a  folid  pariultl- 
epiped  fimilar,  and  fimilarly  fituated  to  CD. 

At  the  point  A  of  the  given  ilraight  line  AB  make  *  a  folid 
angle  equal  to  the  folid  angle  at  C,  and  let  BAK^  KAH»  HAB 
be  the  three  plane  angles  which  contain  it,  fo  that  BAK  be  equal 
to  the  angle  ECG,  and  KAH  to  GCF,  and  HAB  to  FCE.  and  as 
EC  to  CG,  fo  make  ^  BA  to  AK,  and  as  GC  to  CF,  ib  make  «> 
KA  to  AH ;  wherefore,  ex  aequali  *^,  as  EC  to  CF,  fo  is  BA  to 
AH.  complete  the  parallelogram  BH,  and  the  foiid  AL.  and  be- 
caufe,  as  EC  to  CG,  fo 
BA  to  AK,  the  fides  Jj 

about  the  equal  angles       VH  X* 

ECG,  BAK  are   pro-  " 

portlonals  ;  therefore 
the  parallelogram  BK 
is  fimilar  to  EG.  for  the  ^ 

fame  reafon   parallel©-         i  ^ —       — - 

gram  KH  is  fimilar  to       A  13  C/  Ji 

GF,  and  HB  to  FE.  wherefore  three  parallelograms  of  the  folid 
AL  are  fimilar  to  three  of  the  folid  CD  ;  and  the  three  oppofite 
ones  in  each  folid  are  eqttal  ^  and  fimilar  to  theie,  each  to  each, 
alio,  becaufe  the  plane  angles  which  contain  the  folid  angles  of 
the  figures  are  equal,  each  to  each,  and  fituated  in  the  fame  order, 
the  folid  angles  arc  equal  *,  each  to  each.  Therefore  the  folid 
AL  is  fimilir  f  to  the  folid  CD.  wherefore  from  a  given  ftraight 
line  AB  a  folid  parallelepiped  AL  has  been  defcribed  fimilar,  and 
fimllarly  fituated  to  the  given  one  CD.     Which  was  to  be  done. 
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Book  Xr. 
PROP.  XXVIII.    T  H  E  O  R.  V^^YSJ 

IF  a  folid  parallelepiped  be  cut  by  a  plane  paffing  **•  ^• 
thro'  the  diagonals  of  two  of  the  oppolite  planes ; 
it  ihall  be  cut  into  two  equal  parts. 

Let  AB  be  a  folid  parallelepiped,  and  DE,  CF  the  diagonals  of 
the  oppufire  parallelograms  AH.  GB,  viz.  thofc  which  arc  drawn 
betwxt  the  equal  angles  in  each,  and  becaufc  CD,  FEare each  of    * 
them  parallel  to  GA,  and  not  in  the  fame  plane  with  it,  CD,  EF  arc 
pa'aiicl  * ;  wherefctre  the  diagonals  CF,  DE  arc  in  the  plane  in  t.  ^  n. 
which  the  parallels  are,   and  are  th^m-       |H  ^ 

fcivts  parallels  *».    and  the  plane  CDEF 
fliall  cut  the  folid  AB  into  two  equal  ^ 
pai  ts. 

Becaufe  the  triangle  CGF  is  equal  * 
to  the  triangle  CBF»  and  the  triangle 
DAE  to  DHE  ;  and  that  the  parallelo- 
gram CA  is  equal  ^  and  fimilar  to  the  op- 
pofite  one  BE  ;  and  the  parallelogram 

GE  to  CH.  therefore  the  prifm  contained  by  the  two  tiianglcs 
CGf ,  DAE,  and  the  three  parallelograms  CA»  GE,  EC,  is  equal* 
to  the  prifm  contained  by  the  two  triangles  CBF,  DHE,  and  the 
three  parallelograms  BE,  CH,  EC  ;  becaufe  they  are  contained  by 
the  iame  number  of  equal  and  fimilar  planes,  alike  fituated,  and 
none  of  their  folid  angles  are  contained  by  more  thao^  three  plane 
angles.  Therefore  the  folid  AB  is  cut  into  two  equal  parts  by 
the  plane  CDEF.     Q^E.  D. 

•  N.  B.    The  infjfting  ftraight  lines  of  a  parallelepiped,  mcn- 

*  tioned  in  the  next  and  fome  following  Proportions,  are  the  fides 

*  of  the  parallelograms  betwixt  the  bafe  and  the  oppofite  plane 

*  parallel  to  it.' 


c  34.  «« 


4.  24.  II. 


«.  C.  it« 


PROP.  XXIX.    T  H  E  O  R. 

SOLID  parallelepipeds  upon  the  fame  bafe,  and  of  the  Sc«  n. 
fame  altitude,  the  infifting  ftraight  lines  of  which 
arc  terminated  in  the  fame  ftraight  lines  in  the  plane 
•ppoilte  to  the  bafe,  are  equal  to  one  another. 
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Book  XI.      Let  the  folid  pirallelepipcds  AH,  AK  be  upon  the  fame  bafe 

so'VN^  AB,  and  of  the  fame  altitdde,  ind  teC  their  infiffing  fhraight  lines 
2SCC  the  fi.  AF,  AG;  LM,  LN ;  CD,  CE,  BH,  BK  be  terminated  in  the  fame 

surcsbclow.fj^^gl^^  Unes  FN*.  DK.  the  foHd  AH  is  equal  to  the  folid  AK- 

Firft,  Let  the  parallelograms  DG,  HN  which  are  oppofite  to  the 
bafe  AB  hare  a  common  fide  HG.  then  becaufe  the  (olid  AH  is 
cut  by  the  plane  AGHC  pafling  thro'  the  diagonals  AG,  CH  of 
the  oppbfite  planes  ALGF,  CSHD,  AH  is  cut  into  two  equal 

ft.  18.  II.  parts  *  by  the  plane  AGHC.    -rv  xr  "ir 

fhcreforc  the  folid  AH  is  double 
of  the  prifm  which  h  contained 
by  the  triafigks  ALG,  CBH.  for 
the  fame  reafbn,  becaule  the  ib-  f^ 

-^  lid  AK  is  cut  by  the  plane  LGHB 

thro'  the  diagonals  LG,  BH  of  A  7j 

the  oppofite  planes  ALNG,  CBKH,  the  folid  AK  is  double  of 
the  fjme  prifci  which  is  contained  by  the  triangles  ALG,  CBH. 
Therefore  the  folid  AH  is  equd  tO  the  fblid  AK. 

But  let  the  parallelograms  DM,  EN  oppofite  to  the  bafe  have 
no  common  fide,  then  becaufe  CH,  CK  are  parallelograms,  CB  is 

h,  i4.  I.  equal  *»  to  each  of  the  oppofite  fides  DH,  EK ;  wherefore  DH  is 
equal  to  EK.  add,  Of  take  away  the  common  part  HE;  then  DE  is 
equal  to  HK.  wherefore  alfo  the  triangle  CDE  is  equal  ^  to  the 
triangle  BHK.  and  the  parallelogram  DG  is  equal  <>' to  the  paral- 
lelogram HN.  for  the  fame  reafon,  the  triangle  AFG  is  equal. to" 
the  triangle  LMN,  and  the  pirallelogfam  CF  is  equal  *  to  the  paral- 


c.  )8.  r. 

d.  16.  X. 


t.  24.  It. 


T^   3)     E      J£ 


r.  c.  11. 


lelogram  BM,  and  CG  to  BN-,  for  they  are  oppofite.  Therefore 
tlic  prifm  which  is  contained  by  the  two  triangles  AFG,  CDE,  and 
the  three  parallelograms  AD,  DG,  GC  is  equal  f  to  the  prifm 
contained  by  the  two  triangles  LMN,  BHK,  azid  the  three  paral-' 
lelograms  BM,  MK,  KL.     If  therefore  the  prifm  LMN,  BHK  be 
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taken  from  the  ToUd  of  \(rhich  the  bale  ?s  the  parallelogram  AB,  Book  xr* 
and  in  which  FDKN  is  the  one  oppofite  to  it ;  and  if  fi-cm  this 
fame  IbHd  there  be  taken  the  prifm  AFG,  CD£ ;  the  remaining 
Iblid,  viz.  the  parallelepiped  AH^  is  equal  to  the  remaining  pafral- 
leleptped  AK.     Therefore  folid  parallelepipeds,  &c.    C^  £.  D. 


PROP.  XXX.     THE  OR. 

SOLID  parallelepipeds  upon  the  fame  bafe,  and  of  te  k* 
the  fame  altitude,  the  infifling  flraight  lines  of 
which  are  not  terminated  in  the  fame  flraight  lines  in 
the  plane  oppofite  to  the  bafe,  arc  equal  to  one  another. 

Let  the  parallelepipeds  CM,  CN  be  upon  the  fame  bafe  AB^ 
and  of  the  fame  aldtude,  but  their  infifting  ftraight  lines  AF,  AG, 
LM,  LN,  CD,  CE,  BH,  BK  not  terminated  in  the  fame  ftraight 
lines,  the  fblids  CM,  CN  are  equal  to  one  another. 

Produce  FD,  Mil,  and  NG,  KE,  and  let  them  meet  one  another 
in  the  points  0,P,  (^j  R  ;  and  join  AO,  LP,  BQ^  CR.  and  be-r 
carufe  the  plane  LBHM  is  parallel  to  the  oppofite  plane  ACDF^ 


and  that  the  plaice  LBHM  is  that  in  whkh  are  the  parallels  LB^ 
MHPQ^,  in  vfKich  alfo  is  the  figure  BLPQj  and  the  plane  AClDF 
h  that  in  which  are  the  parallels  AC,  FDOR,  in  which  alfo  is  the 
figure  CAOR ;  therefore  the  figures  BLPQ^  CAOR  are  in  parallel 
pknes.  hi  like  manner,  becauie  the  plane  ALNG  is  parallel  to  the 
oppofit«  plane  CBKE,  and  that  the  plane  ALNG  is  th^t  in  which 
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Book  xr.  arc  the  parallels  AL,  OPGN,  in  which  alfo  is  the  figure  ALPOj 
y^/y^U  and  the  plane  CBKE  is  that  in  which  are  the  parallels  CB,  RQEK, 
in  which  alfo  is  the  figure  CBQR ;  therefore  the  figures  ALPO, 
CBQR  are  in  parallel  planes,  and  the  planes  ACBL,  ORQP  are 
parallel ;  therefore  the  folid  CP  is  a  parallelepiped,  but  the  folid 
CM  of  which  the  bafc  is  ACBL,  to  which  FDHM  is  the  oppofite 
a.  »f.  zi.    parallelogram,  is  equal  *  to  the  iblid  CP  of  which  the  bafe  is  the 


SeeK. 


parallelogram  ACBL,  to  which  ORQP  is  the  one  oppofite  j  be* 
caufe  they  are  upon  the  fame  bafe,  and  their  infifting  ftraight  lines 
AF,  AO,  CD,  CR  ;  LM,  LP,  BH.  BQ^are  in  the  fame  ftraight 
lines  FR,  MQ^  and  the  folid  CP  is  equal  •  to  the  folid  CN,  for 
^hey  are  upon  the  fame  bafe  ACBL,  and  their  infifting  ftraight 
lines  AO,  AG,  LP,  LN  -,  CR,  CE,  BQ^,  BK  are  in  the  fame 
ftraight  lines  ON,  RK.  therefore  the  folid  CM  is  equal  to  the 
folid  CN.     Wherefore  folid  parallelepipeds,  &c.     Q^  E.  D, 

PROP.    XXXL     THEOR. 

C  OLID  parallelepipeds  which  are  upon  equal  bafes, 
^  and  of  the  fame  altitude,  arc  equal  to  one  another. 

Let  the  folid  parallelepipeds  AE,  CF,  be  v\pon  equal  bafes  AB, 
CD,  and  be  of  the  fame  altitude ;  the  folid  AE  is  equal  to  the 
folid  CF. 

Firft,  let  the  infifting  ftraight  lines  be  at  right  angles  to  the  bafes 
AB^  CD,  and  let  the  bafes  be  placed  in  the  iame  plane,  and  fo  as 
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a.  13.  z  t. 


c.  7.  S.' 


4,  »5.  ffV 


that  the  fides  CL,  LB  be  in  a  ftraight  line  -,  therefore  the  ftraight  Book  XU 
line  LM,  which  is  at  right  angles  to  the  plane  in  which  the  bafes  arc, 
in  -the  point  L,  is  common  •  to  the  two  folids  AE,  CF  •,  let  the 
other  infifting  Unes  of  the  folids  be  AG,  HK,  BE;  DF,  OP,  CN.- 
and  firft,  let  the  angle  ALB  be  equal  to  the  angle  CLD ;  then 
AL,  LD  are  in  a  ftraight  line  K  produce  OD,  HB,  and  let  them  *>•  <4  '/ 
meet  in  Q^,  and  complete  the  folid  parallelepiped  LR  the  bafe  of 
which  is  the  parallelogram  LQ^,  and  of  which  LM  is  one  of  its 
Infifting  ftraight  lines,  therefore  becaufe  the  parallelogram  AB  if 
6qual  to  CD,  as  the  bafe  AB  is  to  the  bafe  LQ^,  fo  is  ^  the  bafe 
CD  to  the  fame  LQ;^and  becaufe  the  folid  parallelepiped  AR  is 
cut  by  the  plane  LMEB  which  is  parallel  to  the  oppofitc  planey 
AK,  DR  5  as  the  bafe  AB  is  to  the  bafe  LQ^,  fo  is  ^  the  folid 
AE  to  the  folid  LR.  for  the  fame  reafon,  becaufe  the  iblid  poral* 
Iclepiped  CR  is  cut  by  the  plane  LMFD  which  is  parallel  to  the 
bppofite  planes  CP,    -^  -^  -n 

BR  i  as  the  bafe  CD     F  JS  -K- 

to  the  bafe  LQ^,  fo 
is  the  folid  CF  to  the 
fblld  LR.  but  as  the 
bafe  AB  to  the  bafe 
LC^,  fo  the  bafe 
CD  to  the  bafe  LQ  , 
as  before  was  prov- 
ed,  therefore  as  the 

folid  AE  to  the  folid  LR,  fo  is  the  folid  CF  to.  the  folid  LR  j  and 
therefore  the  folid  AE  is  equal  *  to  the  folid  CF.  «.  9.  // 

But  let  the  folid  parallelepipeds  S£,  CF  be  upon  equal  bafes 
SB,  CD,  and  be  of  the  fame  altitude,  and  let  their  infifting  ftraight 
lines  be  at  right  angles  to  the  bafes ;  and  place  the  bafes  SB,  CD 
in  the  fame  plane,  fo  that  CL,  LB  be  in  a  ftraight  line ;  and  let 
fhe  angles  SLB,  CLD  be  unequal ;  the  folid  S£  is  aUb  in  'this- 
cafe  equal  to  the  folid  CF.  produce  DL,  TS  until  they  meet  in  A,- 
and  from  B  draw  BH  parallel  to  DA ;  and  let  HB,  OD  produced 
meet  in  Q^  and  complete  the  folids  AE,  LR.  therefore  the  folid 
AE,  of  which  the  bafe  is  the  parallelogram  LE,  and  AK  the  one' 
cppofite  to  it,  is  equal  ^  to  the  folid  SE,  of  which  the  bafe  is  LE,-  r.  ^^  , ,, 
and  to  which  SX  is  oppofite ;  for  they  are  upon  the  fame  bafe 
LE,  and  of  the  fame  altitude,  and  their  infifting  ftraight  lines,  vi?. 
LAy  LSyBH,BTj  MG,  MV,  EK,  EX  are  in  the  fame  ftraight 
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Book  XI.  Hoes  AT,  GX.  and  becaofe  the  pandit  iogram  AB  is  cqml « to  SB, 

^.^VVi/  for  they  are  apoa  the  lame  bafc  LB,  and  between  the  fame  paral- 

j.  J5- ».    lels  LB,  AT  J  and  _ 

that  th<;  bafe  SB  is     -P  •* 

equal  to  the  bafc  CD; 
therefore  the  bafe  AB 
is  equal  to  the  bafe 
CD.  and  the  angle 
ALB  is  equal  to  the 
angle  CLD,  there- 
fore, by  the  firft  cafe, 
the  (olid  A£  is  equal 

to  the  (olid  CF;  bnt  the  iblid  AE  is  equal  to  the  Iblid  S£,  as  was 
demonftrated;  therefore  the  iblid  SE  is  equal  to  the  folid  CF. 

But  if  the  infilling  ftraight  lines  AG,  HK,  BE,  LM ;  CN,  RS, 
DF,  OP,  be  not  at  right  angles  to  the  bafcs  AB,  CD ;  in  this  cafe 
likewiie  the  folid  AE  is  equal  to  the  folid  CF.  from  the  points  G, 
K,  E,  M ;  N,  S,  F,  P,  draw  the  ftraight  lines  GQ^,  KT,  EV,  MX ; 

k.  II.  II.   14 Y,  SZ,  FI,  PU,  perpendicular  *  to  the  plane  in  which  are  the 
bafes  AB,  CD;  and  let  them  meet  it  in  the  points  Q^,  T,  V,  X ; 


K     E 


^K 


i.  €,  It. 


k.  15.  II. 


Y,  Z,  I,  U,  and  join  QT,  TV,  VX,  XQj  YZ.  ZI,  RJ,  UY.  then 
becanfe  GQ^  KT,  are  at  right  angles  to  the  fame  plane,  they  are 
parallel  ^  to  one  another,  and  MG,  £K  are  parallels  ;  therefore 
the  planes  MQ^,  ET  of  which  one  paffes  through  MG,  GQ^, 
and  the  other  through  EK,  KT  which  are  parallel  to  MG,  GQ^, 
and  not  in  the  fame  plane  whh  them,  are  parallel  k  to  one  another. 
for  the  fame  reuibn,  the  planes  M V,  GT  are  parallel  to  one  another, 
therefore  the  foiid  Q£  is  a  parallelepiped,  in  like  manner,  it  may 
be  pro?cd,  that  the  folid  YF  is  a  parallelepiped,  but,  from  what  has 
been  demonftrated,  the  folid  EQ^is  equal  to  tl^e  folid  FY,  becaufc 
diey  are  upon  equal  bafes  MK>  PS,  and  of  the  fame  altitude,  and 
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hire  their  infifting  ftraight  Ibcs  at  right  angles  to  the  bafes.  and  Book  XI. » 
the  folid  EQ^is  equal  »  to  the  folid  AE  5  and  the  folid  FY  to  V.>^v\-> 
the  folid  CF ;  becaufe  they  are  upon  the  fame  bales  and  of  the  1- 19.  or  30. 
fame  altitude,  therefore  the  folid  AE  is  equal  to  the  folid  CF.        "- 
Wherefore  folid  parallelepipeds,  &c.     (^  E,  D. 

PROP.   XXXIL     THE  OR. 

SOLID  parallelepipeds  which  have  the  fame  altitude,  See  k. 
are  to  one  another  as  their  bafes. 

Let  AB,  CD  be  folid  parallelepipeds  of  the  fame  altitude,  they 
are  to  one  another  as  their  bafes  ;  that  is,  as  the  bafe  AE  to  the 
bafe  CF,  fo  the  folid  AB  to  the  folid  CD. 

To  the  ftraight  line  FG  apply  the  parallelogram  FH  equal  •  to  a.Cor.4j.r* 
AE,  fo  that  the  angle  FGH  be  equal  to  the  angle  LCG;  and  com- 
plete the  folid  parallelepiped  GK  upon  the  bafe  FH,  one  of  whofe 
infifting  lines  is  FD,  whereby  the  folids  CD,  GK  muft  be  of  the 
fame  altitude,  therefore  the  folid  AB  is  equal  *>  to  the  folid  GK,*  k.  jr.  ju 
becaufe  they  are 

upon  equal  bafes  "5  H)         Jt 

AE,  FH,  and  are 

of  the  fame  alti-  -^\rC—l-i|Q  p 
tude.  and  becaufe 
the  folid  parallel- 
epiped CK  is  cut 
by  the  plane  DG 
which  is  parallel 

to  its  oppofite  planes,  the  bafe  HF  is  *  to  the  bafe  FC,  as  the  folid 
HD  to  the  folid  DC.  but  the  bafe  HF  is  equal  to  the  bafe  AE, 
and  the  folid  GK  to  the  folid  AB.  therefore  as  the  bale  AE  to 
the  bafe  CF,  fo  is  the  folid  AB  to  the  folid  CD.  Wherefore  folid 
parallelepipeds,  &c.     Q^  E.  D. 

Cor.  From  this  it  is  mamfeft  that  prifms  npon  triangular  bafes, 
of  the  fame  altitude,  arc  to  one  another  as  their  bafes. 

Let  the  prifms  the  bafes  of  which  are  the  triangles  AEM,  CFG, 
and  NBO,  PDQ^the  triangles  oppofite  to  them,  have  the  fame  al- 
titude ;  and  complete  the  parallelograms  AE,  CF,  and  the  folid 
parallelepipeds  AB,  CD,  in  the  firft  of  which  Jet  MO,  and  in  the 
other  let  GQ^be  one  of  the  infifting  lines,  and  becaufe  the  TjIM 
parallelepipeds  AB,  CD  have  the  fame  altitude,  they  are  to  oiic 
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Book  XI.  another  as  the  bafe  AE  is  to  the  bafe  CF  j  wherefore  the  prifins, 
V«/^V*v>  which  are  their  halves  *^y  are  to  one  another  as  tlie  bale  AE  to  the 
d.  a8.  II.  bafc  CFj  that  is,  as  the  triangle  AEM  to  the  triangle  CFG. 


PROP.    XXXni.     THEOR. 

SIMILAR  folid  parallelepipeds  are  one  to  another  in 
the  triplicate  ratio  of  their  homologous  fides. 

Let  AB,  CD  be  fimilar  folid  parallelepipeds,  and  the  fide  AE 
homologous  to  the  fide  CF.  the  folid  AB  has  to  the  folid  CD,  the 
triplicate  ratio  of  that  which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  thefe  produced  take  EK  equal  to 
CF,  EL  equal  to  FN,  and  EM  equal  to  FR  ;  and  complete  the 
parallelogram  KL,  and  the  folid  KO.  becaufe  KE,  EL  are  equal 
to  CF,  FN,  and  the  angle  KEL  equal  to  the  angle  CFN,  becaufe 
the  angle  AEG  is  equal  to  CFN,  by  rcafon  that  the  folids  AB, 
•  CD  are  fimilar;  therefore  the  parallelogram  KL  is  fimilar  and  equal 
to  the  parallelogram  CN.  for  the  fame  reafon,  the  parallelogram 
MK  is  fimilar  and  equal  to  CR,  and  alfo  OE  to  FD.  therefore 
three  parallelograms 
of  the  folid  KO  are 
equal  and  fimilar  to 
three  parallelograms 
of  the  folid  CD.  and 
the  three  oppofite 
ones  in  each  iblid  are 

».  %4,  II.  equal  *  and  fimilar 
to  thefe.  therefore 
the  folid  KOis  equal 

k.  G.  II.  b  and  fimilar  to  the 
folid  CD.  complete 
the  parallelogram  GK,  and  complete  the  folids  EX,  LP  upon  the 
bafes  GK,  KL,  fo  that  EH  be  an  infifting  ftraight  line  in  each  of 
them,  whereby  they  muft  be  of  the  fame  altitude  with  the  folid 
AB.  and  becaufe  the  folids  AB,  CD  are  fimilar,  and  by  permuta- 
tion, as  AE  is  to  CF,  fo  is  EG  to  FN,  and  fo  is  EH  to  FR  j  and 
FC  is  equal  to  EK,  and  FN  to  EL,  and  FR  to  EM ;  therefore  as 
AE  to  EK,  fo  is  EG  to  EL,  and  fo  is  HE  to  EM.  but  as  AE  to 

«e  ».  4.     EK^  fo  e  |g  tijc  parallelogram  AG  to  the  parallelogram  GK>  and 
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as  GE  to  EL,  fo  *  is  GK  to  KL  ;  and  as  HE  to  EM,  fo  «  is  PE  BookXJ. 
to  KM.  therefore  as  the  parallelogram  AG  to  the  parallelogram  ^^w^ 
GK,  lb  is  GK  to  KL,  and  PE  to  KM.  but  as  AG  to  GK,  fo  ^  is  c  i.  «. 
the  folid  AB  to  the  folid  EX ;  and  as  GK  to  KL,  fo  ^  is  the  folid  ^'  *^-  "• 
EX  to  the  folid  PL ;  -and  as  PE  to  KM,  fo  <>  is  the  folid  PL  to  the 
folid  KO.  and  therefore  as  the  folid  AB  to  the  folid  EX,  fo  is  EX 
to  PL,  and  PL  to  KO.  but  if  four  magnitudes  be  continual  pro- 
portionals, the  firft  is  faid  to  have  to  the  fourth  the  triplicate  ratio 
of  that  which  it  has  to  the  fecond.  therefore  the  folid  AB  has  to 
the  folid  KO,  the  triplicate  ratio  of  that  which  AB  has  to  EX.  but 
as  AB  is  to  EX,  fo  is  the  parallelogram  AG  to  the  parallelogram 
GK,  anfi.  the  ftraight  line  AE  to  the  ftraight  line  EK.  wherefore 
the  folid  AB  has  to  the  folid  KO,  the  triplicate  ratio  of  that  which 
AE  has  to  EK.  and  the  folid  KO  is  equal  to  the  folid  CD,  and 
the  ftraight  line  EK  is  equal  to  the  ftraight  liile  CF.     Therefore 
the  folid  AB  has  to  the  folid  CD,  the  triplicate  ratio  of  that  which 
the  fide  AE  has  to  the  homologous  fide  CF.     Q^  E.  D. 

Cor.  From  this  it  is  manifeft,  that  if  four  ftraight  lines  be  con- 
tinual proportionals,  as  the  firft  is  to  the  fourth,  fo*  is  the  folid  pa.- 
rallelepiped  defcribed  from  the  firft  to  the  fimilar  folid  fimilarly  de» 
fcribed  from  the  fecond  5  becaufe  the  firft  ftraight  line  has  to  the 
fourth,  the  triplicate  ratio  of  that  which  it  has  to  the  fecond. 


P  R  O  P.  D.     T  H  E  O  R. 


SOLID  parallelepipeds  contained  by  parallelograms "« 
equiangular  to  one  another,  each  to  each,  that  is, 
of  which  the  folid  angles  are  equal,  each  to  each;  have 
to  one  another  the  ratio  which  is  the  fame  with  the 
ratio  compounded  of  the  ratios  of  their  fides. 

Let  AB,  CD  be  folid  parallelepipeds,  of  which  AB  is  contained 
by  the  parallelograms  AE,  AF,  AG  equiangular,  each  to  each,  to 
the  parallelograms  CH,  CK,  CL  which  contain  the  folid  CD.  the 
ratio  which  the  folid  AB  has  to  the  folid  CD  is  the  fame  with  that 
which  is  compounded  of  the  ratios  of  the  fides  AM  to  DL,  AN 
toDKiandAOtoDH. 

P  3 


•-J 


Book  Xr. 


a*  C.  II, 


b.  IX,  II 


THE     ELEMENTS 

Produce  MA,  NA,  OA  to  P,  Q^,  R,  fo  that  AP  be  equal  t« 
DL,  AQ^  to  DK,  and  AR  to  DH  ;  and  complete  the  folid  pa- 
rallelepiped AX  contained  by  the  parallelograms  AS,  AT,  AV 
fimilar  and  equal  to  CH,  CK,  CL,  each  to  each,  therefore  the 
folid  AX  is  equal  •  to  the  folid  CD.  complete  likewife  the  folid 
AY  the  bafe  of  which  is  AS,  and  of  Mrhich  AO  is  one  of  its  in- 
fixing ftraight  lines.  Take  any  ftraight  line  a,  and  as  MA  to  AP, 
fo  make  a  to  b ;  and  as  N  A  to  AQ^  fo  make  b  to  c  ;  and  as  OA 
to  AR,  fo  c  to  d.  then  becaufe  the  parallelogram  AE  is  equian- 
gular to  AS,  AE  is  to  AS,  as  the  ftraight  line  a  to  c,  as  is  dc- 
iTiOnftrated  in  the  23.  Prop.  Book  6.  and  the  folids  AB,  AY,  being 
bs-twixt  the  parallel  planes  BOY,  EAS,  arc  of  the  fame  altitude, 
therefore  the  folid  AB  is  to  the  folid  AY,  as  ^  the  bafe  AE  to  the 
b:dc  AS  i  that  is,  as  the  ftraight  line  a  is  to  c.  and  the  folid  AY 


c.  %5,  II.  is  to  the  folid  AX,  as  ^  the  bafe  OQ^is  to  the  bafe  QR  ;  that  is, 
as  the  ftraight  line  OA  to  AR ;  that  is,  as  the  ftraight  line  c  to  the 
ftraight  line  d.  and  becauic  the  folid  AB  is  to  the  folid  AY,  as  ^ 
is  to  c,  and  the  folid  AY  to  the  iblid  AX,  as  c  is  to  d  5  ex  acquaK, 
tiic  folid  AB  is  to  the  folid  AX,  or  CD  which  is  eqnal  to  it,  as  the 
ftraight  line  a  is  to  d.  but  the  ratioof  a  to  d  is  faid  to  be  compounded 

<i.Dcf.  A.5.  *  of  the  ratios  of  a  to  b,  b  to  c,  and  c  to  d,  which  are  the  fame  with 
the  ratios  of  the  fides  MA  to  AP,  NA  to  AQ^,  and  OA  to  AR, 
each  to  each,  and  the  fides  AP,  AQ^,  AR  are  equal  to  the  fides 
DL,  DK,  DH,  each  to  each.  ITicrcfore  the  folid  AB  has  to  the 
folid  CD  thfc  ratio  which  is  the  fame  with  that  which  is  com- 
pounded of  the  ratios  of  the  fides  AM  to  DL,  AN  to  DK,  and 
AO  to  DH,    Q£  E.  D.  . 
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Book  XI. 
PROP.  XXXIV.     T  H  E  O  R.  K^y^ 

TH  E  bafes  and  altitudes  of  equal  folid  parallelepi-  se.  m. 
peds  arc  reciprocally  proportional ;  and  if  the 
bafes  and  altitudes  be  reciprocally  proportional,  the  fo- 
lid parallelepipeds  are  equal. 

Let  AB,  CD  be  eqnal  folid  parallelepipeds ;  their  bafes  are  re- 
ciprocally proportioaal  to  their  altitudes  •,  that  is,-  as  the  bafe  EH 
is  to  the  bafe  NP,  fo  is  the  altitude  of  the  foUd  CD.  to  the  alti- 
tude of  the  folid  AB. 

Rrft,  Let  the  infiftiug  ftraJght  Uncs  AG,  EF,  LB,  HK;  CM, 
NX  ob,  PR  be  at  right  angles  to  the  bafes.  as  the  bafe  EH  tp 
the  bafe  NP,  fo  is  CM  to      TT        "D         -n  X) 


If 


AG.  if  the  bafe  EH  be 
equal  to  the  bafe  NP,  thea 
becaafe  the  folid  AB  is 
likewife  equal  to  the  folid 
CD,  CM  ftiall  be  equal  to  Hlr-i 
AG.  becaufe  if  the  bafes         \L 
EH,  NP  be  equal,  but  the         A. 
altitudes  AG,  CM  be  not 

equal,  neither  fliall  the  folid  AB  be  equal  to  the  folid  CD.  bu^ 
the  folids  are  eqnal,  by  the  bypothcfis.  therefore  the  altitude  CM 
is  not  unequal  to  the  altitude  AG ;  that  is,  they  are  equal  where- 
fore as  the  bafe  EH  to  the  bafe  NP,  fo  is  CM  to  AG. 

Next,  Let  the  bafes  EH,  NP  not  be  equal,  but  EH  greater  thaft 
the  other,  fince  then  the  folid  AB  is  equal  to  the  folid  CD,  CM 
is  therefore  greater  than 
AG.  for  if  it  be  not,  nei- 
ther alfo,  in  this  cafe, 
would  the  folids  AB,  CD 
be  equal,  which,  by  the 
hypothecs,  are  equal. 
Make  then  CT  equal  to  -^j 
AG,  and  c6mplcte  the  -*** 
folid  parallelepiped  CV  of 
which  the  bafe  is  NP, 
and  altitude  CT.  Becaufe  the  foUd  AB  is  equal  to  the  folid  CD, 
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Book  XI-  therefore  the  folid  AB  is  to  the  folid  CV,  as  •  the  folid  CD  to  the 
foUd  CV.  but  as  the  folid  AB  to  the  folid  CV,  fo  ^  is  the  bafe  EH 
to  the  bafe  NP ;  for  the  folids  AB,  CV  are  of  the  fame  altitude ; 
and' as  the  folid  CD  to  CV,  fo  *=  is  the  bafe  MP  to  the  bafe  PT, 
and  fo  *  is  the  ftraight  line  MC  to  CT  •,  and  CT  is  equal  to  AG. 
therefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  MC  to  AG.  where- 
fore the  bafes  of  the  fglid  parallelepipeds  AB,  CD  are  reciprocally 
proportional  lo  their  altitudes. 

Let  now  the  bafes  of  the  folid  parallelepipeds  AB,  CD  be  reci- 
procally proportional  to  their  altitudes ;  viz.  as  the  bafe  EH  to  the 
bafe  NP,  fo  the  altitude  of  the  folid  CD  to  the  altitude  of  the  foli4 
AB  I  the  folid  AB  is  equal 
to  the  folid  CD.  let  the  in- 
filling lines  be,  as  before, 
ai  right  angles  to  the  bafes. 
then,  if  fhe  bafe  EH  be  c- 


qual  to  the  bafe  NP>  fmce  J£L 

EH  is  to  NP,  as  the  alti-         \ 

tude  of  the  folid  CD  is  to 

the  ahitudeof  the  folid  AB, 
t.  A.  s»      therefore  the  altitude  of  CD  is  equal  *  to  the  altitude  of  AB.  but 

folid  parallelepipeds  upon  equal  bafes,  and  of  the  fame  altitude  arc 
f.  31-  «»•    equal  f  to  one  another;  therefore  the  folid  AB  is  equal  to  the 

folid  CD.  .  ■ 

But  let  the  bafes  EH,  NP  be  unequal,  and  let  EH  be  the  greater 

of  the  two.  therefore,  fmce  as  the  bafe  EH  to  the  bafe  NP,  fo  is 

CM  the  altitude  of  the  folid  CD  to  AG  the  altitude  of  AB,  CM 

is  greater  ^  than  AG.  a- 

gain,  take  CT  equal  to  AG, 

and  complete,  as  before, 

the  folid  CV.  and,  becaufe 

the  bafe  EH  is  to  the  bafe 

NP,  as  CM  to  AG,  and 

that  AG  is  equal  to  CT, 

therefore  the  bafe  EH  is  to 

the  bafe  NP,  as  MC  to 

CT.  but  as  the  bafe  EH  is 
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to  NP,  fo  0  is  the  folid  AB  to  the  foUd  CV  j  for  the  foUds  AB, 
CV  are  of  the  fame  altitude }  and  as  MC  to  CFy  fo  is  the  bafe 
^IP  to  the  bafe  FT,  and  the  folid  CD  to  the  folid  «  CV.  mi 
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Aereforc  as  the  folid  AB  to  the  folid  CV,  fo  is  the  folid  CD  to  Book  XI. 
the  folid  CV  •,  that  is,  each  of  the  folids  AB,  CD  has  the  fame  V^YX^ 
ratio  to  the  folid  CV  ;  and  therefore  the  folid  AB  is  equal  to  the 
folid  CD. 

Second  gencrril  Cafe.  Let  the  infifting  ftraight  lines  F£,  BL^ 
GA,  KH  ;  XN,  DO,  MC,  RP  not  be  at  right  angles  to  the  bafes 
pf  the  folids ;  and  from  the  points  F,  B,  K,  G ;  X,  D,  R,  M  draw 
perpendiculars  to  the  planes  in  which  are  the  bafes  £H,  NP,  meet* 
ing  thofc  planes  in  the  points  S,  Y,  V,  T  j  Q^,  I,  U,  Z  5  and 
(Tomplete  the  folids  FV,  XU,  which  are  parallelepipeds,  as  was 
proved  in  the  laft  part  of  Prop.  3  i.  of  this  Book.  In  this  caft 
likewifc,  if  the  folids  AB,  CD  be  equal,  their  bafes  are  reciprocally 
proportional  to  their  altitudes,  viz.  the  bafe  £H  to  the  baie  NP,  as 
the  altitude  of  the  folid  CD  to  the  altitude  of  the  folid  AB.  Be* 
icaufe  the  folid  AB  Is  equal  to  the  folid  CD,  and  that  the  folid  BT 
is  equal  »  to  the  folid  BA,  for  they  are  upon  the  fame  bafe  FK,  t.»9.ot3o. 
and  of  the  fame  altitude  ;  and  that  the  folid  DC  is  equal  <  to  the 
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iblid  DZ,  being  upon  the  fiime  bafe  XR,  and  of  the  fame  altitude ; 
therefore  the  folid  BT  is  equal  to  the  folid  DZ.  but  the  bafes  arc 
reciprocally  proportional  to  the  altitudes  of  equal  folid  parallelepi- 
peds of  which  the  infifting  ftraight  lines  are  at  right  angles  to  their 
bafes,  as  before  was  proved,  therefore  as  the  bafe  FK  to  the  bafe 
XR,  fo  is  the  altitude  of  the  folid  DZ  to  the  altitude  of  the  folid 
BT.  and  the  bafe  FK  is  equal  to  the  bafe  £H,  and  the  bafe  XR 
to  the  bafe  NP.  wherefore  as  the  bafe  EH  to  the  bafe  ilP,  fo  is 
the  altitude  of  the  folid  DZ  to  the  altitude  of  the  folid  BT.  but  the 
altitudes  of  the  folids  DZ,  DC,  as  alfo  of  the  folids  BT,  BA  arc 
iht  fame.     Therefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  the 
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Book  XI-  altitude  of  the  folid  CD  to  the  altitude  of  the  folld  AB ;  that !», 
^•Y^^  f^^  bafcs  of  the  folid  puallelepipeds  AB,  CD  are  reeiprocally  pro- 
portioaal  to  their  altitudes. 

Next,  Let  the  bafts  of  the  Iblids  AB,  CD  be  reciprocally  pro- 
pOTtlonal  to  their  altitudes,  viz.  the  baft:  EH  to  the  bale  NP,  as 
the  altitude  of  the  iblid  CD  to  the  altitude  of  the  Iblid  AB ;  the 
foUd  AB  is  ec]ual  to  the  folid  CD.  the  fame  coolVruftioa  being 
made ;  bccp.ule  as  the  bale  EH  to  the  bafe  NP,  To  is  the  altitude 
of  the  folid  CD  to  the  altitude  of  the  fulid  AB ;  and  that  the  bafe 
EH  is  equal  to  the  bafe  FK}  and  NP  to  XR ;  therefore  the  baft 
FK  is  to  the  bafe  XR,  as  the  altitude  of  the  fiilid  CD  to  the 


altitude  of  AB.  but  the  altitudes  of  the  folids  AB,  BT  are  the 
fame,  as  alfo  of  CD  and  DZ ;  therefore  as  the  bafe  FK  to  the  bafe 
XR,  fo  is  the  altitude  of  the  folid  DZ  to  the  altitude  of  the  Iblid 
BT.  wherefore  the  bafes  of  the  Iblids  ffT,  DZ  are  reciprocally  pro- 
portioDal  to  their  altitudes;  and  their  infilling  (bright  lines  are  at 
right  angles  to  the  bafes ;  wherefore,  as  was  before  proved,  the 
folid  BT  is  equal  to  the  folid  DZ.  but  BT  is  equal '  to  the  folld 
BA,  and  DZ  to  the  folid  DC,  becauic  they  are  upon  the  fame 
bafes,  and  of  the  (lime  altitude.  Therefore  the  folid  AB  is  equal 
to  the  folid  CD.     Q^  E.  D. 


OF     EUCLID. 
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IF  from  the  vertices  of  two  equal  plane  angles  there  ««  n- 
be  drawn  two  ftraight  lines  elevated  above  the  planes 
in  which  the  angles  are,  and  containing  equal  angles  with 
the  fides  of  thofe  angles,  each  to  each  ;  and  if  in  the 
lines  above  the  planes  there  be  taken  any  points,  and 
from  them  perpendiculars  be  drawn  to  the  planes  in 
\7liich  the  firft  named  angles  are ;  and  from  the  points 
in  which  they  meet  the  planes,  ftraight  lines  be  drawn 
to  the  vertices  of  the  angles  firft  named ;  thefe  ftraight 
lines  fliall  contain  equal  angles  with  the  ftraight  lines 
which  are  above  the  planes  of  the  angles. 

Let  B  AC,  £DF  be  two  equal  plane  angles ;  and  from  the  points 
A,  D  let  the  ftraight  lines  AG,  DM  be  elevated  above  the  planes 
of  the  angles,  making  eqnal  angles  with  their  fides,  each  to  each; 
Tiz.  the  angle  GAB  equal  to  the  angle  MDE,  and  GAC  to  MDF; 


and  in  AG,  DM  let  any  points  G,  M  be  taken,  and  from  them  let 
perpendiculars  GL,  MN  be  drawn  to  the  planes  B  AC,  £DF  meet- 
ing thefe  planes  in  the  points  L,  N ;  and  join  LA,  ND.  the  angle 
GAL  is  equal  to  the  angle  MDN. 

Make  AU  equal  to  DM,  and  thro'  H  draw  HK  parallel  to 
GL.  but  GL  is  perpendicular  to  the  plane  BAC,  wherefore  HK 
is  perpendicular  ■  to  the  fame  plane,  from  the  points  K,  N,  to  the  ••  «". 
ftraight  lines  AB,  AC,  D£,  DF,  draw  perpendiculars  KB,  KC, 
N£,  NF  'y  and  join  HB,  BC,  ME,  EF.  becaufe  HK  is  perpendicular 
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Book  xr.  to  the  plane  BAC,  the  plane  HBK  which  pafles  through  HK  is 
K^^^kJ  at  right  angles  *>  to  the  plane  BAC;  and  AB  is  drawn  in  the  plane 
K  18.  II.   BAC  at  right  angles  to  the  common  fcftion  BK  of  theltwo  planes ; 
c:4.Deiii.  therefore  AB  is  perpendicular  *  to  the  plane  HBK,  and  makes  right 
1L3.Def.11.  angles  ^  with  every  ftraight  line  meeting  it  in  that  plane,  but  BH 
^  meets  it  in  that  plane ;  therefore  ABH  is  a  right  angle,  for  the 
fame  reafon,  DEM  is  a  right  angle,  and  is  therefore  equal  to  the 
angle  ABH.  and  the  angle  H  AB  is  equal  to  the  angle  MDE.  there- 
fore in  the  two  triangles  HAB,  MDE  there  are  two  angles  in  one 
equal  to  two  angles  in  the  other,  each  to  each,  and  one  fide  equal 
to  one  fide,  oppofite  to  one  of  the  equal  angles  in  each,  riz.  HA 
equal  to  DM  ;  therefore  the  remaining  fides  are  equal  ^,  each  to 
each,  wherefore  AB  is  equal  to  DE.     In  the  fame  manner,  if 
HC  and"MF  be  joined,  it  may  be  "demon  ftrated  that  AC  is  equal 
to  DF.  therefore  fince  AB  is  equal  to  DE,  B  A  and  AC  are  equal 


C  2€.  l» 


f4- 


to  ED  and  DF ;  and  the  angle  BAC  is  equal  to  th?  angle  EDF; 
wherefore  the  bafe  BC  is  equal  /  to  the  bafc  EF,  and  the  remain- 
ing angles  to  the  remaining  angles,  the  angl^  ABC  is.  therefore 
equal  to  the  angle  DEF.  and  the  right  angle  ABK  is  equal  to  tli« 
right  angle  DEN,  whence  the  remaining  angle  CBK  is  equal  to 
the  remaining  angle  FEN.  for  the  fame  rea&n,  the  angle  BCK  is 
equal  to  the  angle  EFN.  therefore  in  the  two  triangles  BCK,  EFN 
there  are  two  angles  in  one  equal  to  two  angles  in  the  other,  each 
to  each,  and  one  fide  equal  to  one  fide  adjacent  to  the  equal  angles 
in  each,  viz.  BC  equal  to  EF ;  the  other  fides  therefore  are  equal 
to  the  other  fides ;  BK  then  is  equal  to  EN.  and  AB  is  equal  to 
DE;  wherefore  AB,  BK  are  equal  to  DE,  EN;  and  they  contain 
right  angles ;  wherefore  the  bafe  AK  is  equal  to  the  bale  DN. 
aad  fince  AH  i$  equal  to  DM,  the  fquaie  of  AH  is  equal  to  the 
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fqnare  of  DM.  but  the  fquarcs  of  AK,  KH  arc  equal  to  the  fquare  Book  Xf* 
»  of  AH,  becaufe  AKH  is  a  right  aaglc.  and  the  iquai'es  of  BN,  ^<^y^J 
NM  arc  equal  to  the  fquare  of  DM,  for  DNM  is  a  right  angle.  5.  47.  i* 
wherefore  the  fquarcs  of  AK,  KH  are  equal  to  the  fquares  of  DN, 
NM ;  and.  of  thofe  the  fquare  of  AK  lis  equal  to  the  fquare  of 
DN.  therefore  the  remaining  fquare  of  KH  is  equal  to  the  remain- 
ing fqu.irs  of  NM ;  and  the  ftraight  line  KH  to  the  ftraight  line 
NM.  aiid  becaufe  HA,  AK  arc  equal  to  MD,  DN,  each  to  each, 
au'I  the  b.  Ic  HK  to  the  bafc  MN,  as  has  been  proved  ;  therefore 
the  angle  HAK  is  equal  »»  to  the  angle  MDN*     Q^  E.  D*         h.  «.  1- 

CoR..  From  this  it  is  manifeft,  that  if  from  the  vertices  of  two 
equal  plane  angles  there  be  elevated  two  equal  ftraight  lines  con- 
taining equal  angles  with  the  fides  of  the  angles,  each  to  each;  the 
perpendiculars  drawn  from  the  extremities  of  the  equal  ftraight 
lines  to  the  planes  of  the  iirft  angles  are  equal  to  one  another. 

Another  Demo^ration  of  the  Corollary. 

Let  the  plane  angles  B  AC,  EDF  be  equal  to  one  another,  and 
let  AH,  DM  be  two  equal  ftraight  lines  above  the  planes  of  the 
angles,  containing  equal  angles  with  BA,  ^C,  ED,  DF,  each  ta 
each,  viz.  the  angle  HAB  equal  to  MDE,  and  H AC  equal  to  the 
angle  MDF  -,  and  from  H,  M  let  HK,  MN  be  perpendiculars  ta 
the  planes  BAG,  EDF ;  HK  is  equal  to  MN. 

Becaufe  the  folid  angle  at  A  is*  contained  by  the  three  plane 
angles  BAC,  BAH,  HAC,  which  are,  each  to  each,  equal  to  the 
three  plane  angles  EDF,  EDM,  MDF  containing  the  folid  angle 
at  D  5  the  folid  ailgles  at  Ajind  D  are  equal,  and  therefore  coincide 
with  one  ^another  '^  to  wit,  if  the  plane  anqle  ABC  be  applied' 
to  the  plane  angle  EDF,  the  ftraight  line  AH  coincides  with  DM, 
as  was  (hewn  in  Prop.  B.  of  this  Book,  and  becaufe  AH  is  equal 
to  DM,  the  point  H  coincides  With  the  point  M.  wherefore  HK 
which  is  perpendicular  to  the  plane  BAC  coincides  with  '  MN  ^-  '^  «^* 
which  is  perpendicular  to  the  plane  EDF,  becaufe  thefe  planes  co- 
iocidc  with  one  another,  therefore  HK  is  equal  to  MN.  Q^E«  D* 
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PROP.    XXXVI.     THE  OR. 

TF  three  ftraight  lines  be  proportionals,  the  foHd  pa- 
-^  rallelepiped  dcfcribed  from  all  three  as  its  fides,  is 
equal  to  the  equilateral  parallelepiped  defcribed  from 
the  mean  proportional,  one  of  the  folid  angles  of  which 
is  contained  by  three  plane  angles  equal,  each  to  each, 
to  the  three  plane  angles  containing  one  of  the  folid 
angles  of  the  other  figure. 

Let  A,  B,  C  be  three  proportionals,  viz.  A  to  B,  as  B  to  C. 
The  folid  defcribed  from  A,  B,  C  is  equal  to  the  equilateral  folid 
defcribed  fi-om  B,  equiangular  to  the  other. 

Take  a  folid  angle  D  contained  by  three  plane  angles  EDF, 
FDG,  GDE  5  and  make  each  of  the  ftraight  lines  ED,  DF,  DG 
equal  to  B,  and  complete  the  folid  parallelepiped  DH.  make  LK 
equal  to  A,  and  at  the  point  K  inr  the  ftraight  line  LK  make  *  a 
folid  angle  contained  by  the  three  plane  angles  LKM,  RUCN,  NEX 
equal  to  the  angles  EOF,  FDG,  GDE,  each  to  eacli  -,  and  makie* 
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KN  equal  to  B,  and  KM  equal  to  C ;  and  complete  the  folid  pa- 
rallelepiped KO.  and  becaufe,  as  A  is  to  B,  fo  is  B  to  C,  and  that 
A  is  equal  to  LK,  and  B  to  each  of  the  ftraight  lines  DE,  DF,  and 
C  to  KM  5  therefore  LK  is  to  ED,  as  DF  to  KM ;  that  is,  the- 
fides  about  the  equal  angles  are  reciprocally  proportional  5  there- 
fore the  parallelogram  LM  is  equal  *>  to  EF.  and  becaufe  EDF, 
LKM  are  two  equal  plane  angles,  and  the  two  equal  ftraight  lines 
DG,  KN  arc  drawn  from  their  vertices  above  their  planes,  and" 
contain  equal  angles  with  their  fides ;  therefore  the  perpendiculars 
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from  the  points  G,  N,  to  the  planes  EDF,  LKM  are  equal  ^  to  Book  XI. 
one  another,  therefore  the  foiids  KO,  Dli  are  of  the  fame  altitude;  ^.^y^^ 
and  they  arc  upon  equal  bales  LM,  EF,  and  therefore  they  are  c.  dr.  jf. 
equal  «•  to  one  another,   but  the  folid  KO  is  defcribed  from  the       "• 
three  ftraight  lines  A,  B,  C,  and  the  folid  DH  from  the  ftraight  **'  ^'' "' 
line  B.    If  therefore  three  ftraight  lines,  Ice.  (^  E.  D. 

PROP.  XXXVn.     T  H  E  O  R. 

TF  four  ftniight  lines  be  proportionals,  the  fimilar  folid s«o  w. 
•*-     parallelepipeds  fimilarly  defcribed  from  them  fhall 
alfo  be  proportionals,  and  if  the  fimilar  parallelepipeds 
fimilarly  defcribed  from  four  ftraight  lines  be  propor- 
tionals, the  ftraight  linj^  fhall  be  proportionals. 

Let  the  four  ftraight  lines  AB,  CD,  EF,  GH  be  proportionals^ 
VIZ.  as  AB  to  CD,  fo  EF  to  GH;  and  let  the  fimilar  parallelepi-* 
pcds  AK,  CL,  EM,  GN  be  fimilarly  defcribed  from  them.  AK  is 
to  CL,  as  EM  to  GM. 

Make  ■  AB,  CO,  O,  P  continual  proportionals,  as  alfo  EF,  a.  n.  «. 
GH,  Q^,  R.  ani  beraufe  as  AB  is  to  CD,  fo  EF  to  GH  •,  CD 
is  ^  to  O,  as  GH  to  Q^  and  O  to  P,  as  Q^to  R ;  therefore,  ex  b.  n.  s-  ' 
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aequali ',  AB  is  to  P,  as  EF  to  R.  but  as  AB  to  P,  fb  <*  is  the  c  ax. ;. 
folid  AK  to  the  folid  CL ;  and  as  EF  to  R,  fj  •»  is  the  folid  EM*"-  <^"-  «" 
to  the  folid  GN.  therefore  t"  as  the  folid  Ali  to  tlic  folid  CL,  fo      "' 
is  the  folid  EM  to  the  folid  GN. 
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Book  Xf.       Btit  let  the  folid  AK  be  to  the  foil  J  CL,  as  the  folid  EM  to  the 
foUd  GN.  the  flraight  line  AB  is  to  CD,  as  EF  to  GH. 

Take  AB  to  CD,  as  EF  to  ST,  and  from  ST  dcfcribe  ^  a  folid 
parallelepiped  SVfimilar  and  fimilarly  fituatcd  to  either  of  the  iblids 
EM,  GN.  and  becaiife  AB  is  to  CD,  as  EF  to  ST,  and  that  from 
AB,  CD  the  folid  parallelepipeds  AK,  CL  are  fimilarly  dcfcribed  ; 
and  in  like  manner  the  folids  EM,  S V  from  the  firaight  lines  EF^ 
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ST ;  therefore  AK  is  to  CL,  as  EM  to  SV.  but,  by  the  hypothcfis, 
AK  is  to  CL,  as  EM  to  GN.  therefore  GN  is  equal  f  to  S  V.  buf 
it  is  likewife  iimilar  and  fimilarly  fituated  to  SV ;  therefore  the 
planes  which  contain  the  folids  GN,  SV  are  fimilar  and  equal,  and 
their  homologous  fides  GH,  ST  equal  to  one  another,  and  be- 
caufe  as  AB  to  CD,  fo  EF  to  ST,  and  that  ST  is  equal  to  GH  y 
AB  is  to  CD  as  EF  to  GH.  Therefore,  if  four  ftraight  lines,  &c 
Q^  E-  D* 

PROP.    XXXVra.     THEOR. 

"  TF  a  plane  be  perpendicular  to  another  plane,  and  a' 
**  ftraight  line  be  drawn  from  a  point  in  one  of  the' 
"  planes  perpendicular  to  the  other  plane,  this  ftraight 
**  line  fliall  fall  on  the  common  fedlion  of  the  planes. 

*'  Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and  let 
*'  AD  be  their  common  fedion  ;  if  any  point  E  be  taken  in  the 
'^  plane  CD,  the  perpendicular  drawn  firom  E  to  the  plane  A& 
«  fliall  fall  on  AD. 
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•*  For  if  it  docs  not,  let  it,  if  pofllble,  fall  clfcwhcre,  as  EF;  and 

let  it  meet  the  plane  AB  in  the  point  F  j  and  from  F  di  aw  *,  iii 

the  plane  AB,  a  perpendicular  FG  to  DA,  which  is  alfo  per- 
**  pendicular  ^  to  the  plane  CD  j  afid  join  EG»  then  bccaufe  FG  is 

perpendicular  to  the  plaae  CD,    ^ 

and  the  ftraight  line  EG,  which 

is  in  that  pldne,  meets  it ;  thei'e* 

fore  FGE  is  a  right  angle  *.  but 

EF  is  alfo  at  right  angles  to  the     A 
•*  plane  AB ;~  and  therefore  EFG 

is  a  right  angle,  wherefore  two  ^       j X"l> 

of   the  angles  of  the  triangle 

EFG  arc  equal  together  to  two  right  angles ;  Mi^hich  is  abfurd. 

therefore  the  perpendicular  from  the  point  E  to  the  plane  AB 

does  not  fall  elfewherc  than  upon  the  ftraight  line  AD.  it  thcrc- 
'*  fore  falls  upon  it.     If  therefore  a  plane,  &c.    Q^  E.  U." 

PROP.    XXXIX.     THEOR. 

TN  a  folid  parallelepiped,  if  the  fides  of  two  of  the  op-  ««e  n. 

"^  pofitc  planes  be  divided  each  into  two  equal  parts, 
the  common  feclion  of  the  planes  paflirig  through  the 
points  df  divifion,  and  the  diameter  of  the  folid  paral- 
lelepiped cut  each  other  into  two  equal  parts. 

Let  the  fides  of 
the  oppofite  planes 
CF,  AH  of  the  folid 
parallelepiped  AF,' 
be  divided  each  into 
two  equal  parts  in 
the  points  K,  L,  M, 
NiX,0,P,R;and 
joinKL,MN,XO, 
PR.  add  becaufe 
DK,  CL  are  eqiul  "O 
and  parallel,  KL  is 

parallel '  to  DC.  for  IT  \    r         .<2Xr-S--^  "R"^^  «♦  n- i 

the    fame    reafon , 
MN  is  parallel'  to 
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Book  XI.  BA.  and  BA  is  parallel  to  DC ;  therefore  becauie  KL,  BA  are 
each  of  them  parallel  to  DC,  and  not  in  the  fame  plane  with  it,  KL 
16  parallel  ^  to  BA.  and  becaufe  KL,  MN  are  each  of  them  pa- 
rallel to  BA,  and  not  in  the  fame  plane  with  it,  KL  is  parallel  ^ 
to  MN  y  wherefore  KL,  MN  are  in  one  plane.  In  like  manner^ 
it  may  be  proved  that  XO,  PR  are  in  one  plane.  Let  TS  be  tho 
common  fe£bion  of  the  planes  KN,  XR ;  and  DG  the  diameter  of 
the  folid  parallelepiped  AF.  YS  and  DG  do  meet^  and  cut  one 
another  into  two  equal  parti. 

Join  DY,  YE,  BS,  SO.  becaufe  DX  is  parallel  to  OE,  the  al- 
ternate angles  DXY,  Y0£  arc  equal  ^  to  one  another,  and  becaufe 
DX  is  equal  to  OE, 

and  XY  to  YO,       D  3C  F 

*  and  contain   equal 
angles,  the  bafeDY 

d.  4»  r.  is  equal  '  to  the 
bafeYE,  and  the 
other  angles  are  e- 
qual ;  therefore  the 
angle  XYD  is  e- 
qual  to  the  angle 
OYE,  and  DYE  is 

c.  T4«  f .     a  ftraight  ^  line,  for 

the     fame     reaibn 

'    BSG  is  a  ftraight 

line,  and  BS  equal 

to  SG.  and  becaufe 

CA  is  equal  and  parallel  to  DB,  and  alio  equal  and  parallel  to 
EG ; 'therefore  DB  is  equal  and  parallel  *>  to  EG.  and  DE,  BG 

•*  33.  I.  join  their  extremities  ;  therefore  DE  is  equal  and  parallel  '  to  BG. 
and  DG,  YS  arc  drawn  from  points  in  the  one  to  points  in  the 
other,  and  are  therefore  in  one  plane,  whence  it  is  manifeft  that 
DG,  YS  mull  meet  one  another ;  let  them  meet  in  T.  and  be- 
caufe DE  is  parallel  to  BG,  the  alternate  angles  EDT,  BGT  arc 

tis.  I.  equal*  •,  and  the  angle  DTY  is  equal  f  to  the  angle  GTS.  therefore 
in  the  triangles  DTY,  GTS  there  are  two  angles  in  the  one  equal 
to  two  angles  in  the  other,'  and  one  fide  equal  to  one  fide,  oppo- 
fitc  to  two  of  the  equal  angles,  viz.  DY  to  GS  ;  for  they  arc  the 

SI  %€.  I.  halves  of  DE,  BG.  theiefore  the  refliaining  fides  arc  equal  «,  each 
to  each,  wherefore  DT  is  equal  to  TG,  and  YT  equal  to  TS. 
Therefore  if  in  a  foUd,  &c.  Q^  E.  D. 


or    EUCLID. 

PROP.    XL.     THEOR. 

TF  there  be  two  triangular  prifms  of  the  fam'e  altitude, 
"^  the  bafe  of  one  of  V^hich  is  a  parallelogram,  and 
the  bafe  of  the  other  a  triangle  ;  if  the  parallelogram 
be  double  of  the  triangle,  the  prifins  ihall  be  equal  to 
one  another. 


Book  XI. 


Let  the  prifms  ABCDEF,  GHKLMI^  be  of  the  fame  altfeude; 
the  firft  whereof  is  coatained  by  the  two  triangles  ABE,  CDF, 
an.i  the  three  parallelograms  AD,  DE,  EC  ;  and  the  other  by  tl^ 
two  triangles  GHK,  LMN  aad  the  three  parallelograms  LH,  HM,' 
NG ;  and  let  one  of  them  have  a  parallelogram  AF,  and  the  other 
a  triangle  GHK  for  its  bafe  ;  if  the  parallelografti  AF  be  doubltf 
of  the  triangle  GHK,  the  prifm  ABCDEF  is  equal  to  the  prifm 
GHKLMN. 

Complete  the  folids  AX,  GO ;  and  becaufe  the  parallelogrfim 
AF  is  double  of  the  triangle  GHK ;  and  the  parallelogram  HK 
double  *  of  the  fame  triangle ;  therefore  the  parallelogram  AF  is  a.  ji4.  u 
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equal  to  HK.  but  folid  parallelepipeds  upon  equal  bafes,  and  of 
the  fame  altitude  are  equal  ^  to  one  another,  therefore  the  folid  b.  st.  ii. 
AX  is  equal  to  the  folid  GO.  and  the  prifm  ABCDEF  is  half '^  c.  iS.  ir. 
of  the  folid  AX ;  and  the  prifm  GHKLMN  half  '  of  the  folid  GO. 
therefore  the  prifm  ABCDLF  is  equal  to  the  prifin  GHKLMN. 
Wherefore  if  there  be  two,  &c.  Q^  E.  D.' 
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Which  is  the  firfl;  Propofition  of  the  tenth  Book,  and  is  ncccflarjr 
to  fbmie  of  the  Propofitions  of  this  Book. 

IF  from  the  greater  of  two  unequal  magnitudes  there 
be  taken  more  than  its  half,  and  from  the  remain- 
der more  than  its  half:  and  fo  on.  there  fhall  at  Icncrth 
remain  a  magnitude  lefs  than  the  leaft  of  the  propofed 
magnitudes. 


D 


Ki 


Let  AB  and  C  be  two  uneqinJ  magnitudes,  of  which  AB  i« 
the  greater,  if  from  AB  there  be  taken  more 
than  its  half,  and  from  the  remainder  more 
than  its  half,  and  fo  on ;  there  (hail  at  length 
remain  a  magnitude  lefs  than  C. 

For  C  may  be  multiplied  fo  as  at  length  to 
become  greater  than  AB.  let  it  be  {o  multi- 
plied, and  let  DE  its  multiple  be  greater  than  fj  • 
AB,  and  let  DE  be  divided  into  DF,  FG, 
GE,  each  equal  to  C.  from  AB  take  BH 
greater  than  its  half,  and  from  the  remainder 
Ali  take  HK  greater  than  its  half,  and  fb  on 
until  there  be  as  many  divifions  in  AB  as  there 
are  in  DE.  and  let  the  dhrifions  AK,  KH, 
KB  be  as  many  as  the  divifions  DF,  FG,  GE.  and  becaufe  DE 
u  greater  than  AB,  and  that  EG  taken -fr«&  D£  is  lefs  than  its 


G 
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half,  but  BH  taken  from  AB  is  greater  than  its  half)  therefore  the  Book  XII. 
rcmainJer  GD  is  greater  than  the  remainder  HA.  agaio,  becaufe 
GD  is  greater  than  HA,  and  that  GF  is  the  half  of  GD,  but  HK 
b  greater  than  the  half  of  HA  (  therefore  the  remainder  FD  is 
greater  than  the  remaiider  AK.  and  FD  is  equal  to  C,  therefore 
C  is  greater  than  AK  ;  that  is,  AK  is  lefs  than  C.     Q^  £.  D. 

And  if  only  the  halves  be  taken  away^  the  fame  thing  may  Iq 
the  fame  way  be  dcmonftrated^ 


P  R  O  P.  I.     T  H  E  O  R.  • 

SIMILAR  polygons  infcribed  in  circks,  arc  to  one 
another  as  the  fquares  of  their  diameters. 

Let  ABCDE,  FGHKL  be  two  circles,  and  in  them  the  £milar 
polygons  ABCDE,  FGHKL ;  and  let  BM,  GN  be  the  diameters 
of  the  circles,  as  the  fquare  of  BM  is  to  the  fquare  of  GN,  fo  is 
the  polygon  ABCDE  to  the  polygou  FGHKL. 

Join  BE,  AM)  GL,  FN.  and  becaufe  the  polygon  ABCDE  is  fi- 
milar  to  the  polygon  FGHKL,  the  angle  BAE  is  equal  *  to  the  angle  a.  z.Dcf.^^ 
GFL,  and  as  BA  to  AE,  fo  ■  is  GF  to  FL.  wherefore  the  two  tri- 
angles BAE,  GFL  haTing  one  angle  in  one  equal  to  one  angle  in  the 


other,  and  the  fides  about  the  equal  angles  proportionals,  are  equii- 
angular^;  and  therefore  the  angle  AEB  is  equal  to  the  angle  FLG.  b.  $,  4, 
bat  AEB  is  equal '  to  the  angle  AMB,  becaufe  they  (land  upon  the  t.  »i.  j, 
ffame  circnmference  ;  and  the  angle  FLG  is,  for  the  farre  reafon, 
equal  to  the  angle  FNG.  therefore  alio  the  angle  AMB  is  equal  to 
FNG.  and  the  right  angle  BAM  is  equal  to  the  right  *  angle  GFN  j  A  i»  |» 
•wherefore  the  remaining  angles  in  the  triangles  ABM,  FGN  ai  e  e- 
aual;  and  they  are  ei^uiangular  to  one  another,  (hereforc  as  BM  to 
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Book  XTI.  GN",  fo  •  IS  BA  to  GF,  and  therefore  the  dupBcatc  ratio  of  BM 
^L>*Sr^/  to  G^,  is  the  lame  '  with  the  duplicate  ratio  of  BA  to  GF.  but 
•  ^^  the  ratio  of  the  fquare  of  BM  to  the  fquare  of  GN,  is  the  duplicate 
<  lo.Def  5.  g  ^^^^  ^^  ^^^  which  BM  has  to  GN  ;  and  the  ratio  of  the  polygoii 

and  XI.  J,  .  '  *      '* 
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ABCDE  to  the  polygon  FGHKL  is  the  duplicate  «  of  that  which 
BA  has  to  GF.  therefore  as  the  fquaie  o(  BM  to  the  fquare 
of  GN,  fo  is  the  polygon  ABCDE  to  the  polygon  f  GUKL. 

Whcietorc  fxiiiiiar  polygons,  &c.  Q^  £•  D. 

■  • 

PROP.    n.     T  H  E  O  R. 

* 

CIRCLES  arc  to  one  another  sis  the  fquares  of  their 
diameters. 

Let  ABCD,  EFGII  he  two  circles,  and  PD,  EH  their  diame- 
ters, as  the  iquare  of  Bl>  to  the  I4U.1C  of  IH,  lo  is  the  circle 
ALCD  to  thv:  circle  iiFC*H. 

tor,  if  it  be  not  io,  the  fquare  of  BD  (hall  be  to  the  fquare  pf 
FH,  as  the  circle  ABCD  is  to  Ibmc  Ipacc  either  kf-  than  the  circle 
EEGH,  or  greater  than  it  *.  Fiifl,  let  it  be  to  a  fpace  S  Itlsahaa 
the  circle  LI  GH  5  and  m  the  circle  LFGH  deleribc  the  Iqnarc 
LI  GH.  this  fquare  is  greater  than  half  of  the  circle  EICH  ;  be- 
caufc  if  through  the  points  E,  F,  G,  H,  there  be  dr^wn  tangents 
to  the  ciiclc,  the  fquaie  LFGH  is  half  *  of  the  fquaie  deicribed 


*  For  tbcre  is  fomc  fqvarr  equal  to  1 
the  cirdc  ABCD;  let  P  U  tbt  (id<6f  it.  j 
and  tu  ihree  (Iraigbt  linc»  BD,  FH  and 
y,  there  can  be  a  fourth  proportional,  j 
let  this  Lc  Q.   therrlcrc  the  Iqvarct  of 
thde  loui  ftiaight  luics  arc  proponio-  | 


nalt ;  that  is,  to  the  fqnares  of  BD^ 
fH  and  the  circle  ABCD  it  is  poffiUe 
there  may  be  a  fourth  proportional. 
Let  this  be  S.  and  in  like  manner  are 
o  be  orderftood  Come  things  in  tota^ 
of  the  foliowiog  Propofitio&s. 
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cbout  the  circle;  and  the  circle  is  kfs  than  the  fquaredeicribed about  Book  XCI. 
it ;  therefore  the  fqiiare  EFGH  is  greater  than  half  of  the  circle.  V^y^y 
Diyide  the  circumferences  £F,  FG,  GH)  HE,  each  into  two  equal 
parts  in  the  points  K,  L,  M,  N,  and  join  EK,  KF,  FL,  LG,  GM, 
MH,  HN,  NE.  therefore  each  of  the  triangles  EKF,  FLG,  GMH, 
HNE  is  greater  than  half  of  the  fegment  of  the  circle  it  ftands  in; 
becauie  if  ftraight  lines  touching  the  circle  be  drawn  through  the 
points  K,  L,  M,  N,  and  parallelograms  upon  the  ftraight  lines  EF, 
FG,  GH,  HE  be  completed  ;  each  of  the  triangles  EKF,  FLG, 
GMH^  HNE  fliall  be  the  half  *  of  the  parallelogram  in  which  it  is.  >•  41.  '• 
but  every  fegment  is  lefs  than  the  parallelogram  in  which  it  is. 
wherefore  each  of  the  triangles  EKF,  FLG,  GMH,  HNE  is  greater 
than  half  the  fegment  of  the  circle  which  contains  it.  and  if  thefe 
circumferences  before  named  be  divided  each  into  two  equal  parts, 
and  their  extremities  be  joined  by  ftraight  lines,  by  continuing  to  do 


this,  there  will  at  length  remain  fegmcnts  of  the  circle  which  toge- 
ther fliall  be  lefs  than  the  excefs  of  the  circle  EFGH  above  the 
fpace  S.  becaufe,  by  the  preceding  Lemma,  if  from  the  greater  of 
two  unequal  magnitudes  there  be  taken  more  than  its  half,  and  from 
the  remainder  more  than  its  half,  and  ib  on,  there  (hail  at  length 
remain  a  magnitude  lefs  than  the  leaft  of  the  propofed  magnitudes. 
Let  then  the  fegments  EK,  KF,  FL,  LG,  GM,  MH,  HN,  NE  be 
thofe  that  remain  and  are  together  lefs  than  the  excefs  of  the  circle 
EFGH  above  S.  therefore  the  reft  of  the  circle,  viz.  the  polygon 
EKFLGMHN  is  greater  than  the  fpace  S.  Defcribe  likcwife  in  the 
circle  ABCD  the  polygon  AXBOCPDR  fimilar  to  the  polygon 
EKFLGMHN.  as,  therefore,  the  fquare  of  BD  is  to  the  fquare  of 
FH,  fo »» is  the  polygon  AXBOCPPR  to  the  polygon  EKFLGMHN.  b. 
^ut  the  fquare  of  BD  is  alfo  to  the  fquare  of  FH,  as  th^  drcle  ABCD 
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pook  xn.  J  J  ^^  ^g  fpj^^^  g^  therefore  as  the  cirde  ABCD  is  to  the  fptcc  S,  fii 
'  is^  the  polygon  AXBOCPDR  to  the  polygon  EKFLGMHN.  bvt 
the  cir<;le  ABCD  is  greater  than  the  polygon  contained  in  it;  where- 
a.i  4.  5.  fore  the  fpacc  S  is  greater  <  than  the  polygon  EKFLGMHN.  bvt 
it  is  likewile  lefs,  as  has  been  demonftrated;  which  is  impoflible. 
Therefore  the  fqnare  of  BD  is  not  tp  the  fquare  of  FH,  as  the  circle 
ABCD  is  to  any  fpace  lefs  than  the  circle  EFGH.  in  the  fame  nuui<» 
ner  it  may  be  demonftrated  that  neither  is  the  fquare  of  FH  to  the 
fquare  of  BD,  as  the  circle  EFGH  is  to  any  fpace  lefs  than  the 
circle  ABCD.  Nor  is  the  filuare  of  BD  to  the  fquare  of  FH,  as  the 
circle  ABCD  is  to  any  fpace  greater  thaii  the  circle  EFGH.  for,  if 
poffiblc,  let  it  be  fo  to  T  a  fpace  greater  than  the  circle  EFGH* 
therefore,  inverfely,  as  the  fqjiare  of  FH  to  the  fquare  of  BDj  fp  \% 


the  fpace  T  to  the  circle  ABCD.  but  as  the  fpace  f  T  is  to  the 
circle  ABCD,  fo  is  the  drde  EFGH  to  fome  fpace,  which  muft  be 
lefs  ^  than  the  circle  ABCD,  bccaufc  the  fpace  T  is  greater,  by  hy- 
ixjthefis,  than  the  circle  EFGIJ.  therefore  as  the  fquare  of  FH  is  to 


t  For  as  in  the  foregoing  Note  at  • 
it  was  explained  how  it  was  pofllble 
there  could  be  a  fourth  proportional 
to  the  fquarcs  of  BD,FH  and  the  circle 
i4^BCD,  which  was  named  S.  fo  in  like 


t 
»' 


manner  there  can  be  a  fourth  propor- 
tional to  this  other  fpac^,  nanncd  T, 
and  the  circles  ABCD,  EFGH,  and  the 
like  is  to  be  underftood  ia  font  of  t|i9 
following  PropofitioBi* 
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Ac  fqutre  of  BD,  fb  is  the  circle  EFGH  to  a  fpace  leTs  than  the  Book  XI  r, 
circle  ABCD, which  has  been  demonftrated  to  be  impoiEble.  there- 
fore the  fqnare  of  BD  is  not  to  the  fquare  of  FH,  as  the  circle 
ABCD  is  to  any  fpace  ^ater  than  the  circle  EFGH.  and  it  has 
.been  demonftrated  that  neither  is  the  fquare  of  BD  to  the  fquare  of 
FH,  as  the  circle  ABCD  to  any  fpace  iefs  than  the  circle  EFGH. 
wherefore  as  the  fqnare  of  BD  to  the  fquare  of  FH,  fo  is  the  circle 
ABCD  to  the  circle  EFGH  t-  Circles,  therefore,  are,  See.  Q.  E.  D, 


PROP.    ni.      THE  OR. 

EVE RY  pyramid  having  a  triangular  bafe,  may  be  See  n. 
divided  into  two  equal  and  fimilar  pyramids  hav- 
ing triangular  bafes,  and  which  are  fimilar  to  the  whole 
pyramid ;  and  into  two  equal  prifms  which  tpgcthcr 
arc  greater  than  half  of  the  whole  pyramid. 

Let  there  be  a  pyramid  of  which  the  bafe  is  the  triangle  ABC* 
and  its  vertex  the  point  D.  the  pyramid  ABCD  may  be  divided 
into  two  equal  and  fimilar  pyramids  hay- 
ing triangular  bafes,  and  fimilar  to  the 
whole  ;  and  into  two  equal  prifms  which 
together  arc  greater  than  half  of  the  whole 
pyramid. 

Divide  AB,  BC,  CA,  AD,  DB,  DC, 
each  into  two  equal  parts  in  the  points  E, 
T,  G,  H,  K,  L,  and  join  EH,  EG,  GH, 
HK,KL,LH,EK,KF,FG.  Becaufe  AEis 
equal  to  EB,  and  AH  to  HD,  HE  is  pa- 
rallel  *  to  DB.  for  the  fame  reafon,  HK  is 
parallel  to  AB.  therefore  HEfiK  is  a  pa- 
rallelogram, and  HK  equal  ^  to  £B.  but 
EB  is  equal  to  AE ;  therefore  alfo  AE  is  B 
equal  to  HlC.  and  AH  is  equal  to  HD^ 
wherefore  EA,  AH  are  equal  to  KHy  HD,  each  to  each  ;  and  the 
angle  EAH  is  equal « to  the  angle  KHD  5  therefore  the  bale  EH  is  c.  x9.  i. 

f  Becauft  bs  a  fourth  proportional  to  the  fquares  of  BD,  FK  and  the  circle 
ABCD  is  po/fible,  and  that  it  can  neither  be  left  nor  greater  than  the  circle 
IfVGHf  it  mud  U  cqaal  to  it. 
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Boo|c  XII*  equal  to  the  baie  SJ),  and  the  triangle  A£H  equal  '  and  fimilar  t<» 
the  triangle  HKD.  for  the  fame  reafon,  the  triangle  AGH  is  equal 
and  fimilar  to  the  triangle  HLD.  and  becaufe  the  two  ftraight  lines 
EH,  HG  which  meet  one  another  are  parallel  to  KD,  DL  thac 
meet  one  another,  and  are  not  in  the  fame  plane  with  them,  they 
contain  equal  ^  angles ;  therefore  the  angle  EHG  is  equal  to  the 
angle  KDL.  again,  becaufe  EH,  HG  are  equal  to  KD,  DL,  each 
tp  each,  and  the  angle  EHG  equal  to  the  angle  ELDL ;  therefore* 
the  bafe  EG  is  equal  to  the  bale  KL,  and  the  triangle  EHG  equal 
'  and  fimilar  to  the  triangle  KDL.  for  the  fame  reafon,  the  triangle 
AEG  is  alfo  equal  and  fimilar  to  the  triangle  HKL.     Therefore 
the  pyramid  of  which  the  bafe  is  the  triangle  AEG,  and  of  which 
the  vertex  is  the  point  H,  is  equal  f  and' 
fiqailar  to  the  pyramid  the  bafe  of  which 
is  the  triangle  KHL,  and  vertex  the  point 
D.  and  becaufe  HK  is  parallel  to  AB  a  fide 
of  the  triangle  ADB,  the  triangle  ADB  is 
equiangular  to  the  triangle  HDK,  and 
their  fides  are  proportionals  K    therefore 
the  triangle  ADB  is  fimilar  to  the  triangle 
HDK.   and  for  the  fame  reafon,  the  tri- 
angle DBC  is  fimilar  to  the  triangle  DKL} 
and  trie  triangle  ADC  to  the  triangle  HDL; 
and  alio  the  triangle  ABC  to  the  triangle 
AEG.  but  the  triangle  AEG  is  fimilar  to  -|^ 
the  triangle  HKL,  as  before  was  proved,  "'^ 
therefore  the  triangle  ABC  is  fimilar  ^  to  the  triangle  HKL.  and  the 
pyramid  of  which  the  bafe  is  the  triangle  ABC,  and  vertex  the  point 

i.  B.  It.  at  D,  is  therefore  fimilar  ^  to  the  pyramid  of  which  the  bafe  is  the  tri- 

si.Dcf.ii.  angle  HKL,  and  vertex  the  fame  point  D.  but  the  pyramid  of  which 
the  bafe  is  the  triangle  HKL,  and  vertex  the  point  D,  is  fimilar,  as  has 
been  proved,  to  the  pyramid  the  bafe  of  which  is  the  triangle  AEG, 
-and  vertex  the  point  H.  wherefore  the  pyramid  the  bafe  of  which 
is  the  triangle  ABC,  and  vertex  the  point  D,  is  fimilar  to  the  py- 
ramid of  which  the  bafe  is  the  triangle  AEG  and  vertex  H.  there- 
fore each  of  the  pyramids  AEGH,  HKLD  is  fimilar  to  the  whole 
pyramid  ABCD.  and  becaufe  BF  is  equal  to  FC,  the  parallelogram 

k.41.  V     EBFG  is  double  k  of  the  triangle  GFC.  but  when  there  are  two 
prifms  of  the  fame  altitude,  of  which  one  has  a  parallelogram  for 
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its.baie,  aid  the  other  a  trungle  that  is  half  of  the  parallelogram.  Book  XI  f. 
thele  prifms  are  equal  <  to  one  another ;  therefore  the  prtfm  haTing  V,^yiOi 
the  parallelogram  £BFG  tor  its  bafe,  and  the  flraight  line  KH  1.  49.  n. 
oppofite  to  it,  is  equal  to  the  piifin  having  the  triangle  GFC  for  its 
bafe,  and  the  triangle  HKL  oppofite  to  it ;  for  they  are  of  the 
fame  altitude,  becaufc  they  are  between  the  parallel  "*  planes  ABC,  >"•  tg,  ir. 
HKL.  and  it  is  manifeft  that  each  of  thefe  prifms  is  greater  thai| 
either  of  the  pyramids  of  which  the  triangles  AEG,  HKL  are  the ' 
bafesi  and  the  venices  the  points  H,  D  i  becaule  if  LF  be  joined, 
the  prifm  having  the  parallelogram  £BFG  for  its  bafe,  and  KH  the 
llraight  line  oppofite  to  it,  is  greater  than  the  pyramid  of  which  the 
bafe  is  the  triangle  EBF,  and  vertex  the  point  K ;  but  this  pyramid 
is  equal  f  to  the  pyramid  the  bafe  of  which  is  the  triangle  AEG,  f.  C  ii, 
and  vertex  the  point  H  ;  becaufe  they  are  contained  by  equal  and 
fimiiar  planes,  wherefore  the  prtfm  having  the  parallelogram  EBFG 
for  its  bale,  and  oppofite  fide  KH,  is  greater  than  the  pyramid  of 
which  the  bafe  is  the  triangle  AEG,  an  J  vertex  the  point  H.  and 
the  prifm  of  which  the  bafe  is  the  parallelogram  EBFG,  and  op- 
pofite fide  KH  is  equal  to  the  prifm  having  the  triangle  GFC  for 
its  bale,  and  HKL  the  triangle  oppofite  to  it ;  and  the  pyramid 
of  which  the  bafe  is  the  triangle  AEG,  and  vertex  H,  is  equal 
to  the  pyramid  of  which  the  bafe  is  the  triangle  HKL,  and  vertex 
D.  therefore  the  two  prifms  before-mentioned  are  greater  than  the 
two  pyramids  of  which  the  bafes  are  the  triangles  AEG,  HKL, 
and  vertices  the  points  H,  D.     Therefore  the  whole  pyramid  of 
which  the  bafe  is  the  triangle  ABC,  and  vertex  the  point  D,  is 
divided  into  two  equal  pyramids  fimiiar  to  one  another,  and  to  the 
whole  pyramid  ;  and  into  two  equal  prifms ;  and  the  two  prifms 
^e  together  greater  than  half  of  the  whole  pyramid.    Q^  £.  D« 


SmN. 


2sm  THEELEMENTS 

Book  Xri. 

PROP.   IV.     THEOR. 

TF  there  be  two  pyramids  of  the  fame  altitude,  upon 
'^  triangular  bafes,  and  each  of  them  be  divided  into 
two  equal  pyramids  fimilar  to  the  whole  pyramid,  and 
alfo  into  two  equal  prifms  ;  and  if  each  of  thefe  pyra- 
mids be  divide.]  in  the  fame  rnanncr  as  the  fii-ft  two, 
and  fo  on.  as  the  bafe  of  one  of  the  firft  two  pyramids 
is  to  the  bafe  of  the  other^  fo  (hall  all  the  pmfms  in  one 
pf  them  be  to  all  the  prifms  in  the  other,  that  are  pro- 
duced by  the  fame  number  of  divifions. 

Let  there  be  two  pyramids  of  the  iame  altitude  upon  the  trian* 
gular  bafcs  ABC,  D£F,  and  having  their  vertices  in  the  points  G, 
H  9  and  let  each  of  them  be  divided  into  two  equal  pyramids  fl- 
milar  to  the  whole,  and  into  two  equal  prifms ;  and  let  each  of 
(he  pyramids  thus  made  be  conceived  to  be  divided  in  the  like 
manner,  and  fo  on.  as  the  bale  ABC  is  to  the  bafe  D£F,  fo  are 
all  the  prifms  in  the  pyrao^id  ABCG  to  all  the  prifms  in  the  py- 
ramid D£FH  made  by  the  fame  number  of  divifions. 

Make  the  fame  conArutflion  as  in  the  foregoing  propoHtion.  and 
becaufe  BX  is  equal  to  XC,  and  AL  to  L|C,  therefore  XL  is'  paral- 
^.  a.  €.  lei  *  to  AB,  and  the  triangle  ABC  fimilar  to  the  triangle  LXC.  for 
the  fame  reaibn,  the  triangle  DBF  is  fimilar  to  RVF.  and  becaufe 
BC  is  double  of  CX,  and  EF  double  of  FV,  therefore  BC  is  to  CX, 
as  £F  to  FV.  and  upon  BC,  CX  are  defcribed  the  fimilar  and  fimi- 
larly  fituated  rectilineal  figures  ABC,  LXC ;  and  upon  EF,  FV, 
lA  like  manner,  are  defcribed  the  fimilar  figures  DEF,  RVF.  there- 

b.  *».  <,     fore  as  the  triangle  ABC  is  to  the  triangle  LXC,  fo  ^  is  the  triangle 

DEF  to  the  triangle  RVF,  and,  by  permutation,  as  the  triangle 
ABC  to  the  triangle  DEF,  fo  is  the  triangle  LXC  to  the  triangle 
RVF.  and  becaufe  the  planes  ABC,  OMN,  as  illfo  the  planes 

c.  IS.  II.    DEF,  S  FY  are  parallel  ^,  the  perpendiculars  drawn  from  the  points 

G,  H  to  the  bafes  ABC,  DEF,  which,  by  the  Hypothefis,  are  equal 

d.  17*  >>•    to  one  another,  (hall  be  cut  each  into  two  equal  '  parts  by  the 

planes  OMN,  STY,  becaufe  the  ftraighc  lines  GC,  HF  are  cut  into 
two  equal  parts  in  the  points  N,  Y  by  the  fame  planes,  therefore 
the  prifms  LXCOMN^  RVFSTY  a^e  qf  the  fame  altitude  s  an^ 
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therefore  as  the  bafe  LXC  to  ttic  bafe  RVF;  that  U,  « the  triangle  BookXII. 
ABC  CO  the  triangle  DEF,  fo  *  is  the  prifm  having  the  triangle  LXC  \.,^ysj 
for  its  bafe,  and  OMN  the  triangle  Oppoficc  to  it,  to  the  prifm  of  «■  Cor.  12. 
■which  the  bafe  is  the  triangle  RVF,  and  the  oppofitc  triangle  STY.        "* 
and  becaofe  the  two  prifms  in  the  pyramid  ABCG  are  eqUil  to  one 
aro'H.r,  ind  alfo  the  two  prifms  in  the  pyramid  DEFH  equal  to 
one  ar.-thcr,  as  the  prifm  of  which  the  bafe  is  the  parallelogram 
K IX  L  ind  oppolite  fide  MO.to  the  prifm  having  the  triangle  LXC 
for  tt"!  bafe,  and  OMN  the  triangle  oppofitc  to  it ;  fo  f  is  the  prifm  f.  t-  i. 
of  which  the  bafe  is  the  parallelogram  PEVR,  and  oppofite  fide 
T.S,  to  the  prifm  of  which  the  bafe  is  the  uianglc  RVF,  and  oppo- 
fite triangle  STY.  therefore,  componendo,  a*  thcprifins  KJ3XU10, 


J  1 

LXCOMN  tt^ther  arc  unto  the  prifm  LXCOMN  j  fo  are  the 
prifms  PEVRTS,  RVFSTY  to  the  prifm  RVFSTY.  and,  per- 
muiaTido,  as  the  prifms  KBXLMO,  LXCt)MN  are  to  the  prifms 
PEVRTS,  RVFSTY  ;  fo  is  the  prifm  LXCOMN  to  the  prifm 
RVFhTY.  but  as  the  prifm  LXCOMN  to  the  priim  RVFSTY, 
fo  is,  as  has  been  provtd,  the  bafe  ABC  to  the  bale  DEF.  therefore 
as  the  bafe  ABC  to  the  bafe  DEF,  fo  arc  the  two  prifms  in  the 
pyramid  ABCG  to  the  two  prifms  in  the  pyramid  DEFH.  and  like- 
wife  if  the  pyramids  now  made,  for  esample  the  two  OMNG, 
STYH  be  divided  in  the  fame  manner ;  as  the  bafe  OMN  U  10  the 
bale  STY,  fo  Ihall  the  two  prifins  in  the  pyramid  OMNG  be  to 
the  two  prifms  in  the  pyramid  STYH.  but  the  bafe  OMN  is  to  the 
ttafe  SX  Y,  u  the  bafe  ABC  to  the  baf<  DiJ ;  therefore  as  the  bafe 
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Book  XII.  ABC  to  the  bafe  DEF,  fo  are  tlie  two  prifins  in  the  pyramid  ABCO 
^^V"^  to  the  two  prifoif  in  the  pyramid  DEFH ;  and  fo  arc  the  two  prifms 
in  the  pyramid  OMNG'to'the  two  prifms  in  the  pyramid  STYH5 
and  fo  zrt  all  four  to  all  four,  and  the  iame  thing  may  be  (hewn 
of  the  prifms  marde  by  dividing  the  pyramids  AKLO  and  DPRS, 
and  of  all  made  by  (he  fame  number  of  divifiohs.     Q^£«  D* 

TTCOT.  V.    T  H  E  O  R. 

•e«  w.  "pYR  AMIDS  of  the  fame  altitude  which  have  trian- 
•*•     gular  bafes,  arc  to  one  another  as  their  bafcs/ 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafes,  and  of  which  the  vertices  are  the  points  G,  H,  be  of  the 
fame  altitude,  as  the  b^(e  ABC  to  the  bafe  DEF,  fp  is  the  pyra« 
mid  ABCG  to  the  pyramid  DEFH. 

For,  if  it  be  not*  fo,  the  bafe  ABC  muft  be  to  the  bafe  DEF,  as 
the  pyramid  ABCG  to  a  folid  cither  lefs  than  the  pyramid  DEFH, 
or  greater  than  it  *.  Firft,  let  it  be  to  a  folid  Jftfs  than  it,  viz.  ta 
the  folid  Q.  and  divide  the  pyramid  DEFH  info  two  equal  pyra- 
mids, ftmilar  to  the  whole,  and  into  two  equal  prifms.  therefore 

t.  3.  la.  thcfe  two  prifms  "are  greater '  than  the  half  of  the  whole  pjTamid. 
and,  again,  let  the  pyramids  made  by  this  divifion  be  in  like  man* 
ner  divided,  and  fo  on,  until  the  pyramids  which  remain  undivided 
in  the  pyramid  DEFH  be,  all  of  them  together,  Itls  than  the  ex- 
cefs  of  the  pyramid  DEFH  above  the  folid  Q^  let  thefe,  for  ex- 
ample, be  the  pyramids  DPRS,  STYH.  therefore  the  prilms, which 
Boake  the  reft  of  the  pyramid  DEFH,  are  greater  than  the  folid  Qj^ 
divide  likewife  the  pyramid  ABCG  in  the  fame  manner,  and  into 
as  many  parts,  as  the  pyramid  DEFH.  therefore  as  the  bafe  ABC 

i.  4*  fa.  to  the  bafe  DEF,  fo  ^  are  the  prifms  in  the  pyramid  ABCG  to 
the  prifms  in  the  pyramid  DEFH.  but  as  the  bafe  ABC  to  the 
bafe  DEF,  fo,  by  hypothefis,  is  the  pyramid  ABCG  to  the  folid 
Q^;  and  therefore,  as  the  pyramid  ABCG  to  the  folid  Q^,  fo  arc 
the  priiins  in  the  pyramid  ABCG  to  the  prifms  in  the  pyramid 
DEFH.  but  the  pyramid  APCG  is*  greater  than  the  prifms  con- 

«•  >4-  5«  tained  in  it ;  wherefore  *  alfo  the  folid  Q  is  greater  than  the  prifrng 
in  the  pyramid  DEFH.    but  it  is  alio  lefs,  which  is  impoifible. 

*  This  may  bt  «spbiiied  the  fiunc  way  u  at  the  note  *  ia  Propofitidfi  1,  iff 
the  like  cafe* 
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therefore  the  bafe  ABC  it  not  to  the  bafc  DEF,  af  the  pyramid  Book  XU. 

ABCG  to  any  folid  which  is  lefs  ihai  the  pyramid  DEFH.  in  the 

tune  manner  it  may  be  d^monftraied,  that  tlie  bafe  DEF  is  not  to 

the  bafe  ABC,  a»  tiie  pyramid  DEFII  to  any  ("olid  which  is  lefs 

than  the  pyramid  ABCG.    Nor  can  the  bale  ABC  be  to  the  bafe 

DEF,  as  the  p}Taroid  ABCG  to  any  folid  which  is  greater  [han 

the  pyramid  DEFH.  for,  if  it  be  poffible,  let  it  be  fo  to  a  greater, 

viT..  the  foiid  Z.  and  becaufe  the  bale  ABC  is  to  the  bafc  DEF,  as 

the   pyramid  ABCG  to  the  folid  Z ;  by  inverlion,  as  the  bafc 

DEF  to  the  bafe  ABC,  fo  \a  the  foJid  Z  to  the  pyramid  ABCG. 

but  as  the  folid  Z  is  to  the  pyramid  ABCG>  fo  is  the  pyramid 
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DEFH  to  fbme  folid  f,  which  mnA  be  lefs  '  than  the  pyramid  '-  '*■  i' 
ABCG,  becaufe  the  folid  Z  is  greater  than  the  pyramid  DEFH. 
smd  therefore,  as  the  bafe  DEF  to  the  bafe  ABC,  fo  is  the  pyri- 
ifiid  DEFH  to  a  folid  lefs  than  the  pyramid  ABCG  i  the  contrary 
to  which  has  been  proTed.  therefore  the  bafc  ABC  is  not  to  the 
bale  DEF,  as  the  pyramid  ABCG  to  any  folid  which  is  greater 
than  the  pyramid  DEFH.  and  it  has  been  proved  that  neither  ii 
the  bafe  ABC  to  the  bali  DEF,  as  the  pyramid  ABCG  to  any  fo- 
lid which  is  lefs  than  the  pyramid  DEFH.  Therefore  as  the  bafe 
ABC  is  to  the  bafe  DEF,  fo  is  the  pyramid  ABCG  to  ihc  pyra- 
mid DEFH.     Wherefore  pyramids,  Stc.     Q^  E.  D. 

t  Thb  majr  be  cipliineil  tbc  fine  way  ti  the  like  at  the  mark  f  !n  Prap.  »■ 
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THE     ELEMENTS 

P  R  O  P.  VI.     T  H  E  O  R. 

PYra::ttds  of  the  fame  altttudc  which  have  polygons 
for  their  bafes,  are  to  one  another  as  their  bafes. 

Let  the  pyramids  which  have  the  polygons  ABCDE,  FGHKL 
for  their  bafes,  and  their  vertices  in  the  points  M,  N,  be  of  th6 
fame  altitude,  as  the  bofc  ABCDE  to  the  bafc  FGHKL,  fo  is  the 
pyramid  ABCDEM  to  the  pyramid  FGHKLl^. 

Divide  th<I  bafe  ABCDE  into  the  triangles  ABC,  ACD,  ADE; 
and  the  bafe  FGHKL  into  tbt  triangles  FGH;  FHK,  FKL.  and 
upon  the  bafes  ABC,  ACD,  ADE  let  there  be  as  many  pyramids  of 
lifhich  the  common  vertex  is  the  point  M.  and  upon  the  remaining 
liafes  as  many  pyramids  having' their  common  vertex  in  the  point 
N.  therefore,  fince  the  triangle  ABC  is  to  the  triangle  FGH,  as  • 
the  pyramid  ABCM  to  the  pyramid  FGHN;  and  the  triangle  ACD 
to  the  triangle  FGH,  as  the  pyramid  ACDM  to  the  pyramid  FGHN ; ' 
and  alfo  the  triangle  ADE  to*  the  triangle  FGH,  as  the  pyramicl 


ADEM  to  the  pyramid  FGHN;  as  all  the  fir  ft  antecedents  to  their 
k  f .  Cor.  compion  confequent,  fo  ^  are  all  the  other  antecedents  to  their  com- 
»♦  s.      moQ  confequent ;  that  is,  as  the  bafe  ABCDE  to  the  bafc  FGH,  fo 
is  the  pyramid  ABCDEM  to  the  pyramid  FGHN.   and  for  the 
fame  reafon,  as  the  bafe  FGHKL  to  the  bafc  FGH,  fo  is  the  pyra- 
mid FGHKLN  to  the  pyramid  FGHN.  and,  by  inversion,  as  the 
bafc  FGH  to  the  bafe  FGHKL,  fo  is  the  pyramid  FGHN  p  the 
pyramid'FGHKLN.  then  becaufe  as  the  bafe  ABCDE  to  the  bafc 
FGH,  fo  is  the  pyramid  ABCDEM  to  the  pyramid  FGHN;  and  as 
the  bafc  FGH  to  the  bafc  FGHKL,fo  is  the  pyramid  FGHN  to  the 
c.  11.  5*     pyramid  FGHKLN ;  therefore^  ex  aequali  ^j  as  tht  baJe  ABCDE  iQ 
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the  bafe  FGHKL,  fo  the  pyramid  ABC  DEM  to  the  pyramid  BookXir. 
FGHKLN.     Therefore  pyramids,  &c*     (^  E.  D. 


P  R  O  P.  Vn.     T  H  E  O  R. 

EVERY  prifm  having  a  triangular  bafe  may  be 
divided  into  three  pyramids  that  have  triangu- 
lar bafes,  and  are  equal  to  one  another. 

Let  thcrc.be  a  prifm  of  which  the  bafe  is  the  triailgle  ABC,  and 
let  DEF  be  the  triaagle  oppofite  to  ia  the  prifm  ABCDEF  may 
be  divided  into  three  eqnal  pyramids  having  triangular  bafes. 

Join  BD,  EC,  CD  ;  and  becaufc  ABED  is  a  parallelogram  of 
which  BD  is  the  diameter,  the  triangle  ABD  is  equal  •  to  the  ui-  a.  34.  t: 
angle  EBD;  therefore  the  pyramid  of  which  the  bafe  is  the  triangle 
ABD,  and  vertex  the  point  C,  is  equal  ^  to  the  pyramid  of  which  h.  s.  i ». 
the  bafe  is  the  mangle  EBD,  and  vertex  the  point  C.  but  this  py- 
ramid is  the  fame  with  the  pyramid  the  bafe  of  which  is  the  triangle 
EBC,  and  vertex  the  point  Dj  for  they  are  contained  by  the  fame 
planes,   therefore  the  pyramid  of  which  the  bafe  is  the  triangle 
ABD,  and  vertex  the  point  C,  is  equal  to  the  pyramid  the  bafe  of 
which  is  the  triangle  EBC,  and  vertex  the  point  D.  again,  becaufe 
FCBE  is  a  parallelogram  of  which  the  dia- 
meter  is  Cfe,  the  triangle  ECF  is  equal "  to  X 

the  triangle  ECB ;  therefore  the  pyramid  -^^ 
of  which  the  bafe  is  the  triangle  ECB,  and  -*' 
vertex  the  point  D,  is  equal  to  the  pyra- 
mid the  bafe  of  which  is  the  triangle  ECF, 
and  vertex  the  point  D.  but  the  pyramid 
of  which  the  bafe  is  the  triangle  ECB,  and     A 
vertex  the  point  D  has  been  proved  equal 

to  the  pyramid  of  which,  the  bafe  is  the  triangle  ABD,  and  vertex 
the  point  C.  Therefore  the  prifm  ABCDEF  is  divided  into  three 
equal  pyramids  having  triangular  bafes,  viz-  into  the  pyramids 
ABDC,  EBDC,  ECFD.  and  becaufe  the  pyramid  of  which  the 
bafe  is  the  triangle  ABD,  and  vertex  the  point  C,  i$  the  fame  with 
the  pyramid  of  which  the  bafe  is  the  triangle  ABC,  and  Vertex  the 
point  D,  for  they  are  contained  by  the  fame  planes ;  and  that  the 
pyramid  of  which  the  bafe  is  the  triangle  ABD,  and  vertex  tl^e 
p<ant  C,  has  been  dcmonftratcd  to  be  a  tl/ird  part  of  the  prifm  tift 
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Book  XII  bafeof  which  i$  the  triangle  ABC,  and  to  which  DEF  is  the  op-^ 
^•VNi/'  pofitc  triangle ;  therefore  the  pyramid  of  which  the  bafc  is  the  tri- 
angle ABC,  and  vertex  >he  point  D,  is  the  third  part  of  the  prifin 
which  has  the  fame  bafc,  viz.  the  triangle  ABC,  and  DEF  is  the 
oppofite  triangle.     Q^  E.  D. 

CoR.  From  this  it  is  manifefl,  that  every  pyramid  is  the  third 
part  of  a  prifm  which  has  the  fame  bafe,  and  is  of  an  equal  ald- 
tude  with  it  j  for  if  the  bafe  of  the  prifm  be  any  other  figure  than  a 
triangle,  it  may  be  divided  into  prifms  having  triangular  bafes. 

CoR.  2.  Prifms  of  equal  altitudes  are  to  one  another  as  their 
bafes  ;  becaufe  the  pyramids  upon  the  fame  bafes,  and  of  the  iamc 
c.  6.  i».      altitude,  arc  ^  to  one  another  as  their  bafes. 


r  R  O  P.    VIII.     T  H  E  O  R. 

SIMILAR  pyramids  having  triangular  bafes,  are 
one  to  another  in  the  triplicate  ratio  of  that  of 
their  homologous  fides. 

Let  the  pyramids  having  the  triangles  ABC,  DEF  for  their  bafes, 
ana  the  points  G,  H  for  their  vertices,  be  fimilar  and  fimilarly  fitu- 
ateJ.  the  pyramid  ABCG  has  to  the  pyramid  DEFH,  the  triplicate 
ratio  of  th:it  which  the  fide  BC  has  to  the  homologous  fide  EF. 

Complete  the  parallelograms  ABCM,  GBCN,  ABGK,  and  the 
folid  parallelepiped  BGJML  contained  by  thcfe  planes  and  thofe  op- 

O 


pofite  to  them,  and  in  like  maaner  complete  the  folid  parallelcpi-' 

ped  EHPO  contained  by  the  three  parallelograms  DEFP,  HEFR, 

I.  ii.Dcf.  DEHX,  and  tliofe  oppofite  to  them,   and  becaufe  the  pyramid 

ABCG  iy  fimiLir  to  the  pyramid  DEFH,  the  angle  ABC  is  equal  •* 


if. 


< 
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to  the  angle  DEF,  and'the  angle  GBC  to  the  angle  HEF,  and  ABG  Book  Xir. 
to  DEH.  and  AB  is  >>  to  BC,  as  DE  to  EF  5  that  ic,  the  fides  about  V^^vO 
the  equal  angles  are  proportionals;   wherefore  the  parallelogram  b.i.Dcf.tf. 
BM  is  flmilar  to  EP.  for  the  fame  reafon,  the  parallelogram  BN  is 
fimilar  to  ER,  and  BK  to  EX.  therefore  the  three  parallelognuns 
BM,  BN,  BK  are  fimilaf  to  the  three  EP,  ER,  EX.  but  the  three 
BM,  BN,  BK  are  equal  and  fimllar  *  to  the  tluee  which  arc  op-  c.  ^4.  n, 
polite  to  them,  and  the  three  EP,  ER,  EX  equal  and  fimilar  to  the 
three  oppofite  to  them,  wherefore  the  foiids  BGMI*,  EHPO  arc 
contained  by  the  lame  number  of  fimilar  planes  j  and  their  folid 
angles  are  equal  * ;   and  therefore  the  folid  BGML  is  fimii?^  *  to  j.  b.  h'. 
the  folid  EliPO.  but  fimilar  folid  parallelepipeds  have  tlie  triplicate 
•  ratio  of  that  whJch  their  homologous  fides  have,  therefore  the  ^  33.11. 
folid  BGML  has  to  the  folid  EHPO  the  triplicate  ratio  of  that 
\yhich  the  fide  BC  his  to  the  homologous  fide  EF.  but  as  the  fofid 
BGML  is  to  the  foUd  EHPO,  fo  is  f  the  pyramid  ABCG  to  the  f.  ,,.  ,; 
pyramid  DEFH ;  becauie  the  pyramids  are  the  fixth  part  of  the 
foiids,  fince  the  prifra,  which  is  the  half  *  of  the  folid  parallelepiped,  g.  jg.  1  r.' 
is  triple  ^of  the  pyramid.    Wherefore  likewife  the  pyramid  ABCG  h.  7.  xx. 
has  to  the  pyramid  DEFH,  the  triplicate  ratio  of  that  which  BC 
has  to  the  homologous  fide  EF.    Q^  E.  D. 

Cor.  From  tliis  it  is  evident,  that  fimilar  pyramids  which  have  See  N.' 
multangular  bafcs,  are  likewife  to  one  another  in  the  tfiplicate  ra- 
tio of  their  homologous  fides,  for,  they  may  be  divided  into  fimilar 
pyramids  having  triangular  bafes,  becaufe  the  fimilar  polygons 
which  are  their  bafes  may  be  divided  into'  the  fame  number  of 
fimilar  triangles  homologous  to  the  whole  polygons ;  therefore  as 
one  of  the  triangular  pyramids  in  the  firft  multangultr  pyramid  is 
to  one  of  the  triangular  pyramids  in  the  other,  fo  are  all  the  tri- 
angular pyramids  in  the  firft  \p  all  the  triangular  pyramids  in  the 
other }  •  that  is,  fo  is  the  firft  multengnlar  pyramid  to  the  other, 
but  one  triangular  pyramid  is  to  its  fimilar  triangular  pyramid,  in 
the  triplicate  ratio  of  their  homologous  fides ;  and  therefore  the 
firft  multangular  pyramid  has  to  the  other,  the  triplicate  ratio  of 
that  which  one  of  the  fides  of  the  fiift  has  to  the  homologous* 
fide  of  the  other. 
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PROP.  IX.     THE  OR. 

TH  E  bafcs  and  altitudes  of  equal  pyramids  having 
triangular  bafes  are  reciprocally  proportional,  and 
triangular  pyramids  of  which  the  bafes  and  altitudes  arc 
reciprocally  proportional,  are  equal  to  one  another. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafes,  and  which  have  their  vertices  in  the  points  G,  H  be  equal 
to  one  another,  the  bafes  and  altitudes  of  the  pyramids  ABCG, 
DEFH  are  reciprocally  proportional,  viz.  the  bafe  ABC  is  to  the 
bafe  DEF,  as  the  altitude  of  the  pyramid  DEFH  to  the  altitude  of 
the  pyramid  ABCG. 

Complete  the  paraUcfograms  AC,  AG,.GC,  DF,  DH,  HF;  and 
the  folid  parailelcpipcds  BGML,  EHPO  contained  by  thcfe  pkrncs . 


X    X 
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b.  34.  II, 
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and  thofe  oppbfite  to  them,  and.becaufe  the  pyramid  ABCG  i» 
equal  to  the  pyramid  DEFH,  and  that  the  folid  BGML  is  fextuple 
of  the  pyfiimid  ABCG,  and  the  folid  EHPO  fextuple  of  the  py- 
ramid DEFH ;  therefore  the  foiid  BGML  is  equal  ■  to  the  foKd 
EHPO.  but  the  bales  and  altitudes  of  equal  fblid  parallelepipeds  are 
redprocally  proportional  ^  5  therefore  as  the  bafe  BM  to  the  bafe 
EP,  fo  is  the  altitude  of  the  folid  EHPO  to  the  altitude  of  the  foJid 
BGML.  but  as  the  bafe  BM  to  the  bafe  EP,  fo  is  •  the  triangle 
ABC  to  the  triangle  DEF  5  therefore  as  the  triangle  ABC  to  thy 
triangle  DEF,  fo  is  the  altitude  of  the  folid  EHPO  to  the  altitude 
.of  the  folid  BGML.  but  the  altitude  of  the  folid  EHPO  is  the 
&me  with  the  altitude  of  the  pyramid  DEFH;  and  the  altitude  ol" 
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the  folld  SGML  Is  the  fame  with  the  altitude  of  the  pyramid  Book  XII. 
ABCG.  therefore,  as  the  bafe  ABC  to  the  bafe  DEF,  fo  it  the  alti-  ^-/^y>i^ 
tade  of  the  pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG. 
"wherefore  the  baies  and  altitudes  of  the  pyramids  ABCG,  DEl^H 
arc  rcdprocally  proportional. 

Again,  Let  the  baies  and  altitudes  of  the  pyramids  ABCG^ 
DEFH  be  reciprocally  proportional,  viz.  the  bafe  ABC  to  the  - 
bafe  DEF,  as  the  altitude  of  the  pyramid  DEI^  to  the  altitude 
of  the  pyramid  ABCG.  the  pyramid  ABCG  is  equal  to  the  py- 
ramid DEFH. 

The  fame  conftruAion  being  made,  becaufe  as  the  bafe  ABC  to 
the  bafe  DEF,  fo  is  the  altitude  of  the  pyramid  DEFH  to  the  al- 
titude of  the  pyramid  ABCG ;  and  as  the  bafe  ABC  to  the  bafe 
DEF,  fo  is  the  parallelogram  BM  to  the  parallelogram  EP ;  there- 
fore the  parallelogram  BM  is  to  EP,  as  the  altitude  of  the  pyra- 
mid DEFH  to  the  altitude  of  the  pyramid  ABCG.  but  the  altitude 
x)f  the  pyramid  DEFH  is  the  fame  with  the  altitude  of  thp  folid 
parallelepiped  EHPO  ;  and  the  altitude  of  the  pyramid  ABCG  is 
the  fame  with  the  altitude  of  the  folid  parallelepiped  BGML.  as, 
therefore,  the  bafe  BM  to  the  bafe  EP,  ib  is  the  altitude  of  the  fo- 
lid parallelepiped*^EHPO  to  the  altitude  of  the  folid  parallelepiped ' 
BGML.  but  folid  parallelepipeds  having  their  bafes  and  altitudes 
reciprocally  proportional,'  arc  equal  ^  to  one  another,  therefore  die  b.  14.  ijt. 
folid  parallelepiped  BGML  is  equal  to  the  folid 'parallelepiped 
EHPO.  and  the  pyramid  ABCG  is  the  fixth  part  of  the  folid 
BGML,  and  the  pyramid  DEFH  thfe  fixth  part  of  the  folid 
EHPO.  therefore  the  pyramid  ABCG  is  equal  to  the  pyraml4 
PEFH.     Therefore  the  bafes,  &c.     Q^  E.  D. 

m 

PROP.    X     THEOR. 

EVERY  cone  is  the  third  part  of  a  cylinder  which 
has  the  fame  bafe,  and  is  of  an  equal  altitude 
with  it. 

Let  a  cone  hare  the  fame  bafe  with  a  cylinder,  viz.  the  circle 
ABCD,  and  the  fame  altitude,  the  cone  is  the  third  part  of  th^ 
cylinder ;  that  is,  the  cylinder  is  triple  of  the  cone, 
t  If  the  cylinder  be  not  triple  of  the  cone,  it  muft  either  be  greater 
than  the  triple,  or  lefs  than  it.  Firft,  Let  it  be  greater  than  the 
triple ',  and  defaibe  the  (quarc  ABCD  in  the  circle-,  this  fqu^^  |; 
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Book  XI  r.  greater  than  the  half  of  the  circle  ABCD+.  upon  the  fquare  ABC3) 
w^VSi^  crc<^t  a  prifm  of  the  fame  altitude  with  the  cylinder ;  this  piifin  b 
greater  than  half  of  the  cylinder ;  becaufe  if  a  fquare  be  deicribcd 
about  the  circle,  and  a  piifai  ertfted  upon  thelquare,  of  the  fame 
altitude  witih  the  cylinder,  the  infcribed  fquare  is  half  of  that  dr- 
cumfcrlbed  j  and  upon  thcfc  fquare  bales  arc  credled  folid  parallele- 
piped i;,  viz.  the  prifm s,  of  the  f;ime  altitude  •,  therefore  the  prifm 
upon  the*  fquare  ABCD  is  the  half  of  the  prifm  upon  the  fquare  de- 
fcribed  about  the  circle  ;  Ixcaufe  they  are  to  one  another  as  their 
B.  3x.  11,  bafts  ■.  *nd  tlic  cylinder  is  Icfs  than  the  prifrti  upon  rhe  fquare  dc- 
fcribed  about  die  circle  ABCD.  therefore  the  prifm  upon  the  fquare 
ABCD  of  the  fame  altitude  with  the  cylinder,  is  greater  thin  half 
of  die  cylinder.  Bifcft  the  circumfererxes  AB,  BC,  CD,  Dx\  in  the 
points  E,  F,  G,  11  -,  and  join  AE,  EB,  BF,  FC,  CG,  GD,  DH,  HA. 
then,  eacli  oF  the  triangles  AEB,  BFC,  CGD,  DHA  is  greater  than 
the  half  of  the  fcgment  of  the  circle  in 
which  it  ftands,  as  was  flicwn  in  Prop. 
2.  of  this  Book.  Ere^  prifms  upon  eacii  TC* 
of  thcfe  U'ianglcs  of  the  fame  altitude 
with  the  cylinder  ;  each  of  thefe  prifms -p 
is  greater  than  half  of  tlie  fegment  of -^ 
the  cylinder  in  wh'u-h  it  is  j  bccauie  if 
thro'  tho  points  E,  F,  G,  IT  parallels  be  X 
drawn  to  AB,  PC,  CD,  DA,  and  pa- 
rallelograms  be  completed  upon  the  fame  V 

AB,  BC,  CDj  DA,  and  folid  parallclt:jircds  be  erefted  upon  the 
parallelograms  i  the  prifms  upon  t^e  tiu-.^^Ls  AEB,  BFC,  CGD, 

b.  ft.  Cor.   DUA  are  die  halves  of  tSe  f.jlid  j  .uallclep'peds  ^.   and  the  feg- 
^  7^.1*.       ments  of  the  cylinder  v, '.;.;h  arc  upon  the  fcgments  of  the  circle 

cut  o(F  by  AB,  BC,  CD,  DA,  are  \As  than  thr  foiid  parallelepipeds 
which  contiiin  them,  therefore  the  pnfms  upon  the  triangles  AEB, 
BrC,  CGD,  Dil  A,  are  greater  than  half  pf  the  fcgments  of  the 
cylinder  in  which  they  are.  therefore  if  each  of  the  circumferences 
be  divided  into  two  equal  parts,  and  ftraight  lines  be  drawn  from 
the  points  of  divlfion  to  the  extremities  of  the  circumferences,  and 
upon  the  triangles  thus  made  pilfras  be  erected  of  the  fame  alti- 
tude wiih  the  cylinder,  and  fo  on,  there  muft  at  length  remain  fome 

c.  Lemma,  f  /^mentb  of  the  cylinder  which  together  are  lefs  ^  than  the  excefs  of 

thtr  cylinder  above  the  triple  of  the  cone,  let  them  be  thofe  upon  the 
f  cgT.cnts  of  the  circle  AE,  EB,  BF,  FC,  CG,  GD,  DH,  HA.  thorc^ 

f  As  was  flicwn  in  Prop.  i.  of  this  Book, 
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d.  1.  Cor» 
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fore  the  reft  of  the  cylinder,  that  is  the  piliin  of  which  the  bafc  Is  BookXIJ. 
the  polygon  AEBFCGDH,  and  of  which  the  altitude  is  the  fane 
with  that  of  the  cylinder,  is  greater  than  the  triple  of  the  cone,  but 
this  prifm  is  triple  ^  of  the  pyramid  upon  the  fame  bafe,  of  whi^h 
the  vertex  is  the  iame  with  the  vertex  of  the  cone  ;  therefore  the 
pyramid  upon  the  bafe  AEBFCGDH,  having  the  fame  vertex  with 
the  cone,  is  greater  than  the  cone,  of  which  the  bafe  is  the  circle 
ABCD.  but  it  is  alfo  lefs,  for  the  pyramid  is  contained  within  the 
cone;  which  is  impoflible.     Nor  can  the  cylinder  be  lefs  than  the 
tiiple  of  the  cone,  let  it  be  lefs  if  poffiblc,  tljcrefore,  invcrfcly,  the 
cone  is  greater  than  the  third  part  of  the  cylinder.     In  the  cu-clc 
ABCD  defcribe  a  fquarc,  this  fquare  is  greater  than  the  half  of  the 
circle,  and  upon  the  fqnare  ABCD  cicdt  a  pyramid  having  the  iame 
vertex  with  the  cone;  this  pyramid  is  greater  than  the  half  of  the 
cone ;  becaufc,  as  was  before  demonftrated,  if  a  fquare  b^  defcribcd 
about  the  circle,  the  fquare  ABCD  is 
the  half  of  it ;  and  if  upon  thefe  fquarcs 
there  be  creeled  foHd  parallelepipeds  of 
the  fame  altitude  with  the  cone,  which 
are  alio  prifms,  the  prifqa  upon  the 
fquare  ABCD  (hall  be  the  half  of  that£ 
which  is  upon  the  fquare  dcfcribed  a- 
bout  the  circle;  for  they  are  to  one  a- 
pother  as  their  bafcs  • ;  as  arc  alfo  the 
third  parts  of  them,  therefore  the  pyra-  "J^ 

mid  the  bale  of  which  is  the  fquare  ABCD  is  half  of  the  pyramid 
upon  the  Iquare  defcribed  about  the  circle,  but  this  laft  pyramid 
is  greater  than  the  cone  which  it  contains;  therefore  the  pyramid 
ppon  the  fquare  AECD  having  the  fame  vertex  with  the  cone,  is 
greater  than  the  half  of  the  cone.  Bifcft  the  circumferences  AB, 
BC,  CD,  DA  in  the  points  E,  F,  G,  H,  and  join  AE,  EB,  BF, 
FC,  CG,  CD,  DH,  HA.  therefore  each  of  the  triangles  AEB, 
BFC,  CGD,  DHA  is  greater  than  half  of  the  fcgment  of  the 
circle  in  which  it  is.  upon  each  of  thcfs  triangles  ereft  pyr:.inids 
having  the  fame  vertex  with  the  cone,  therefore  each  of  thefe  py- 
ramids is  greater  than  the  half  of  the  fegrae nt  of  the  cone  in  which 
it  is,  as  before  was  demonftrated  of  the  piilms  and  fcgmcnts  of  the 
cylinder,  and  thus  dividing  each  of  the  cicrumferences  into  two 
equal  parts,  and  joining  the  points  of  divifion  and  their  extremi- 
ties by  ftralght  Imes,  and  upon  the  triangles  erefting  pyramids  h^Tf 
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BookXII.  ing  their  vertices  the  fame  with  that  of  the  cone,  aad  fo  on,  there 
muft  at  length  remain  fome  fegmcnts  of  the  cone  which  together 
ill  all  be  lefs  than  the  excefs  of  the  coac  above  the  third  part  of  the 
cylinder.  l?t  thcfe  be  the  fegmentf  upon  AE,  EB,  BF,  FC,  CGj 
GD,  DH,  HA.  therefore  the  reft  of  the 
cone,  that  is  the  pyramid,  of  which  the 
bifcis  thc4>olygon  AEBFCGDH,  and 
of  which  the  vertex  is  the  iame  with 
that  of  the  cone,  is  greater  than  the 
third  part  of  the  cylinder,  but  this  py-E 
I  amid  is  the  third  part  of  the  prifm 
upon  the  fame  bafe  AEBFCGDH,  and 
of  the  fame  altitude  with  the  cylinder, 
therefore  this  prifm  is  greater  than  the  \E 

cylinder  of  which  the  bafe  is  the  circle  ABCD.  but  it  is  alio  lefs, 
for  it  is  contained  within  the  cylinder ;  which  is  impoffiblc.  there- 
fore the  cylinder  is  not  lefs  than  the  triple  of  the  cone,  and  it  has 
been  demonftrated  that  neither  is  it  greater  than  the  triple,  there- 
fore the  cylinder  is  triple  of  the  cone,  or,  the  cone  is  the  third  part 
of  the  cylinder.     Wherefore  every  cone,  &c.    Q^  E.  D. 


5«N. 
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PROP.     XI.     T  H  E  O  R. 

ONES  and  cylinders  of  the  fame  altitude,  are  to 
one  another  as  theh*  bafes. 


Let  the  cones  and  cylinders,  of  which  the  bafes  are  the  circles 
ABCD,  EFGH,  and  the  axes  KL,  MN,  and  AC,  EG  the  dlamc- 
terk  of  then-  bafes,  be  of  the  fame  altitude,  as  the  circle  ABCD  to 
the  circle  EFtH,  fo  is  the  cone  AL  to  the  cone  EN- 

If  it  be  not  fo,  let  the  circle  ABCD  be  to  the  circle  EFGH,  as 
the  cone  AL  to  fome  folid  either  lefs  than  the  cone  EN,  or  greater 
than  it.  Firft,  let  it  be  to  a  folid  lefs  than  EN,  viz.  to  the  folid  X  ; 
and  let  Z  be  the  folid  which  is  equal  to  the  excefs  of  the  cone  EN 
above  the  folid  X  ;  therefore  the  cone  EN  is  equal  to  the  fblids  X, 
Z  together,  in  the  circle  EFGH  dcfcribe  the  fquare  EFGH,  there- 
fore this  fquai  e  is  greater  than  the  half  of  the  circle,  upon  the 
iquare  EFGtl  ertft  a  pyramid  of  the  fame  altitude  with  the  cone  j 
this  pyramid  is  greater  than  half  of  the  cone,  for  if  a  fqnare  be  de- 
fcribed  about  tiie  circle,  and  a  pyramid  be  erefted  upon  it,  having  the 
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lame  Tcrtex  with  the  conef ,  the  pyramid  iafcribed  ia  the  cone  is  half  Book  XI  r, 
of  the  pyramid  eircui^fcribed  about  it,  becaufe  they  are  to  one  ano-  V«^v«^ 
ther  as  their  bafes^.  but  the  cone  is  lefs  than  the  circcmfcrkbed  py*  «.  c.  la^ 
ramid;  therefore  the  pyramid  of*  which  thebtfe  is  the  fquareEFGH, 
and  its  vertex  the  fame  with  that  of  the  cone,  is  greater  than  half 
of  the  cone,  divide  the  circumferences  EF^  FG,  GH,  H  E,  each 
into  t^'o  equal  parts  in  the  points  O,  P,  R^  S,  and  join  EO,  OF, 
FP,  PG,  GR,  RH,  HS,  SE.  therefore  each  of  the  triangles  EOF, 
JTG,  GRH,  HSE  is  greater  than  half  of  the  fcgment  of  the  circle 


f: 
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in  which  it  is.  upon  each  of  thefe  triangles  ercft  a  pyramid  having 

the  fame  vertex  with  the  cone ;  each  of  thefe  pyramids  is  greater 

than  the  half  of  the  fegment  of  the  cone  in  which  it  is.  and  thus 

dividing  each  of  thefe  circumferences  into  two  equal  parts,  and  from 

the  points  of  diTiiion  drawing  firaight  lines  to  the  extremities  of  the 

circumferences,  and  upon  each  of  the  triangles  thus  made  eredling 

pyramids  having  the  fame  vertex  with  thecone,and  ib  on,  there  muft 

at  length  remain  ibme  fegments  of  the  cone  which  are  together  iefs  ^  b.  Lenint. 

than  the  folid  Z.  let  thefe  be  the  fegments  upon  EO,  OF,  FP,  PG, 

t  Vertex  is  put  in  place  of  altitude  which  is  in  the  Greek,  bccauie  the  pyramid, 
in  what  follows,  is  foppofed  to  be  circumfcribed  about  the  cone,  and  Co  muft  have 
the  fame  vertex,  and  the  f«me  €han|e  is  made  io  fome  places  following. 
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BookXir?  GR,  RH,  HS,  SE.  therefore  the  remainder  of  the  cone,  viz.  the 
pyramid  of  which  the  bafe  is  the  polygon  EOFPGRHS,  and  its 
vertex  th,e  fame  with  that  of  the  cone,  is  greater  than  the  foiid  X. 
In  the  circle  ABCD  defcrlbe  the  polygon  ATBYCVDQ^fimiiar  to 
the  polygon  EOFPGRHSiand  upon  it  ereft  a  pyramid  of  the  fame 
aldtude  with  the  cone  AL.  and  becauie  as  the  fquare  of  AC  is  to 
the  fquare  of  EG,fo  ^  is  the  polygon  ATBYCVDQjo  the  polygon 
EOFPGRHS  5  and  as  the  fquare  of  AC  to  the  fquare  of  EG,  fo 
18  d  the  circle  ABCD  to  the  circle  E  F  G  H  j  therefore  the  circle 
ABCD  is  « to  the  circle  EFGH,  as  the  polygon  ATBYCVDQ^to 
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the  polygon  EOFPGRHS.  but  as  the  circle  ABCD  to  the  circle 
EFGH,  fo  is  the  cone  AL  to  the  folid  X  ;  and  as  the  polygon 
ATBYCVDQjo  the  polygon  EOFPGRHS,  fo  is  •  the  pyramid  of 
which  the  bafe  is  the  firft  of  thofe  polygons,  and  vertex  L,  to  the 
pyramid  of  which  the  bafe  is  the  other  polygon,  and  its  vertex  N- 
thcrefore  as  the  cone  AL  to  the  folid  X,  fo  is  the  pyramid  of  which 
the  bafe  is  the  polygon  ATBYCVDQ^,  and  vertex  Lto  the  pyramid 
the  bafe  of  which  is  the  polygon  EOFPGRHS,  and  vertex  N.  but 
the  cone  AL  is  greater  than  die  pyramid  contained  in  it  5  therefore 
the  folid  X  is  greater  f  than  the  pyramid  in  the  cone  EN.  but  it  is 
lefs,  as  was  fhewn ;  which  is  abfard*  therefore  the  circle  ABCD  is 
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not  to  the  drcle  EFGH,  as  the  cone  AL  to  any  folid  which  is  left  BookXir. 
than  the  cone  EN.     In  the  fame  manner  it  may  be  demonftrated  ^<^^vx^ 
that  the  circle  EFGH  i$  not  to  the  drcle  ABCD,  as  the  cone  EN 
to  any  folid  lef$  than  the  cone  AL.     Nor  can  the  circle  ABCD  be 
to  the  circle  EFGH,  as  the  cone  AL  to  any  folid  greater  than  the 
cone  EN.  for,  if  it  be  poifible,  let  it  be  fo  to  the  folid  I  which  is 
greater  than  the  cone  EN.  therefore,  by  inverfion,  as  the  cirdc 
EFGH  to  the  drcle  ABGD,  fo  is  the  folid  I  to  the  cone  AL.  but 
as  the  folid  I  to  the  cone  AL,  fo  is  the  cone  EN  to  fomc  folid, 
which  muft  be  left  f  than  the  cone  AL,  becaufe  the  folid  I  is  greater  t  X4.  s. 
than  the  cone  EN.  therefore  as  the  circle  EFGH  is  to  the  drcle 
ABCD,  fo  is  the  cone  5N  to  a  folid  Icfs  than  the  cone  AL,  which 
was  fhewn  to  be  impoffible.  therefore  the  circle  ABCD  i§  not  to 
the  cirdc  EFGH,  as  the  cone  AL  is  to  any  folid  greater  than  the 
cone  EN.  and  it  has  been  demonflrated  that  neither  is  the  circle 
ABCD  to  the  circle  EFGH,  as  the  cone  AL  to  any  folid  kfs  than 
the  cone  EN.  therefore  the  cirdc  ABCD  is  to  the  drcle  EFGH, 
as  the  cone  AL  to  the  cone  EN.  but  as  the  cone  is  to  the  cone,  fo 
*  is  the  cylinder  to  the  cylinder;   becajife  the  cylinders  are  triple  g.  ,5.  s, 
*  h  of  the  cones,  each  of  each.     Therefore  as  the  circle  ABCD  to  h.  10.  i». 
the  cirde  EFGH,  fo  are  the  cylinders  upon  them  of  the  fame  alti- 
tude.   Wherefore  pones  and  cylinders  of  the  fame  altitude,  arc  to 
one  another  as  their  bafes.     (^  E.  D. 

PROP.    Xn.     THE  OR. 

SIMILAR  cones  and  cylinders  have  to  one  another  secN. 
the  triplicate  ratio  of  that  which  the  diameters  of 
their  bafes  have. 

Let  the  cones  and  cylinders  of  which  the  bafes  are  the  circles 
ABCD,  £FGH,  and  the  diameiers  of  the  bafes  AC,  EG,  and  KL, 
MN  the  axes  of  the  cones  or  cylinders,  be  fimilar.  the  cone  of 
which  the  bafe  is  the  cirde  ABCD,  and  vertex  the  point  L,  has 
to  the  cone  of  which  the  bafe  is  the  circle  EFGH,  and  vertex  N, 
the  triplicate  ratio  of  that  which  AC  has  to  EG. 

'  For  if  the  cone  ABCDL  has  not  to  the  cone  EFGHN  the  tri- 
plicate ratio  of  that  which  AC  has  to  EG,  the  cone  ABCDL  fhall 
have  the  triplicate  of  that  ratio  to  fomc  folid  which  is  Icfs  or  greater 
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B«okXII.  than  the  cons  EFGHN.  Firfl.lctit  tureit  toalef^,Tiz.  todisfc^d 
^■^YO  X.  nuke  chs  fame  conftrvfticHi  as  in  tbe  preceding  FropoGtiaa,  and 
it  nay  be  demooflrated  the  -ray  fame  tnj  as  in  that  PropoCtioa, 
that  the  pyramid  of  which  the  bafc  is  the  polygon  EOFPGRHS, 
and  vertex  N  is  greater  than  the  fi^id  I.  Ddcribe  alfo  in  the 
circle  ABCD  the  polygon  ATBYCVDQ^fimilar  to  the  polygo« 
EOFPGRHS,  upon  which  ercft  a  pyramid  baring  the  fjme  rertex. 
«4th  tbe  coac;  and  let  LAQ^bc  one  of  the  triangles  c<wtaiB)ng  the 
pyramid  nptn  the  polygon  ATBYCVDQ^thc  vcnex  <rf  which  is 


3^ 
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J.}  and  IctNES  be  one  of  the  triangles  containing  the  pyramid  npon 
the  polygon  EOFPGR.HS  of  which  the  vertex  is  N;  and  join  Kq^, 
MS.  becaafe  then  tbe  cone  ABCDL  is  iimilar  to  the  cone  EFGHN, 

•-  M-  D«r.  AC  is  •  to  EG,  as  the  axis  KL  to  the  axis  MN;  and  as  AC  to  EG, 
"■       fo  *  ii  AK  to  EM;  therefore  as  AK  to  EM,  fo  is  KL  to  MN;  and, 

^  •*■  *■  alternately,  AK  to  KL,  as  EM  to  MN.  and  the  right  angles  AKiL, 
EMN  are  equal ;  thorefore,  the  fides  about  thefe  equal  angles  being 

c  <.  c  proportionals,  the  triangle  AKL  is  finular  '  to  the  triangle  EMN. 
again,  becaule  AK  is  to  KQ^  as  EM  to  MS,  and  that  thefe  iides 
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art  about  equal  angles  AKQ  ,  EMS^  becaufc  thefe  angles  are,  BookXir. 
each  of  them,  the  fame  part  of  four  right  aogles  at  the  centers  K,  V^^yv^ 
Mi  therefore  the  triangle  AKQ^is  fimlkr  •  to  the  triangle  EMS.  c  «.  «• 
and  becaufe  it  has  been  (hewn  that  as  AK  to  KL,  fo  is  EM  to  MN, 
and  that  AK  is  equal  to  KQ^  and  EM  to  MS,  as  QK  to  KL,  fo  is 
SM  to  MN;  and  therefore^  the  fides  about  the  right  angles  QKL, 
SMN  being  proportionals,  the  triangle  LKQ^is  fimilar  to  the  tri- 
angle NMS.  and  becanfe  of  the  fimilarity  of  the  triangles  AKL, 
EMN,  as  LA  is  to  AK,  fo  is  NE  to  EM;  and  by  the  fimilarity  of  the 
triangles  AKQ^  EMS,  as  KA  to  AQ^  fo  ME  to  ES;  ex  aequali^,  i.  **•  s- 
LA  is  to  AQ^,  as  NE  to  ES.  again,  becaufe  of  the  fimilarity  of 
the  triangles  LQK,  NSM,  as  LQ^to QK,  fo NS  to  SM;  and  from 
the  fimilarity  of  the  triangles  KAQ^,  MES,  as  KQjo  QA,  fo  MS 
to  SE;  ex  aequali  **,  LQjs  to  QA,  as  NS  to  SE.  and  it  was  proved 
that  QA  is  to  AL,  as  SE  to  EN ;  therefore,  again,  ex  aequali,  as 
QL  to  LA,  fo  is  SN  to  NE.  wherefore  the  triangles  LQA,  NSE, 
having  the  fides  about  all  their  angles  proportionals,  are  equiangu- 
lar *  and  fimilar  to  one  another,  and  therefore  the  pyramid  of  which  -«.  ^.45. 
the  bale  is  the  triangle  AKQ^,  and  vertex  L,  ^fiaiilar  to  the  pyra- 
mid the  bafc  of  which  is  the  triangle  EMS,  and  vertex  N,  becaufe 
their  folid  angles  are  equal  f  to  one  another,  and  they  are  contained  f.  B.  ti. 
by  the  fame  number  of  fimilar  planes,  but  fimilar  pyramids  which 
have  triangular  bafes  have  to  one  another  the  triplicate  *  ratio  of  that  g.  8«  i  >« 
which  their  homologous  fides  have;  therefore  the  pyramid  AKQL 
has  to  the  pyramid  EMSN  the  triplicate  ratio  of  that  which  AK  has 
to  EM.     In  the  fame  manner,  if  (Iraight  lines  be  drawn  from  the 
points  D,  V,  C,  Y,  B,  T  to  K,  and  from  the  points  H,  R,  G,  P, 
F,  O  to  M,  and  pyramids  be  crefled  upon  the  triangles  having  the 
feme  vertices  with  the  cones,  it  may  be  demonftratcd  that  each  py- 
ramid in  the  firfl  cone  has  to  each  in  the  other,  taking  them  in  the 
feme  order,  the  triplicate  ratio  of  that  which  the  fide  AK  has  to  the 
fide  EM;  that  is, which  AC  has  to  EG.  but  as  one  antecedent  to 
it|  confequent,  {o  are  all  the  antecedents  to  all  the  confequents  ^  ;  h.  f  1.  p 
therefore  as  the  pyramid  AKQL  to  the  pyramid  EMSN,  fo  is  the 
whole  pyramid  the  bafe  of  which  is  the  polygon  DQATBYCV,and 
Tcrtex  L,  to  the  whole  pyramid  of  which  the  bafc  is  the  polygon 
HSEOFPGR^and  vertex  N.  wherefore  alfo  die  firft  of  thcfc  two 
laft  named  pyramids  has  to  the  other  the  triplicate  ratioof  thatwhich 
AC  has  to  EG.  but,  by  the  Hypothefis,  the  cone  of  which  the  bale 
is  the  circle  ABCD^  and  vertex  L  has  to  the  folid  X,  the  triplicate 
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Eoolc  X[l.  ratio  of  that  which  AC  has  to  £G ;  therefore  as  the  cone  of  which 
K^-V^^  the  bafc  is  the  circle  ABCD,  and  vertex  L,  Is  to  the  folid  X,  fo 
is  the  pyramid  the  bale  of  which  is  the  polygon  DQATBYCV, 
and  vertex  L  to  the  pyramid  the  baft  of  which  is  the  polygon 
HSEOrPGRand  vertex  N.  but  the  faid  cone  is  greaicr  than  the 
r.  14. 5.  pyramid  contained  in  it.  therefore  the  folid  X  is  greater  '  than  the 
pyramid  the  bale  of  which  is  the  polygon  HS£OFFGR,and  vertoxr 
N.  but  it  is  aifo  iefs  ;  which  is  impolTible.  therefore  the  cone  of 
which  the  bale  is  the  circle  ABCD,  and  vertex  L  has  sot  to  an;  lb- 


TZ^J 


lid'  which  is  Icfs  than  the  cooc  of  which  the  bafe  is  the  circle 
EFGH  and  vertex  N,  the  triplicate  ratio  of  that  which  AC  bae  to 
EG.  In  the  fame  maancr  it  may  be  dcmonfVrated  that  neither  has 
the  cone  EFGHN  to  any  folid  which  is  Icfs  than  the  cone  ABCDL, 
the  triplicate  ratio  of  that  which  EG  has  to  AC,  Nor  can  the  cone 
ABCDL  have  to  any  folid  wWch  is  greater  than  the  cone  EFGHN, 
the  triplicate  ratio  of  that  which  AC  has  to  EG.  for,  if  it  be  poffible, 
let  it  have  it  to  a  greater,  viz.  to  the  (olid  Z.  therefore,  inverfely,  the 
folid  Z  has  to  the  cone  ABCDL  the  triplicate  ratio  of  that  which 
EG  has  to  AC.  bot  as  the  foUd  Z  is  tathc  cone  ABCDL,  fcie 
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the  cone  EFGHN  to  fomc  folid,  which  miift  be  lefs  }  than  tb€  cofle  Book  XI!. 
ABCDL,  becnufc  the  folid  Z  is  greater  than  the  cone  EFGHN.  ^^YX^ 
therefore  the  cone  EFGHN  has  to  a  ibild  which  is  lefs  than  the  cone  »•  »4.  s* 
ABCDL,  the  triplicate  ratio  of  that  wliich  EG  has  to  AC,  which 
was  dcmonflrated  to  be  impoflible.  therefore  the  cone  ABCDL  has 
not  to  any  folid  greater  than  the  cone  EFGHN,  the  triplicate  ratio 
of  that  which  AC  has  to  EG ;  and  it  was  demooftrated  that  it  coald 
not  hare  that  ratio  to  any  folid  lefs  than  the  cone  EFGHN.  there- 
fore the  cone  ABCDL  has  to  the. cone  EFGHN,  the  triplicate  ratio 
of  tliat  which  AC  has  to  EG.  but  as  the  cone  is  to  the  cone,  fo  k  k.  n.  i. 
the  cylinder  to  the  cylinder,  for  cvefy  cone  is  the  third  part  of  the 
cylinder  upon  the  faxae  bafe,  and  of  the  fame  altitude,  therefore 
alfo  the  cylinder  has  to  the  cylinder,  the  triplicate  ratio  of  that 
which  AC  has  to  EG.     Wherefore  fimilar  cones,  &c.  Q^E/D. 


PROP.     XHL      T  H  E  O  R. 

TF  a  cylinder  be  cut  by  a  plane  parallel  to  its  oppofite  sccN. 

planes,  or  bafcs ;  it  divides  the  cylinder  into  two 
cylinders,  one  of  which  is  to  the  other  as  the  axis  of 
the  firft  to  the  axixJ  of  the  other. 


Let  the  cylinder  AD  be  cut  by  the 
plane  GH  parallel  to  the  oppofite  planes 
AB,CD,  meeting  the  axis  EFin  the  point 
K^  and  let  the  line  GH  be  the  common 
feftion  of  the  plane  GH  and  the  furfacc  -■> 
of  the  cyFinder  AD.  let*  AEFC  be  the  ^ 
parallelogram,  in  any  pbfition  of  ir,  by 
the  revolution  of  which  aboul  the  ftraight 
line  EF  the  cylinder  AD  is  defcribed ; 
and  let  GK  be  the  common  feftion  of 
the  plane  GH,  and  the  plane  AEFG. 
and  becauie  the  parallel  planes  AB,  GH 
are  cut  by  the  plane  AEKG,  AE,  KG, 
their  common  feftions  with  it,  are  paral- 
lel *  ;  wherefore  AK  is  a  parallelogram, 
and  GK  equal  to  EA  the  ftraight  line 
froih  the  center  of  the  circle  AB.  for 
the  fame  reafon,  each  of  the  ftrai^it  lines 
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Book XII.  drawn  from  the  point  K  to  the  line  GH  may  be  proved  to  be 
K^^y^J  equal  to  thole  which  are  drawn  from  the  center  of  the  drde 
AB  to  its  circumference,  and  are  therefore  all  equal  to  one  ano- 
b.f  j.Def.i.  thtr.  therefore  the  line  GH  is  the  circumference  of  a  circle  *  of 
which  the  center  is  the  point  K.  therefore  the  plane  GH  divides 
the  cylinder  AD  into  the  cylinders  AH,  GD;  for  they  are  the  iame 
which  would  be  defcribed  by  the  revolution  of  the  parallelograms 
AK,  GF  about  the  ftraight  Unes  EK,  KF.  and  it  is  to  be  fliewn 
that  the  cylinder  AH  is  to  the  cylinder  HC,  as  the  axis  £K  to 
the  axis  KF. 

Produce  the  axis  EF  both  ways  ;  and  take  any  number  of 
ftraight  lines  £N,  NL,  each  equal  to  £K ;  and  any  number  FX, 
XM,  each  equal  to  FK  ;  and  let  planes 
parallel  to  AB,  CD  pafs  through  the  Q 
points  L,  N,  X,  M.  therefore  the  com- 
mon iedlions  of  theie  planes  with  the 
cylinder  produced  are  circles  the  centers  t% 
of  which  are  the  points  L,  N,  X,  M, 
as  was  proved  of  the  plane  GH ;  and 
thefe  planes  cut  off  the  cylinders  PR, 
RB,  DT,  TQ^  and  becaufe  the  axes 
LN,  NE,  EK  are  all  equal,  therefore 
the  cylinders  PR,  RB,  BG  are  *  to  one 
another  as  their  bales,  but  their  baies 
are  equal,  and  therefore  the  cylinders 
PR,  RB,  BG  are  equal,  and  becaufe 
the  axes  I^N,  NE,  EK  are  equal  to  one  "jt 
another,  as  alfo  the  cylinders  PR,  RB, 
BG,  and  that  there  are  as  many  axes  as 
cylinders  ;  therefore  whatever  multiple 

the  axis  KL  is  of  the  axis  KE,  the  fame  multiple  is  the  cylinder  PG 
of  the  cylinder  GB.  for  the  fame  reafon,  whatever  multiple  the  axis 
MK  is  of  the  axi?  KF,  the  fame  multiple  is  the  cylinder  QG  of  the 
cylinder  GD.  and  if  the  axis  KL  be  equal  to  the  axis  KM,  the  cy'» 
Under  PG  is  equal  to  the  cylinder  G<^j  and  if  the  axis  KL  be 
greater  than  the  axis  KM,  the  cylinder  PG  is  greater  than  the  cy- 
linder GQ^;  and  if  lefs,  lefs.  fince  therefore  there  are  four  magni« 
tudes,  viz.  the  axes  EK,  KF,  and  the  cylinders  BG,  GD,  and  that 
of  the  axis  EK  and  cylinder  BG  there  has  been  taken  any  equimul* 
tiplcs  whatever^  viz.  the  axis  KL  and  cylinder  PG;  and  of  the  axb 
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kF  aad  qrlinder  GD,  any  equimultiples  whateverj  viz.  the  axis  Book  XII. 

KM  and  cylinder  GQ^  and  it  has  been  demonftrated  if  the  axis  V^^/^k^ 

EL  be  greater  than  the  axis  KM,  the  cylmder  FG  is  greater  than  . 

the  cylinder  GQ^  and  if  equal,  equal;  and  if  lefsjlefs.  therefore  <*  d.j.Def.;.' 

the  axis  EK  is  to  the  axis  KF,  as  the  cylinder  BG  to  the  cylinder 

GD.     Wherefore  if  a  cyCnder,  &c.     Q^  E.  D. 


PROP.    XIV.     TMEOR. 

CONES  and  Cylinders  upon  equal  bafes  are  to  dne 
another  as  their  altitudes. 


Let  the  cylinders  EB,  FD  be  upon  the  equal  bafes  AB,  CD.  as 
die  cylinder  EB  to  the  cylinder  FD,  fo  is  the  axis  GH  to  the  axis 
KL. 

Produce  the  axis  KL  to  the  point  N,  and  make  LN  equal  to 
the  axis  GH,  and  kt  CM  be  a  cylinder  of  which  the  bafe  is  CD, 
^nd  axis  LN.  and  becaufe  the  cylinders  EB,  CM  have  the  fame 
dtitude,^  they  are  to  one  another  as  their  bafes  '.  but  their  bafes  ■• 
are  equal,  therefore  alio  the  cylin- 
ders EB,  CM  are  equal,  and  be* 
cauie  the  cylinder  FM  is  cut  by 
the  plane  CD  parallel  to  its  oppo- 
iite  planes,  as  the  cylinder  CM  to^Q 
the  cylmdef  FD,  fo  is  ^  the  axis 
LN  to  the  axis  KL.    but  the  cy* 
Under  CM  is  equal  to  the  cylin- 
der EB,  and  the  axis  LN  to  the 
axis  GH.   therefore  as  the  cylin- A 
der  EB  to  the  cylinder  FD,  fo  is 
Ae  axis  GH  t<>  the  axis  KL.   and  as  the  cylinder  EB  to  the  cy- 
linder FD,  fb  is  *^  the  cone  ABG  to  the  qone  CDK,  becaufe  the  «• 
cylinders  are  triple  4  of  the  cones,  therefore  alfo  the  axis  GH  is  d- 
4o  the  axis  KL,  as  the  cone  ABG  to  the  cone  CDK,  and  the 
^yfiiidcr  EB  to  the  cylinder  FD.   Wherefore  cones,  &c.   Q^E,  D/ 
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TH£     ELEMENTS 

PROP.    XV.     THE  OR. 

THE  bafcs  and  altitudes  of  equal  cones  and  cylin- 
ders are  reciprocally  proportional ;  and  if  the 
bafes  and  altitudes  be  reciprocally  proportional,  the 
cones  and  cylinders  are  equal  to  one  another. 

Let  the  circles  ABCD,  EFGH,  the  diameters  of  which  arc  A(^ 
£G,  be  the  bafes^  and  KL,  MN  the  axes,  as  alio  the  altitudes, 
of  equal  cones  and  cylinders ;  and  let  ALC,  £NG  be  the  cones, 
and  AX,  £0  the  cylinders,  the  bafes  and  altitudes  of  the  cylinders 
AX,  £0  are  reciprocally  proportional  ^  that  is,  as  the  bale  ABCD 
to  the  bafe  EFGH,  fo  is  the  altitude  MN  to  the  altitude  EX. 

.  Either  the  altitude  MN  is  equal  to  the  altitude  KL,  or  thcfe  al- 
titudes are  not  equal.     Firft,  let  them  be  equal ;  and  the  cylinders 
AX,.£0  being  alio  eqval,  and  cones  and  cylinders  of  the  fame  alti- 
tude being  to  one  another  as  their  bales  ^.  therefore  the  bafe  ABCD 
is  equal  ^  to  the  bafe  EFGH  j  and  as  the  bale  ABCD  is  to  the  bafe 
EFGH,  fo  is  die  al- 
titude MN  to  the  al- 
titude KL.  but  let  the 
altitudes  KL,  MN  be 
unequal,  and  MN  the 
greater  of   the  two, 
and  from  MN  take 
MP  equal  to  KL,  and, 
thro'  the  point  P,  cut 
the.  cylinder  EO  by 
the  plane  T  YS  paral- 
lel   to  the  oppofite 
planes  of  the  circles  EFGH,  RO ;  therefore  the  common  feftioa 
of  the  plane  TYS  and  the  cylinder  EO  is  a  circle,  and  confc- 
quently  ES  is  a  cylinder,  the  bafe  of  which  is  the  circle  EFGH, 
and  altitude  MP.  and  becaule  the  cylinder  AX  is  equal  to  the  cy- 
linder EO,  as  AX  is  to  the  cylinder  ES,  fo  *  is  the  cylinder  EO  to 
t]ie  fame  ES.  but  as  the  cylinder  AX  to  the  cylinder  ES,  fo  *  it 
the  bafe  ABCD  to  the  bafe  EFGH;  for  the  cylinders  AX,  ES  are 
of  the  fame  altitude  *,  and  as  the  cylinder  EO  to  the  cylinder  ES, 
fo  '  it  the  altitude  MN  to  the  altitude  MP^  beca^fi:  the  cyliiidcr 
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9jC>  1%  cut  by  the  plane  TYS  parallel  to  its  oppofite  planes,  there-  ^^^y^  ^if 
fore  as  the  1>afe  ABCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN 
to  the  aldtude  MP.  but  MP  is  equal  to  the  altitude  KL ;  where^ 
fore  ks  the  bde  ABCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN 
to  the  altitude  RX;  that  is,  the  bafes  and  altitudes  of  the  equal 
cylinders  AX,  EO  are  reciprocally  proportional. 

But  let  the  bafes  and  altitudes  of  the  cylinders  AX,  EO,  be  re^* 
eiprocally  proportional,  viz.  the  bafe  ABCD  to  the  bafe  EFGH, 
as  the  altitude  MN  to  the  altitude  EX.  the  cylinder  AX  is  equal 
to  the  cylinder  EO. 

Firft,  let  the  bafe  ABCD  be  equal  to  the  bafe  EFGH,  then  be- 
caufi  as  the.  bafe  ABCD  is  to  the  bafe  EFGH,  fo  is  the  altitude 
MN  to  the  altitude  KL ;  MN  is  equal  *»  to  KL,  and  therefore  the  b.  A.  |. 
Cylinder  AX  is  equal  *  to  the  cylinder  EO.  a.  n.  in^ 

But  let  the  bafes  ABCD,  EFGH  be  unequal,  and  let  ABCD  be 
the  greater;  and  becaufe  as  ABCD  is  to  the  bafe  EFGH,  fo  is  the 
altitude  MN  to  the  adtitude  KL,  therefore  MN  is  greater  ^  than 
KL  J  then,  the  lame  conftru<n:ioi>  being  made  as  before,  becaufe  as 
the  bafe  ABCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN  to  the 
altitude  KL;  and  becaufe  the  altitude  KLis  equal  to  the  altitude 
MP;  therefore  the  bafe  ABCD  is  ■  to  the  bafe  EFGH,  as  the  cy- 
linder AX  to  the  cylinder  ES;  and  as  the  altitude  MN  to  the  al- 
titude MP  of  KL,  fo  is  the  cylindef  EO  to  the  cylinder  ES.  thcre-^ 
fore  the  cylinder  AX  is  to  the  cylinder  ES,  as  the  cylinder  EO  is 
to  the  fame  ES.  whence  the  cylinder  AX  is  equal  to  the  cylinder 
£0.  and  the  fanie  realbning  holds  in  cones.     Q^  £.  D. 

PROP.   XVL     PR  OB. 

TO  defcribe  in  the  greater  of  two  circles  that  have 
the  fame  center,  a  porygon  of  an  even  number  of 
•qual  (ides,  that  Ihall  not  meet  the  leffer  circle. 

Let  ABCD,  EFGH  be  two  given  circles  having  the  fame  cen- 
ter K.  it  is  required  to  infcribe  in  the  greater  circle  ABCD  a  po* 
lygon  of  an  even  number  of  equal  (ides,  that  fhall  not  meet  the 
lefler  circle. 

Thro'  the  center  K  draw  the  ftraight  line  BD,  and  from  the 
point  G,  where  it  meets  the  circnniference  of  the  leder  circle,  draw 

S   a 
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BookXlIrCA  at  right  angles  to  BD,  and  produce  it  td  Cj  dicrcforc  AC 
^-/'VNiJ  touches  •  the  circle  EFGH.  thcft  if  the  circumfcreacc  BAD  be 
••  »<5. 3.  bifefted,  and  the  half  of  it  be  again  bifcftcd,  and  fo  on,  there 
hi  Js^nma.  ^^  ^^  length  rtmain  a  circumference  left  *>  than  AD.  let  this  b« 
LD  \  and  from  the  point  L  draw 
LM  perpendicular  to  BD,  and  pro- 
duce it  toNj  and  join  LD,  DN. 
therefore  LD  is  equal  to  DN,.  and 
becaufe  LN  is  parallel  to  AC,  and 
that  AC  touches  the  circle  EFGH  j 
therefore  LN  does  not  meet  the 
circle  EFGH.  and  much  Icfs  fhall 
the  ftralght  lines  LD,  DN  meet  the 
circle  EFGH.  fo  that  if  ftraight  lines  equal  to  LD  be  applied  iii 
liie  circle  ABCD  from  the  point  L  around  to  N,  there  fhall  be 
defcribed  in  the  circle  a  polygon  of  an  even  number  of  equal  fides 
aot  meeting  the  lefT&r  circle.     Which  was  to  beMone. 


LEMMA     If. 

XY  two  trapeziums  ABCD,  EFGH  be  infcribed  in  tlie 
^  circles  the  centers  of  which  arc  the  points  K,  L  j 
and  if  the  fides  AB,  DC  be  parallel,  as  alio  EF,  HG; 
and  the  other  four  fides  AD,  BC,  EH,  FG  be  all  equal 
to  one  another;  but  the  fide  AB  greater  than  EF,aiid 
DC  greater  than  HG.  the  ftraight  line  KA  from  the 
center  of  the  circle  in  which  the  greater  fides  are,  is 
greater  than  the  ftraight  line  LE  drawn  from  the  cen-' 
tcr  to  the  circumference  of  the  other  circle. 

If  it  be  poflible,  let  KA  be  not  greater  than  L£ ;  then  KA  muff 
be  either  equal  to  it,  or  lefs.  Firft,  let  K  A  be  equal  to  LE.  there* 
fore  becaufe  in  two  equal  circles,  AD,  BC  in  the  one  are  equal  to 
Wi  »t.  3.  EH,  FG  in  the  other,  the  circumferences  AD,  BC  are  equal  ■  tcr 
the  circumferences  EH,  FG  \  but  becaufe  the  ftraight  lines  AB, 
DC  are  refpeftively  greater  than  EF,  GH,  the  circumferences  AB, 
DC  are  greater  than  EF,  HG.  therefore  the  whole  circumferenca 
ABCD  is  greater  than  the  whole  EFGH;.  b«t  it  is  alfo  equal  to  it. 
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vhlch  is  impoiCble.  therefore  the  ilraight  line  KA  is.  oot  equal  to  Book  XIL 
LE.  ' 

But  let  KA  be  lefs  than  LE,  and  make  LM  equal  to  KA,  and 
from  the  center  L,  and  diftance  LRI  dcfcribc  the  circle  MNOP, 
xneeting  the  ftraight  lines  LE,  LF.  LG,  LH,  in  M,  N;  O,  P }  and 
join  MN,  NO,  OP,  PM  which  are  rcfpcftivcly  parallel  ^  to,  and  k.  *-.#^ 
Jiefs  than  EF,  FG,  GIJ,  HE.  then,  bccaufe  EH  is  greater  than 
;ME,  ad  is  greater  than  MP  >  and  the  circles  ABCD,  MNOP  arc 


^qual,  therefore  the  circumference  AD  is  greater  than  MPj  for  tht 
fame  reafon,  the  circumference  BC  is  greater  than  NO ;  and  bcr 
,caufe  the  ftraight  line  AB  is  greater  than  EF  which  is  greater 
than  MN,  much  more  is  AB  greater  than  MN.  therefore  the  cir-r 
cumference  AB  is  greater  than  MN ;  and  (or  the  fame  rcaibn,  the 
circumference  DC  is  greater  than  PO.  therefore  the  whole  drr 
cumference  ABCD  is  greater  than  the  whole  MNOP  ;  but  it  is 
likewife  equal  to  it,  which  is  impoflible.  therefore  KA  is  not  Icf^ 
than  LE ;  nor  is  it  equal  to  it ;  the  ftraight  line  KA  muft  thercr 
fore  be  greater  than  LE,     (^  E.  D. 

CoR.  And  if  there  be  an  libfcelcs  triangle  the  fides  of  whicl^ 
are  equal  to  AD,  BC,  but  its  baifc  lefs  than  AB  the  greater  of 
the  two  fides  AB,  DC ;  the  ftraight  line  KA  may,  in  the  fame 
manner,  be  demonffrated  to  be  greater  than  the  ftraight  line  drawq 

rom  the  center  to  the  circumference  of  the  circle  dcfcf ibed  f^bogj 

he  triangle. 
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PROP.    XVn.     PROBw 


ate  N.      riri  o  dcfcribc  in  the  greater  of  two  fphcres  whici^ 
-E.       have  the  fame  center,  a  folid  polyhedron,  the 
fuperficies  of  which  ihall  not  meet  the  lefler  fphere. 

Ixt  there  be  two  fpheres  about  the  fame  center  A ;  it  is  reqoired 
to  defcribe  la  the  greater  a  folid  polyhedron  the  fuperficies  of  which 
fluU  not  meet  the  lefler  fphere. 

Let  the  Iphercs  be  cut  by  a  plane  pafEng  thro*  the  center ;  the 
common  fe<flions  of  it  with  the  fpheres  (hall  be  circles;  bccaufe  the 
fphere  is  defcrlbed  by  the  revolution  of  a  femicirde  about  the  dla^ 
meter  remaining  unmoveable;  fo  that  in  whatever  pofition  the  femi- 
cirde be  conceived,  the  cooimbn  ie^ion  of  the  p}ahe  in  which  it  is 
with  the  fuperficies  of  the  fphere  is  the  circumference  of  a  drde  ; 
and  this  is  a  great  drcle  of  the  fphere,  bccaufe  the  diameter  of  the 

t.  II.  |.  fphere  which  is  likewile  the  diameter  of  the  clrde,  is  greater  *  thaa 
any  ftfaight  line  in  the  circle  or  fphere.  let  then  the  drcle  made  by 
the  feftion  of  the  plane  with  the  greater  fphere  be  BCDE,  and  with 
the  lefler  fphere  be  FGH;  and  draw  the  two  diameters  BD,  CE  at 
right  angles  to  one  another,  and  in  BCDE  the  greater  of  the  two 

k  itf.  II.  circles  defcribe  ^  a  polygon  of  an  even  number  of  equal  fides  not 
meeting  the  lcfl"er  drcle  FGH;  and  let  its  fides,  in  BE  the  fourth 
part  of  the  circle,  be  BK,  KL,  LM,  ME;  join  KA  and  produce  it 
to  N;  and  from  A  draw  AX  at  right  angles  to  the  phoie  of  the  drde 
BCDE  meeting  the  fuperficies  of  the  fphere  in  the  point  X;  and  let 
planes  pafs  thro'  AX  and  each  of  the  (Iraight  lines  BD,  KN,  which^ 
from  what  has  been  faid^  (hall*  produce  great  circles  on  the  fiiperfi-^ 
cies  of  the  fphere,  and  let  BXD,  KXN  be  the  femicirdes  thus  made 
upon  the  diameters  BD,  KN.  therefore,  becaufe  XA  is  at  right 
angles  to  the  plane  of  the  drde  BCDE,  every  plane  which  pafles 

c  18.  XI.  thro'  XA  is  at  right  ^  angles  to  the  plane  of  the  cirde  BCDE ; 
wherefore  the  femicirdes  BXD,  KXN  are  at  right  angles  to  that 
plane,  and  becaufe  the  femicirdes  BED,  BXD,  KXN,  upon  the  e- 
qual  diameters  BD,  KN  are  equal  to  one  another,  thdr  fourth  parts 
BE,  BX,  KX  are  equal  to  one  another,  therefore  as  many  fides  of 
the  polygon  as  are  in  the  fourth  part  BE,  ib  many  there  are  in  B}^ 
KX  equal  to  the  fides  BK,  KL,  LM,  ME.  let  thefe  polygons  be 
defcribcd,  and  their  fides  be  BO,  OP,  PR,  RX ;  KS,  ST,  TT, 
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TX,  and  join  OS,  PT,  RT  j  and  from  the  pointe  O,  S  draw  OV,  Book  XII. 
SQj>erpeadicHlars  to  AB,  AK.  and  becaufe  the  plane  BOXD  is  at  Vh^y^^ 
right  angles  to  the  plane  BCDE,  and  in  one  of  them  BOXD,  OV 
is  drawn  perpendicnlar  to  AB  the  common  legion  of  the  planes, 
therefore  OV  is  perpendicular  '  to  the  plane  BCDE.  for  the  fame  a.4.Dcf.i>. 
reafbn  SQ^is  perpendicnlar  to  the  fame  plane,  becaufe  the  plane 
KSXN  is  at  right  angles  to  the  plane  BCD£.     Jdn  VQ^  and  be- 
csLxSe  in  the  e^ual  lemidrdes  BXD,  K^N  th^  clrci^nferenc^  BO^ 


£S  are  equal,  and  OV,  SQ^are  perpendicular  to  thek  diameters, 
therefore  *  OV  is  equal  to  SQ^,  an-i  BV  cqtiai  to  KQ^  but  the  •  »#. 
whole  BA  is  equal  to  the  whole  KA,  therefore  the  renmndcr  VA  is 
equal  to  the  remainder  QA.  as  therefore  BV  is  to  V A,  fo  is  KQ^to 
C^,  wherefore  VQJs  parallel  to « to  BK.  and  becaufe  OV,SQju^  f,  ^ 
each  of  them  at  right  angles  to  the  plane  of  the  circle  BCDE,  OV  x% 
parallel  C  to  SQ^;  and  it  has  been  proved  that  it  is  alfo  equal  to  it  \  r,  ^. 
therefore  QV,'  SO  are  equal  and  parallel «.  and  becaufe  QV  is  pa.  g,  u 
r»]|el  to  SO^  and  alfo  to  KB;  OS  19  pariaiel  ^  to  VK}  s^d  tbcr^f^m  b.  r 

g4 
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Book  XII.  BO,  KS  which  jcna  then  are  m  ihc  iame  pLue  in  vfaidi  tbde  ponl- 
tk/V^^  Ids  are,  and  the  qoadrikccr^  Hgiirc  KBOS  is  in  odc  plane,  aad  if 
PD,  TIC  be  joiaed,  and  perpendicclai-s  be  drawn  from  the  points  P, 
T  to  the  <\nupy.t  iines  AB,  AK,  it  may  be  detnooftrattd  that  TP  is 
parallel  M  !CB  in  ihe  terj  fame  way  that  SO  was  flicvii  to  be  parxl- 
k.  ».  II.  u:  -o  the  fame  KU;  wherefore  ^  TP  is  parallel  to  SO,  and  tbe<}a»> 
(!,i:jterall7;^ure80Fris  in  one  plane.  ^  the laoK  rcafba  tbeqio- 
drilateralTPK-Yisinoacplase.  aadtbefi^ireTRXisallbiaoBe 


plane  i.  theicforc,  if  from  the  points  O,  S,  P,  T,  R,  Y  Acre  be 
diawn  ftraij-lit  lines  to  the  pom  A,  there  ftiall  be  formed  a  folid 
polyhedron  between  the  circumferences  BX,  KX compoied  of  py- 
ramids the.  bafes  of  which  are  the  qnadriJaerals  KBOS,  SOFT, 
Tl'R  Y,  and  the  triangle  YRX,  and  of  which  the  common  vertex  is 
the  point  A.  and  if  the  fame  conflmftion  be  made  apon  each  of  the 
fides  KL,  LM,  ME,  as  has  been  dooc  opoa  BK,  and  the  like  be 
ilone  alfo  in  the  other  three  quadrants,  and  in  the  other  hcmifphere; 
there  fluU  be  formed  a  folid  pdyhcdroa  dcfcribed  m  the  fphejej 
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c^mpofed  of  pjrraixudg  the  bafcs  of  which  are  the  aforefaid  quadri-  Book  Xir. 
lateral  figures,  and  the  triangle  YRX,  and  thofe  formed  in  the  like  V^y^/ 
manner  in  the  reft  of  the  fphere,  the  common  vertex  of  them  all 
.being  the  point  A.  and  the  fuperfides  of  this  folid  polyhedron  does  > 
not  meet  the  lefler  fphere  in  which  is  the  circle  FGH.  for  from  the 
point  A  draw  k  AZ  perpendicular  to  the  plane  of  the  quadrilateral  k.  u.  n, 
KBOS  meeting  it  in  Z,  and  j<mi  BZ,  ZK,  and  becanfe  AZ  is  per- 
pendicular to  the  plane  KBOS,  it  makes  right  angles  with  every 
Araight  line  meeting  it  in  that  plane ;  therefore  AZ  is  perpendicular 
to  BZ  and  ZK*   and  becaufe  AB  is  equal  to  AK,  and  that  the 
fquares  of  AZ,  ZB,  are  equal  to  the  fquare  of  AB*,  and  the  fquares 
of  AZ,  ZK  to  the  fquare  of  AK  *  ;  therefore  the  fquares  of  AZ,  •  47.  «• 
ZB  are  equal  to  the  fquares  of  AZ,  ZK.  take  from  thefe  equals  the 
fquare  of  AZ,  the  remaioing  fquare  of  BZ  is  equal  to  the  remaining 
fquare  of  ZK  j  and  therefore  the  ftratght  line  BZ  is  equal  to  ZK. 
in  the  like  manner  it  may  be  demonftrated  that  the  ftraight  lines 
dniwu  from  the  point  Z  to  the  points  O,  S  are  equal  to  BZ,  or  ZK. 
therefore  the  circle  dcfcribed  from  the  center  Z,  and  dillance  ZB 
(hall  pafs  thro'  the  points  K,0|  S,  and  KBOS  fhall  be  a  quadrilateral 
figure  in  the  circle,  and  becaufe  KB  is  greater  than  QV,  and  QV 
equal  to  SQ,  therefore  KB  is  greater  tlian  SO.  but  KB  is  equal  to 
each  of  the  ftraight  lines  BO,  KS  j  whaefore  each  of  the  circumfe- 
rences cut  off  by  KB,  BO,  KS  is  greater  than  that  cut  oiF  by  OS  ; 
and  thefe  three  circumferences  together  with  a  fourth  equal  to  one 
of  thcnl,  are  greater  than  the  fame  three  together  with  that  cut  off 
by  OS  J  that  is,  than  the  whole  circumference  of  the  circle;  there- 
fore the  circumference  fub^nded  by  KB  is  greater  than  the  fourth 
part  of  thewhole  circumference  of  the  circle  KBOS,  and  confcquent- 
ly  the  angle  BZK  at  the  center  is  greater  than  a  right  angle,  and 
becaufe  the  angle  BZK  is  obtufe,  the  fqi^are  of  BK  is  greater  *  than  1.  n.  %• 
the  fquares  of  BZ,  ZK;  that  is,  greater  than  twice  the  fquare  of 
BZ.    Join  KV,  and  becaufe  in  the  triangles  KBV,  OBV,  KB,  BV 
are  equal  to  OB,  BV,  and  that  they  conuin  equal  angles ;  the  angle 
KVB  is  equal  ^  to  the  angle  OVB.  and  OVB  is  a  right  angle ;  m.  4.  i. 
therefore  aUoKVBis  a  right  angle,  and  becaufeBDis  lefs  than  twice 
D V,  the  reftangle  contained  by  DB,  BV  is  lefs  than  twice  the  rec- 
tangle DVB  J  that  is  ",  the  fquare  of  KB  is  lefs  than  twice  the  „.  8.  #. 
fquare  of  KV.  but  the  fquare  of  KB  is  greater  than  twice  the  • 

fquare  of  BZ;  tlierefore  the  fquare  of  KV  is  greater  than  the  fquare 
of  BZ.  and  becaufe  BA  is  equal  to  AK,  and  that  the  fquares  of 
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Book  XII.  BZ,  ZA  arc  equal  together  to  the  fquare  of  BA,  and  the  /qoares 
V,^V^^  of  KV,  VA  to  the  fquarc  of  AK  5  therefore  the  fquares  of  BZ, 
ZA  are  equal  to  the  fquares  of  KV,  VA;  and  of  thefe  the  fquare 
of  KV  is  greater  than  the  fquare  of  BZ,  therefore  the  fquare  of 
VA  is  lefs  than  the  fquare  of  Z A,  and  the  flraight  line  AZ  greater 
than  VA.  much  more  then  AZ  is  greater  than  AG,  becaufe  in  the 
preceding  Propofition  it  was  (hewn  that  KV  falls  without  the  circle 
FGH.  and  AZ  is  perpendicular  to  the  plane  KBOS,  and  is  there- 
•fore  the  (horteft  of  all  the  flraight  lines  that  can  be  drawn  fram 
A  the  center  of  the  fphcre  to  that  plane.  Therefore  the  plane 
KBOS  does  not  meet  the  lefler  fphcre. 

And  that  the  other  planes  between  the  quadrants  BX,  KX  fall 
without  the  lefler  fphere,  is  thus  demonlb-ated.  from  the  point  A 
draw  AI  perpendicular  to  the  plane  of  the  quadrilateral  SOFT,  and 
join  10 }  and  as  was  demonfbated  of  the  plane  KBOS  and  the  point 
Z,  in  the  fame  way  it  may  be  (hewn  that  the  point  I  is  the  center  of 
a  circle  defcribed  about  SOFT,  and  that  OS  is  greater  than  FT; 
and  FT  was  (hewn  to  be  parallel  to  OS.  therefore  becaufe  the  two 
trapeziums  KBOS,  SOFT  infcribed  in  circles  have  their  fides  BK, 
OS  parallel,  as  alfo  OS,  FT ;  and  their  other  fides  BO,  KS,  OP, 
ST  all  equal  to  one  another,  and  that  BK  is  greater  than  OS,  and  OS 
p.  ».  L«n.  greater  than  FT,  therefore  the  ftraigbt  line  ZB  is  greater  ^  than  lO. 
«*•  Join  AO  which  will  be  equal  to  AB  5  and  becaufe  AIO,  AZB  are 
right  angles,  the  fquares  of  AI,  lO  are  equal  to  the  fquare  of  AO 
or  of  AB ;  that  is,  to  the  fquares  of  AZ,  ZB ;  and  the  fquare  of 
ZB  is  greater  than  the  fquare  df  lO,  therefore  the  iquare  of  AZ 
is  lefs  than  the  fquare  of  AI ;  and  the  flraight  line  AZ  lefs  than 
the  flraight  line  AI.  and  it  was  proved  that  AZ  is  greater  than  AG ; 
much  more  then  is  AI  greater  than  AG.  therefore  the  plane  SOFT 
falls  wholly  without  the  lefler  fphere.  in  the  fame  manner  it  may 
be  demonflrated  that  the  plane  TPRT  falls  without  the  fame 
fphere,  as  alfo  the  triangle  TRX,  viz.  by  the  Cor.  of  ad  Lemma. 
and  after  the  (ame  way  it  may  be  demonflrated  that  all  the  planes 
which  contain  the  folid  polyhedron  fall  without  the  lefler  fphere. 
theref<H'e  in  the  greater  of  two  fpheres  which  have  the  fame  cea-r 
ter,  a  fblid  polyhedron  is  defcribed  the  fuperfides  of  which  does 
net  meet  the  lefTer  fphere.     Which  was  to  be  done. 

But  the  ftraight  line  AZ  may  be  demonflrated  k>  be  greater  than 
AG  other^nfc  and  in  a  fliorter  manner,  without  the  help  of  Prop. 
1 6.  as  follows.   From  the  point  G  draw  GV  at  right  angles  to  AQ 
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and  join  AU.  if  thca  the  circumference  BE  be  bifefted,  and  its  BookXU. 
half  again  bifefted,  and  fo  on,  there  will  at  length  be  left  a  cir-  Vm/vs«> 
cumfcrencc  lefs  than  the  circumference  which  is  fabtcndcd  by  a 
(Iralght  line  equal  to  GU  infcribcd  in  the  circle  BCDE.  let  this 
be  the  circumference  KB.  therefore  the  flraight  line  KB  is  lefs  than 
GU.  and  becaufe  the  angle  BZK  is  obtufe,  as  was  proved  in  the 
preceding,  therefore  BK  is  greater  than  BZ.  but  GU  is  greater 
than  BK;  much  more  then  is  GU  greater  than  BZ,  and  the  fquare 
of  GU  than  the  fquare  of  BZ.  and  AU  is  equal  to  AB ;  therefore 
the  fquare  of  AU,  that  is  the  fquares  of  AG,  GU  are  equal  to  the 
Iquare  of  AB,  that  is  to  the  fquares  of  AZ,'ZB;  but  the  fquare 
of  BZ  is  lefs  than  the  fquare  of  GU;  therefore  the  fquare  of  AZ 
is  greater  than  the  fquai'e  of  AG,  and  the  fhraight  line  AZ  conie* 
quently  greater  than  the  ftraight  line  AG. 
•    Cor.  And  if  in  the  leflcr  fphere  there  be  delcribed  a  folid  poly- 
hedron by  drawing  ftraight  lines  betwixt  the  points  in  which  the 
ilr^ight  lines  from  the  center  of  the  fphere  drawn  to  all  the  angles  of 
the  folid  polyhedron  in  the  greater  Iphere  meet  the  fuperficies  of  the 
leflcr  ;  in  the  fame  order  in  which  are  joined  the  points  in  which  the 
feme  lines  from  the  center  meet  the  fuperficies  of  the  greater  fphere ; 
the  folid  polyhedron  in  the  fphere  BCDE  has  to  this  other  folid  po- 
lyhedron the  triplicate  ratio  of  that  which  the  diameter  of  the  fphere 
BCDE  has  to  the  diameter  of  the  other  fphere.  for  if  thefe  two  fb- 
|ids  be  divided  into  the  fame  number  of  pyramids,  and  in  the  fame 
order;  the  pyramids  (hall  be  fimilar  to  one  another,  each  to  each, 
becaufe  they  have  the  folid  angles  at  their  common  vertex,  the  cen- 
ter of  the  fphere,  the  fame  in  each  pyramid,  and  their  other  foliH 
angles  at  the  bafes  equal  to  one  another,  each  to  eacli  *,  becaufe  •.  b.  ix. 
theyare  contained  by  three  plane  angles  equal  each  to  each ;  and  the 
pyramids  are  contained  by  the  fame  number  of  iimilar  planes;  and 
are  therefore  fimilar  ^  to  one  another,  each  to  each,  but  fimilar  py-  b.  x  1 .  Def. 
ramids  have  to  one  another  the  triplicate  *  ratio  of  their  homologous       • '  • 
fides,  therefore  the  pyramid  of  which  the  bale  is  the  quadrilateral  ^•^•'•'•'*: 
KBOS,  and  vertex  A,  has  to  the  pyramid  in  the  other  fphere  of  the 
feme  order,  the  triplicate  ratio  of  their  homologous  fides ;  that  Is, 
of  that  ratio  which  AB  from  the  center  of  the  greater  fphere  has 
to  the  ftraight  line  from  the  fame  center  to  the  fuperficies  of  the 
lefTer  fphere.  and  in  like  manner  each  pyramid  in  the  greater  fphere 
has  to  each  of  the  fame  order  in  the  lefler,  the  triplicate  ratio  of  that 
yhich  4B  has  to  the  femidiameter  of  the  lefler  fphere.  and  as  ou% 
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Book  XIL  antecedent  is  to  its  confequent,  fo  are  all  the  antecedents  to  all  the 
confequents.  Wherefore  the  whole  folid  polyhedron  in  the  greater 
Ipherc  has  to  the  whole  Iblid  polyhedron  in  the  other,  the  tripli* 
cate  ratio  of  that  which  AB  the  femidlameter  of  the  firfl  has  to  the 
femidiameter  of  the  other  ;  that  is,  which  the  diameter  BD  of  the 
greater  has  to  the  diameter  of  the  other  fphere. 


s 


PROP.   XVIIL     THEOR. 

PHERES  have  to  one  another  the  triplicate  ratio 
of  that  which  their  diameters  have. 


Let  ABC,  DEF  be  two  fpheres  of  which  the  diameters  are 
BC,  EF.  the  fphere  ABC  has  to  the  fpherc  DEF  the  triplicate 
ratio  of  that  which  BC  has  to  EF. 

For  if  it  haj  not,  the  fphere  ABC  fhall  have  to  a  fphere  either 
Icfs  or  greater  than  DEF,  the  triplicate  ratio  of  that  which  BC  has 
to  EF.  Firft,  let  it  have  that  ratio  to  a  lefs,  viz.  to  the  fphere 
GHK;  and  let  the  fphere  DEF  have  the  fame  center  with  GHK; 
jL  17.  i».  and  in  the  greater  fphere  DEF  defcribe  *  a  folid  polyhedron  the 
fuperficies  of  which  does  not  meet  the  leflcr  fpbcrc  GHK;  and  In 


the  fphere  ABC  defcribe  another  fimilar  to  that  in  the  fphere 
DEF.  therefore  the  folid  polyhedron  in  the  fpherc  ABC  has  to 
|.  Cor.  17.  the  folid  polyhedron  in  the  fphere  DEF,  the  triplicate  rado  *>  of 
^'  "•  th^t  which  BC  has  to  EF.  but  the  fphere  ABC  has  to  the  fphere 
GHK,  the  triplicate  ratio  of  that  which  BC  has  to  EF;  therefore 
as  the  fpherc  ABC  to  the  fphere  GHK,  fo  is  the  folid  polyhedron 
in  the  fphere  ABC  to  the  folid  polyhedron  in  the  fphere  DEF. 
but  the  fphere  ABC  is  greater  than  the  folid  polyhedron  ia  it  2 
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tlicfcforc  *  alfb  the  fphcrc  GHK  is  greater  than  the  folid  polyhe-Booi  XlL 
dron  in  the  fphere  D£F.  but  it  is  alio  lefs,  becaufe  it  is  contaiaed  ^i^v^^ 
"Withia  it,  which  is  impofCble.  therefore  the  fphere  ABC  has  not  to  «•  '4  s« 
any  fphere  lefs  than  D£F,  the  triplicate  ratio  of  that  which  BC  has 
to  £F.    In  the  fame  manner  it  may  be  demonftrated  that  the  fphere 
D£F  has  not  to  any  fphere  lefs  than  ABC>  the  triplicate  latio  of 
that  which  £F  has  to  BC.     Nor  can  the  fphere  ABC  have  to  any 
fphere  greater  than  DEF,  the  triplicate  ratio  of  thai  which  BC  has 
to  EF.  for  if  it  can,  let  it  have  that  ratio  to  a  greater  fphere  LMN. 
therefore,  by  inverfion,  the  fphere  LMN  has  to  the  fphere  ABC, 
the  triplicate  ratio  of  that  which  the  diameter  £F  has  to  the  dia« 
meter  BC.  but  as  the  fphere  LMN  to  ABC,  fb  is  the  fphere  DEF 
to  f9me  fphere,  which  mufl  be  lefs  ^  than  the  fphere  ABC,  becauie  c.  i^.  $• 
the  fphere  LMN  Is  greater  than  the  fphere  DEF.  therefore  the 
fphere  DEF  has  to  a  fphere  lefs  than  ABC  the  triplicate  ratio  <^ 
that  which  EF  has  to  BC  $  which  was  fhewn  to  be  impoflible. 
therefore  the  fphere  ABC  has  not  to  any  fphere  greater  than  DEF 
the  triplicate  ratio  of  that  which  BC  has  to  EF.  and  it  was  de- 
monflrated  that  neither  has  it  that  ratio  to  any  fphere  lefs  than 
DEF.     Therefore  the  fphere  ABC  has  to  the  fphere  DEF^  the 
triplicate  ratio  of  that  which  BC  has  to  EF.     Q^  TL  D. 
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*      i^     O      T      E       S,      &c. 

DEFINITION  I.     BOOK  I. 

ris  neceintry  to  coafider  a  Iblid,  that  is  a  mapiitide  which  hH 
length,  breadth  and  thicknels,  in  order  to  underftand  arightf 
the  Definitions  of  a  point,  line  and  fupcrficies  5  for  thefe  alf 
arife  from  a  folid,  and  exift  in  if.  the  boundary,  or  boundaries 
^hich  contain  a  folid  are  calkd  fuperficies,  or  the  boundary  whicW 
i§^  common  to  two  folids  which  are  contiguous,  or  which  divides  one 
folid  into  two  cohtiguoiis  parts,  is  called  a  fuperficies.  thus  if  BCG? 
be  6ftc  of  the  boundaries  which  contain  the  folid  ABCDEFGHjr 
oT  which  is  the  common  boundary  of  this  foKd,  and  the  folid 
BKLCENMG  and  is  therefore  in  the  one  as  well  as  the  other  folid,- 
is  called  i  fuperficies,  and  has  no  thickziefs;  for  if  it  have  any,  thi^ 
tlucknefs  mufl  either  be  a  part  of  the  "tT*  f^  *1Uf 
thtclcnefs  of  the  folid  AG,  or  of  the  **"     ■  ^  — y\ 

iblid  BM,  or  a  part  of  the  thfcknefe'  ^  j/\P  y   N'  x 
of  each  of  them.    It  cannot  bd  a  part  jtdf    »^  '      '       ^ — 
of  the  thicknefs  of  the  folid  BM,  be- 
caufe  if  this  folid  be  removed  from' 
the  folid  AG,  tfhe  ftperfides  BCGF, 
the  bonridary  of  the  folid  AG,  re-     l  ^  -^^ 

iiftdft's  IHll  the  fame  as  it  was.    Nof  x\-         Xf         JV 
eatt'  it  btr  a  part  of  the  thkkflefs  of  the  foHd  AG,  becaufe  if  thia^ 
,be  removed  from  the  folid  BM,  the  foperficicar  BCGF,  the  bddn^ 
dary  of  the  folid  BM,  docs  nevcrtheiefs  remain,  therefore  the  fuper^' 
Udes  BCGF  has  no  thicknefs ;'  but  otily  length  and 'breadth. 

The  boundary  of  a  fuperficies  is  called  a  line,  or  a  line  is  the 
ciOmmon  boundary  of  two  fuperficies  that  are  contiguous,  or  whidx 
divides  one  fuperficies  into  two  contiguous  parts,  thus  if  BC  be  one 
tX.  the  botfiidariis  whieh  contain  the  fapcFficies  ABGB,' Oi*  whith 
18  the  common  boundary  of  this  fuperficies  and  of  the  fuperficies 
KBCL  which  is  contiguous  to  it,  this  boundary  BC  is  called  a  line, 
atid  h|s  no  breadth,  for  if  it  have  any,  this  muft  be  part  either  of 
Ac  breadth  of  the  fuperficies  ABCDi  or  of  the  fuperficies  KBCI^,. 
t>r  part  of  each  of  them.  It  is  nbt  part  of  the  breadth  of  the  fupei*-^ 
fides  KBCL,  for  if  this  fuperfides  be  removed  from  the  fuperfides 
ABCD,  the  line  BC  which  is  the  boundary  of  the  fuperfidesr  ABCI> 
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remains  the  fame  as  it  vras.  nor  can  the  breadth  ihat  BC  is  fap* 


ipmic 


pofed  to  have  be  a  part  of  the  breadth  of  the  fupSlides  ABCD, 
becaafe  if  this  be  removed  from  the  fuperfides  KBCL,  the  line 
BC  which  is  the  boundary  of  the  fuperficies  KBCL  does  never- 
thelefs  remain,  therefore  the  line  BC  has  no  breadth,  and  becaufe 
the  line  BC  is  in  a  fuperficies,  and  that  a  fuperficies  has  xk>  thick- 
nefs,  as  was  fhewnj  therefore  a  line  has  ndther  breadth  nor  thick- 
nefs,  but  only  length. 

The  boundary  of  a  line  is  called  a  point,  or  a  point  is  the  conck- 
mon  boundary  or  extremity  of  two  lines  that  are  contiguous,  thos 
if  B  be  the  extremity  of  the  line  AB,  or  the  common  extremity  of 
tlie  two  lines  AB,  KB,  this  extremity  is  called  a  point,  and  has  no 
length,  for  if  it  have  any,  this  length  muft  either  be  part  of  the 
length  of  the  line  AB,  or  of  the  line         xT        /^         TUT 

KB.    It  is  not  part  rf  the  length  of         -*JiJ ^ d^ 

KB,  for  if  tlie  line  Kb  be  removed  _    /v  y}^  y/ 

from  AB,  the  pdnt  B  which  is  the  ti  /^    r-  <     \ /^— J 

extremity  of  the  line  AB  remains  the 
fame  as  it  was.  nor  is  it  part  of  the 
length  of  the  line  AB;  for  if  AB  be 
removed  from  the  line  KB,  the  point    a  — ^  -*^ 

B  which  is  the  extremity  of  the  line  -t\-  i>  Jy. 
KB,  does  neverthelefs  remain,  therefore  the  point  B  has  no  length. 
and  bccauie  a  point  is  in  a  line,  and  a  line  has  ndther  breadth  nor 
thicknefs,  therefore  a  point  has  no  length,  breadth  nor  thicknefs. 
And  in  this  manner  the  Definitions  of  a  pcunt,  line  and  fuper- 
fides are  to  be  underftood. 


D  E  F.  Vn.     B.  I. 

Inftead  of  this  Definition  as  it  is  in  the  Greek  copies,  a  mpre 
diflinA  one  is  given  from  a  property  of  a  plane  fuperficies,  which  is 
manifefUy  fuppofed  in  the  Elements,  viz«  that  a  ftraight  line  dt^wa 
from  any  point  in  a  plane  to  any  other  in  it,  is  vrholiy  in  that  plane. 

« 

D  E  F.  Vra.     B.  L 

It  feems  that  he  who  made  this  Definition  defigned  that  it  (hootd 
comprehend  not  only  a  plane  angle  contained  by  two  ftraight  lines, 
but  likewiie  the  angle  which  (bme  concdve  to  be  made  by  a  ftraight 
fine  and  a  curve,  or  by  two  curve  lines,  which  meet  one  another 
in  a  plaoe«  but  tho*  the  meaning  of  the  words  It  iv&eioc;  that  is> 
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in  a  ibaight  line,  or  in  the  fame  dire£lion,  be  plain,  wheni  two  ^^ok  f. 
Araight  lines  are  faid  to  be  in  a  ftraight  line,  it  does  not  appear 
'what  ought  to  be  underftood  by  thefe  words,  when  a  ftraight  line 
and  a  curve,  or  two  curve  lines,  are  faid  to  be  in  the  fame  direc- 
tion ;  at  kail  it  cannot  be  explained  in  this  place  \  which  makes 
it  probable  that  this  Definition,  and  that  <^  the  angle  of  a  iegmenr^ 
and  what  is  iaid.  of  the  angle  of  a  iemicircle,  and  the  angles  of 
fegments,  in  the  1 6^  and  31.  Proportions  of  Book  3,  are  the  ad-» 
ditions  of  ibme  lefs  fkilful  Editor,  on  which  account,  eipcdally  finc^ 
th^y  are  quite  uielefs,  thefe  Definitions  are  diftiaguUlwd  from  th«^ 
tefk  by  inverted  double  commas- 

D  E  F.  XVir.     B.  I 

The  words  *'  which  alfo  divides  the  circle  into  two  equal  parts'' 
are  added  at  the  end  of  this  Definition  in  all  the  copies,  but  are 
now  left  out  as  not  belonging  to  the  Definition,  being  only  a  Co-f 
rollary  from  it*  Produs  demonftrates  it  by  conceiving  one  of  thei 
parts  into  which  the  diameter  divides  the  circle,  to  be  applied  to 
the  other,  for  k  is  pl^  they  mufl  cdncide,  elfe  the.ftraight  line^ 
from  the  center  to  the  circumference  woald  not  be  all  equal*  thef 
Jame  thing  is  eafily  deduced  from  the  3 1^  Prop,  of  Book  3.  and 
the  24«  of  the  fame;  from  the  firft  of  which  it  follows  that  femi<« 
circles  are  fimilar  (egments  of  a  circle*  add  firi6m  the  other,  thalS 
they  are  equal  to  one  another. 

D  E  F.  XXXffl.     B.  L 

This  Definidon  has  one  condition  more  than  is  oeceflkry  j  be-» 
eaufe  every  qoadrilareral  figure  which  has  its  oppofite  fides  equal 
Co  one  another,  has  fikewife  its  oppoike  angles  equal ;  and  on 
the  conitrary^ 

Let  ABCD  be  a  quadrilateral  figure,  of  which  the  oppofite  fides 
AB,  CD  are  equal  to  one  another;  as 
alio  AD  and  BC.  join  BD ;  the  two 
iides  AD,  DB  are  equal  to  the  two 
C»,  BD,  and  the  bafe  AB  is  equal  to 
(he  bafe  CD ;  therefore  by  Prop.  8.  of  £  G 

Book  X.  the  angle  .ADB  is  equal  to  the  angle  CBD;  and  by  Prop^ 
4.  B.  I.  the  angle  BAD  is  equal  to  the  angle  DCB,  and  ABD 
to  BDC ;  and  therefore  alfo  the  angle  ADC  is  equal  to  the  anglq 
ABC. 

T   ^ 


;^3" 
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B<M)k  I.  And  if  the  angle  BAD  be  cqurf  to  the  oppoGte  angle  BCD,  and 
the  angle  ABC  to  ADC ;  the  oppofite  fides. are  equal--  Becaulb  by 
Prop.  3  2.  B.  r.  all  the  angles  of  the  quadrilateral  figure  ABCD 
are  together  equal  to  four  right  angles, 
and  the  two  angles  BAD,  ADC  are  to^ 
gcther  equal  to  the  two  angles  BCDi 

ABC  wherefore  BAD,  ADC  are  the^         . 

half  of  all  the  four  angles  y  that  is,  BAD  JQ  O 

and  ADC  are  equal  to  two  right  angles,  and  therefore  AB,  CD 
are  parallels  by  Prop.  28.  B.  i.  in  the  £ime  manner  AD,BC  are 
parallels,  therefore  ABCD  is  a  parallelogram,  and  ite  oppoike 
fides  ai-e  equal  by  34.  Prop.  B.  i. 

PROP.  vn.    B.  I. 

There  are  two  cafe^of  this  Propofidon,  one  of  which  is  not  ia 
die  Greek  text,  but  is  as  neceflary  as  the  other,  and  that  the  cafe 
kft  out  has  been  formerly  in^  the  text  appears  plainly  from  this, 
that  the  (econd  part  of  Proper  5.  which  is  neceiEuy  to  the  Demoih 
ftration  of  this  ca(e,  can  be  of  no  uie  at  aU  in*  the  Elements,  or 
any  where  elie,  but  in  this  Dfcmonftradon ;  becauie  the  ftcond  pait 
©f  Prop.  5.  clearly  fcJlows  from  the  fir  A  part,  and  Propi.  1 3.  B.  r. 
\  this  part  muft  therefore  have  been  added  to  Prop.  5.  upon  account 
of  fome  Propofidon  betwixt  the  5^  anxi  13.  but  none  of  thefe  (land 
in  need  of  it,  except  the  7.  Propofition,  on  account  of  which  Vt 
has  been  added,  befides  the  tranflation  from  the  Arabic  has  this 
cafe  explicitely  demoQftrated.  and  Prochis  acknowledges  that  the 
fecond  part  of  Prop.  5*  was  added  upon  account  of  Prop.  7.  but 
gives  a  ridiculous  reaibn  for  it,  ^  thar  it  might  afford  an  an(wcr 
^  to  objections  made  againft  the  ^jJ*  as  if  the  cafe  of  the  7.  which 
is  left  out,  were,  as  he  exprefsly  makes  it,  an  objeftioo  againft  the 
propofition  itfelf.  Whoever  is  curious  may  read  what  Produs 
fays  of  this  in  bis  commentary  on  the  5.  and  7.  Propofitions  ;  for 
it  is  not  worth  while  to  relate  his  trifles  at  full  length* 

It  was  thought  proper  to  change  the  enuntiadoo  of  this  7.  Ph^ 
fo  as  to  preferve  the  very  fame  meaning;  the  literal  tranfladon  from 
l^t  Greek  being  extremely  barfit,  and  difficult  to  be  underftood 
by  beg^ners. 
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Book  I. 
P  R  O  P.    XI.     B.  L 

A  Corollary  is  added  to  this  Propofition^  which  is  neceflary 
to  Prop.  I.  B.  If.  and  otherwiie. 

P  R  O  P.  XX.  and  XXI.    B.  L 

Proclus  ia  )iis  Commentary  relates  that  the  Epicureans  derided 
this  Propofition)  as  being  manifeft  even  to  afles,  and  needing  no 
Denaonftration;  and  his  anfwer  is,  that  tho'  the  truth  of  it  be  ma- 
nifeft to  our  fenfeS)  yet  it  is  fcience  which  muft  ^ve  the  reaibn 
why  two  fides  of  a  triangle  are  greater  than  the  third,  but  the  right 
anfwer  to  this  objeAton  againfl  this  and  the  21.  and  fome  other 
plain  Propofitions,  is,  that  the  number  of  Axioms  ought  not  to  be 
cncreafed  without  necefCty,  as  it  muft  be  if  theie  Propofitions  be 
not  demonftrated.  Monf.  Clairault  in  the  Preface  to  his  Elements 
of  Geometry  publifhcd  in  French  at  Paris  Ann.  1741.  fays  that 
Euclid  has  been  at  the  pains  to  prove  that  the  two  fides  of  a  triangle 
which  is  included  within  another  are  together  lefs  than  the  two  • 
fides  of  the  triangle  which  includes  it ;  but  he  has  forgot  to  add 
thas  condition,  viz.  that  the  triangles  muft  be  upon  the  fame  baie; 
bccaufe  unlefs  this  be  added,  the  fides  of  the  included  triangle 
may  be  greater  than  the  fides  of  the  triangle  which  includes  it,  in 
any  ratio  which  is  }efs  than  that  of  two  to  one.  as  Pappus  Alex** 
andrinus  has  demonftrated  in  Prop.  3.  B.  3.  of  his  Mathematical 
p>Ue(lions. 

PROP.    XXII.     B.  I. 

Some  Authors  blame  Euclid  becaufe  he  does  not  demonftrate 
that  the  two  ckcles  made  ufe  of  in  the  conftruftion  of  this  Problem 
muft  cut  one  another,  but  this  is  very  plain  from  the  determination 
he  has  given,  viz.  that  any  two  of  the  ftraight  lines  DF,  FG,  GIf 
muft  be  greater  than  the  third,  for 
who  is  fe  dull,  tho'  only  beginning 
to  learn  the  Elements,  as  not  to  per- 
ceive that  the  circle  defcribed  from 

the  center  F,  at  the  diftancft  FD, 

muft  meet  FH  betwbct  F  and  H,£J||f       p  G"  H 

becaufe  FD  is  leis  than  FH ;  and 

that,  for  the  like  reafon,  the  circle  defcribed  from  the  center  G,  at 
tbp  diftance  GU  or  GM  muft  meet  DG  betwixt  D  and  G  \  ^nd 

-      T3 
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Book  I.  diat  thefe  drdes  muft  meet  one  another,  becaufe  FD  and  GH  are 
together  greater  than  FG  ?  and  this 
determination  13  eafier  tg  be  under;- 
flood  than  that  which  Mr.  Thomas 
Simpfon  derives  from  it,  and  puts 
inftead  of  Euclid's,  in  the  49.  page 
of  his  Elements  of  Geometry,  that  he  r\\£ 
may  fupply  the  omi/HoQ  he  blames 

Euclid  for }  which  determination  is,  that  any  of  the  three  Arai^t 
lines  muft  be  lefs  thap  the  fum,  but  greater  than  the  difierence  of 
the  other  two.  from  this  he  ihews  the  circles  muft  meet  one  anor 
ther,  in  one  cafe  ^  and  fays  that  it  may  be  proved  after  the  iame 
manner  in  any  other  cafe,  but  the  ftraight  line  GM  which  he  bids 
take  from  GF  may  be  greater  than  it,  as  in  the  figure  here  annexed, 
\n.  which  cafe  bis  dcmonftration  muft  be  changed  into  another* 

PROP-  XXIV.     B.  I. 

To  this  is  added  «  of  the  two  fides  DE,  DF,  let  DE  be  that 
f  *  which  is  not  greater  than  the  other  -/'  that  is,  take  that  fide  of 
ihe  two  DE,  DF  which  is  not  greater  than  the  other,  in  order  to 
make  with  it  the  angle  EDG  equal  to 
BAG.  becaule  without  this  iicftriftion, 
there  might  be  three  different  cafes  of 
the  Propofition,asCampanus  and  others 
^lake. 

Mr.  Thomas  Simpfon  in  p.  262.  of 
the  fecond  edition  of  his  Elements  pf 
Geometry  printed  Ann,  1 760.  obferves 
in  his  Notes,  that  it  ought  to  have  been 
ftiewn  that  the  pcMnt  F  falls  below  the 

line  EG;  this  probably  Euclid  omitted,  as  it  is  very  eafy  to  peroeiyc 
that  DG  being  equal  to  DF,  the  point  G  is  in  the  circumference  of  a 
circle  defcribcd  from  the  center  D  at  the  diftance  DF,and  muft  be  iQ 
that  part  pf  it  which  is  above  the  ftraight  line  EF,  becauie  DG  falls 
jjibove  D?,  the  angle  EDG  being  greater  than  the  angle  EDF. 

PROP.   XXIX.     B.  L 

The  Propofition  which  is  ufiially  called  the  5,  Poftnlate,  or  i  !• 
/ixiom,  by  fome  the  1 2.  on  which  this  29.  depends,  has  given  a 
gre^t  deal  to  do  both  to  anticnt  and  modem  Geometers,  it  ieems 
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not  to  be  properly  placed  among  the  Axioms,  as,  tAdeed,  it  is  tiot  Book  I. 
felf-evident ;  bat  it  may  be  demooftrated  thus.  Vi^V^ 

DEFINITION     I. 

The  diftance  of  a  point  from  a  ftraight  tinej  is  the  perpendicular 
drawn  to  it  from  the  point. 

DEF.     2. 

One  ftraight  line  is  (aid  to  go  nearer  to,  or  further  from  another 
ftraight  line,  when  the  diftance  of  the  points  of  the  firft  from  the 
other  ftraight  line  become  lefs  or  greater  than  they  were}  and  two 
fti'aight  lines  are  iaid  to  keep  the  fame  diftance  from  one  another, 
when  the  diftance  of  the  points  of  one  of  them  from  the  other  is 
always  the  fame* 

AXIOM. 

A  ftraight  line  cannot  firft  come  nearer  to  another  ftraight  line, 
and  then  go  further  from  it,  before       . 
it  cuts  it ;  and,  in  like  manner,  a    ./\_  in  ^ 

ftraight  Ime  cannot  go  further  from^^   ^       — -S- — ' 

another  ftraight  linc,and  then  come*'  I '  "     ^MXi 

nearer  to  it ;  nor  can  a  ftraight  line  j^  g^  XT 

keep  the  fame  diftance  from  ano-  ^^ 

ther  ftrai^t  line,  and  then  come  nearer  to  ic,  or  go  further  from 
it ;  or  a  ftraight  line  keep  always  the  fame  dire^Ipn. 

For  example,  the  ftraight  line  ABC  cannot  firft  come  nearer  to 
the  ftraight  Ime  DE,  as  from  the  point     .  T>  Sec  the  fi- 

A  to  the  point  B,  and  then,  from  the  -A  "*T ^  (J   s^re  above, 

point  B  to  the  point  C,  go  further  JJ  


from  the  lame  DE.  and,  in  like  man-  "p  r^  ^TT 

ncr,  the  ftraight  line  FGH  cannot  go  ^  •"- 

further  from  DE,  as  from  F  to  G,  and  th^,  from  G  to  H,  come 
nearer  to  the  fame  DE.  and  fb  in  the  laft  cafe  as  in  fig.  2. 

PROP,    I, 

I^  two  equal  flraight  lines  AC,  BD  be  each  at  right  angles  to 
the  fame  fh-aight  line  AB  \  ^li  the  points  C,  D  be  joined  by  the 
ftraight  line  CD, the  fh*aight  line  EF  drawn  from  any  point  E  in  AB 
unto  CD,  at  right  angles  to  AB,  fhall  be  ^^ual  to  AC,  or  BD. 

If  EF  be  not  equal  to  AC,  one  of  them  muft  be  greater  than  th^ 
filler}  let  AC  be  the  greater 5  then  becaufe  FE  is  lefs  tfeaQ  CA^  Ui« 

T4 
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])ook  X.  ftraight  line  CFD  is  nearer  to  the  ftraight  line  AB  at  the  point  P 
\ftfiPYSJ  than  at  the  point  C>  that  is  CF  comes  , 
nearer  to  AB  from  the  point  C  to  F. 
but  becaufe  DB  is  greater  than  FE,  the^ 
ftraight  line  CFD  is  further  from  AB 
at  the  point  D  than  at  F,  that  is  FD  goes 
further  from  AB  from  F  to  D.  thejre- 
fore  the  ftiaight  line  CFD  firft  comes  i^ 
nearer  to  the  ftraight  line  AB,  and  then-""  .  . 

goes  further  from  it,  before  it  cuts  it,  which  is  Impoffiblc.  smd  the 
fame  thing  will  follow,  if  FE  be  faid  tp  be  greater  than  CA,  or  DB. 
therefore  FE  is  not  uqequal  to  AC^  that  is,  it  is  equal  to  it. 

PROP.    2. 

If  two  equal  ftraight  lines  AC,  BD  be  each  at  right  angles  to 
iLe  fame  ftraight  line  AB  ^  the  Araight  line  CD  which  joins  iheir 
cxtremitits  makes  right  angles  with  AC  and  BD. 

Join  AD,  BC }  and  becaufe  ip,  the  triangles  CAB,  DBA,  CA, 
AB  are  equal  to  DB^  BA,  and  the  angle  CAB  equal  to  the  angle 
DBA;  the  bafc  BC  is  equal  ■  to  the  b^fe  AD-  and  in  the  triangles 
ACD,  BDC,  AC,  CD  are  equal  to  BD,  DC,  and  the  bafe  AD  is 
equal  to  the  bafe  BC,  therefore  the  an-  .— , 

gle  ACD  is  jqual  »>  to  the  angle  BDC.^  J         -D 

from  any  poinj:  E  in  A3  draw  EF  unto^ 
f  D,  at  right  angles  to  AB;  therefore, 
by  Prop.  I .  EF  is  equal  to  AC,  or  BD ; 

V^herefore,  as  has  been  juft  now  fhewn,  k         '     '    Tf        "O 
the  angle  ACF  is  equal  to  the  angle"^^  "^        "^ 

EFC.  in  the  fame  manner  the  angle  BDF  is  eqaal  to  the  angle 
EFD  ;  but  the  angles  ACD,  BDC  are  cqyal,  therefcM^  the  angles 
C,io.Pef.i.  EFC  and  EFD  arc  equal,  and  right  angles  *  ;  wherefore  alfo  the 
angles  ACE(,  BDC  are  right  angles. 

Cor.  Hence,  if  two  ftraight  lines  AB,  CD  be  at  right  angles 
to  the  fame  ftraight  line  AC,  and  if  betwixt  them  a  ftraight  line 
BD  be  drawn  at  right  angles  to  either  of  them,  as  to  AB ;  then 
BD  is  equal  to  AC,  and  BDC  is  a  right  angle. 

If  AC  be  not  equal  to  BD,  take  BG  equal  to  AC,  and  join  CG. 
therefore,  by  this  Prop  ^ition,  the  angle  ACG  is  a  right  angle;  but 
^CD  is  alio  a  right  angle, wherefore  the  angles  ACDj  ACG  are 
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fiqoal  to  one  another,  which  is  impofCble.  therefore  BD  is  eqtial  Book  I. 
to  AC ;  and  by  this  Propofition  BDC  is  a  right  angle. 


PROP.    3. 

If  two  ftraight  lines  which  contain  an  angle  be  produced,  there 
maybe  found  in  either  of  them  a  point  from  which  the  perpendicular 
drawn  to  the  other  (hall  be  greater  than  any  given  ftraight  line. 

Let  AB,  AC  be  two  ftraight  lines  which  make  an  angle  widi 
one  another,  and  let  AD  be  the  given  ftraight  line ;  a  point  may 
be  foun^  dther  in  AB  or  AC,  as  in  AC,  from  which  the  perpen- 
dicular drawn  to  the  other  AB  fhaU  be  greater  than  AD. 

In  AC  take  any  point  £,  and  draw  £F  perpendicular  to  AB ; 
produce  A£  to  G  fo  that  EG  be  equal  to  AE;  and  produce  F£  to 
H,  and  make  £H  equal  to  F£,  and  join  HG.  becaufe,  in  the  tri- 
angles A£F,  G£H,  AE,  EF  are  equal  to  GE,  EH,  each  to  each, 
and  contain  equal  ^  angles,  the  angle  GHE  b  therefore  equal  ^  a. 
to  the  angle  AFE  which  is  a  right  angle,  draw  GK  perpendicular  b. 
to  AB  5  and  becaufe    4              -^         tt"  tj 

the  ftraightUncsFK,_:^f^;- .  .  , 


M 


HG  are  at  right  an-^. , 

gles  to  FH,  and  KG  O. . 

at  right  angles   toJ)t, 

FK  •,  KG  is  equal  to  pi 

m,  by  Cor.  Pr.  2. 

that  is  to  the  double 

of  FE.  in  the  fame  manner,  if  AG  be  produced  to  L  fb  that  GL 

be  equal  to  AG,  and  LM  be  drawn  perpendicular  to  AB,  then  LM 

is  double  of  GK,  and  fo  on.     In  AD  take  AN  equal  to  FE,  and 

AO  equal  to  KG,  that  is  to  the  double  of  FE,  or  AN;  alfo  take 

AP  equal  to  LM,  that  is  to  the  double  of  KG,  or  AO ;  and  let 

this  be  done  till  the  ftraight  line  taken  be  greater  than  AD.  let 

this  ftraight  line  fo  taken  be  AP,  and  becaufe  AP  is  equal  to  LMp 

therefore  LM  is  greater  than  AD.     Which  was  to  be  done. 

P  R  O  P.  4. 

If  two  ftraight  lines  AB,  CD  make  equal  angles  EAB,  ECD 
with  another  ftraight  line  EAC  towards  the  fame  parts  of  it ;  AB 
and  CD  are  at  right  angles  to  fome  ftraight  line. 

BifeA  AC  in  F,  and  draw  FG  perpendicular  to  AB;  take  CH  in 
the  ftraight  line  CI^  equal  to  AG  and  on  the  contrary  fide  of  AC  toi 
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c»  13. 1. 


4. 14.  i« 
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Book  I*  that  on  which  AG  iS|  and  join  FH.  therefore,  ia  the  triangles  AFG^ 
CFH  the  fides  FA,  AG  are  eqaal  to  FC,  CH,  each  to  each^  and 
the  angle  FAG,  that  ^  is  £  AB  b  equal  to 
the  angle  FCH  ;  wherefore  *»  the  angle 
AGF  is  equal  to  CHF,  and  AFG  to  the 
angleCFH*  to  theie  laft  add  the  common 
angle  AFH,  therefore  the  two  angles 
AFG,  AFH  are  equal  to  the  two  angles 
CFH,  HFA  which  two  laft  are  equal  to* 
gether  to  two  right  angles  *,  therefore  g^  -wr  -r^ 

alfo  AFG,  AFH  are  equal  to  two  right  ^  -"-  -tl 

angles,  and  coniequently  <*  GF  and  FH  are  in  one  ftraight  line,  and 
becaufe  AGF  is  a  right  angle,  CHF  which  is  equal  to  it  is  alio  a 
right  angle,  therefore  the  ilraight  lines  AB,  CD  are  at  right  angles 
toGH. 

PROP.    5: 

If  two  ftraight  lines  AB,  CD  be  cut  by  a  third  ACE  fo  as  to 
make  the  interior  angles  B AC,  ACD,  on  the  fame  fide  of  it,  toge- 
ther lefs  than  two  right  angles;  AB  and  CD  being  produced  (ball 
meet  one  another  towards  the  parts  on  which  are  the  two  angles 
which  are  lefs  than  two  right  angles. 

At  the  point  C  in  the  flraight  line  CE  make  *  the  angle  £CF 
pqual  to  the  angle  £AB,  and  draw  to  AB  the  ftraight  line  CG  at 
right  angles  to  CF.  then  becaufe  the  angles  EOF,  £AB  are  equal 
to  one  another,  and  that  the 
angles  ECF,  FCA  are  toge- 
fr.  11.  I.  ther  equal  *»  to  two  right  an- 
gles, the  angles  EAB,  FCA 
are  equal  to  two  right  angles. 
but,  by  !the  faypotheiis,  the  fiJ 
angles  EAB,  ACD  are  toge-  ^ 
ther  lefs  than  two  right  an-  i.  r\  r^ 
gles,  therefore  the  angle  FCA  A  (J  vlT  jj  XT- 

is  greater  than  ACD,andCD  -"- 

faUs  between  CF  and  AB.  and  becaufe  CF  and  CD  make  an  angle 
with  one  another,  by  Prop.  3.  a  point  may  be  found  in  either  of 
them  CD  from  which  the  perpendicular  drawn  to  CFfhall  be  greater 
than  the  fhraight  line  CG.  let  this  point  be  H,  and  draw  HK  per- 
pendicular to  CF  meeting  AB  in  L.  and  becaufe  AB,  CF  contain 
equal  angl^  vfith  AC  on  the  fanae  fide  of  it,  by  Prop.  4.  AB  an4 


B 
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CF  are  at  right  angles  to  the  ftraight  line  MNO  which  bileflrs  AC  Book  L 
in  N  and  is  perpendicular  to  CF.  therefore,  by  Cor.  Prop.  2.  CG 
and  ILL  which  are  at  right  angles  to  CF  are  equal  to  one  another, 
and  HK  is  greater  than  CG,  and  therefore  is  greater  than  KL,  and 
confequently  the  point  H  is  in  KL  produced.  Wherefore  the 
ifa-aight  line  CDH  drawn  betwixt  the  points  C,  H  which  are  on 
contrary  fides  of  AL,  muft  necefEuily  cut  the  ftraight  line  AB. 

PROP.    XXXV.     B.    L 

The  Demonftration  of  this  Propofition  is  changed,  becauie  if  the 
method  which  is  ufed  in  it  was  followed,  there  would  be  three 
cales  to  be  feparately  demonftrated,  as  is  done  in  the  trandatioa 
from  the  Arabic  ^  fgr  in  the  Elements  no  pi(e  of  a  Propofition  that 
requires  a  different  demonftration  ought  to  be  omitted.  On  this 
account  we  have  chofen  the  method  which  Monf.  Clairault  has 
given,  the  firfl  of  any,  as  far  as  I  know,  in  his  Elements,  page  2 1« 
and  which  afterwards  Mr.Simpfbn  gives  in  his,  page  3.2.  but  where* 
as  Mr.  Simpfon  makes  ufe  of  Prop.  26.  B.  i.  from  which  the  equa- 
lity  of  the  two  triangles  does  not  immediately  follow,  becaufe  to 
prove  that,  the  4.  pf  B.  i!  muft  likewile  be  made  uie  of,  as  may 
be  feen,  in  the  very  fame  cafe,  in  the  34.  Prop.  B.  i*  it  wa^ 
thought  better  to  make  ufe  only  of  the  4.  of  B.  i* 

PROP.    XLV.     B.   I. 

The  ftraight  line  KM  is  proved  to  be  parallel  to  FL  from  the 
33.  Prop,  whereas  KH  is  parallel  to  FG  by  conftruftion,  and 
KHM,  FGL  have  beep  dempnftrated  to  be  ftraight  lines,  a  Co- 
rollary is  added  from  Commandine,  ^  being  often  ufed. 


PROP.    Xm.     B.  IL  BooklL 

IN  thb  Propofition  only  acute  angled  triangles  are  meationed, 
whereas  it  holds  true  of  evoy  triangle*  and  the  Demonftrations 
of  the  cafes  omitted,  are  added ;  Con^mandine  and  Clavius  have 

» 

likewife  given  their  DemonAnttions  of  thde  caies. 

PROP.   XIV.     B.   n. 

In  the  Demonftration  of  this,  (bme  Greek  Editor  has  ignorantly 
ip&rted  -the  words,  **  but  if  not,  one  pf  the  two  BE,  ED  U  th^ 
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BookH.  **  greoter ;  let  BE  be  the  grcjtcr  and  produce  it  toT,**  as  if  it  was  ol 
any  confequence  whether  the  greater  or  lefler  be  produced,  there- 
fore inftead  of  thefe  words,  thqre  ought  to  be  read  only,  **  but  if 
PQt,  produce  BE  to  F.^ 


M 


Booklll.  PROP.    I.     B.    in 

SEVERAL  Authors,  efpecially  among  the  modem  Mathemati- 
cians and  Logicians,  mveigh  too  feverely  againft  indireft,  or 
Apagogic  Demonftrations,  and  ibmetimes  ignorantly  enough ;  not 
being  aware  that  there  are  fome  things  that  cannot  be  demonftrated 
any  other  way.  of  this  the  preient  Propofidon  is  a  very  clear  in- 
ftance,  as  no  diredl  demonftration  can  be  given  of  it.  because,  be- 
fides  the  Definition  of  a  circle,  there  is  no  principle  or  property  re- 
lating to  a  circle  antecedent  to  this  Problem,  from  which  either  a 
dvccSk  or  inJi|r-c:£l  Demonftration  can  be  deduced,  wherefore  it  is 
neceffary  that  the  point  found  by  the  conftruftion  of  the  Problem 
be  proved  to  be  the  center  of  the  circle,  by  the  help  of  this  Defi- 
nition, and  (bme  of  the  preceding  propofitions.  and  becaufe  in  the 
Demonftration,  this  Propofition  muft  be  brought  in,  viz.  ftraighe 
lines  from  the  center  of  a  circle  to  the  circumference  are  equal,  and 
that  the  point  found  by  the  conftruftion  cannot  be  aflbmed  as  the 
center,  for  this  is  the  thing  to  be  demonftrated;  it  is  manifeft  fome 
other  point  muft  be  affumed  as  the  center ;  and  if  from  this  aflump- 
tion  aA  abfurdity  follows,  as  Euclid  demonftrates  there  muft;  thea 
it  is  not  true  that  the  point  afTumed  is  the  center ;  and  as  any  point 
whatever  was  afTumed,  it  follows  that  no  point,  except  that  found 
by  the  conftruftion  can  be  the  center,  from  which  the  neceflity  of 
an  indirefl  Demonftration  in  this  cafe  is  erident. 

PROP.   xin.   B.  in. 

As  it  is  much  eafier  to  imagine  that  two  circles  may  touch  one 
another  within  in  more  points  than  one,  upon  the  fame  fide,  than 
upon  oppofite  fides ;  the  figure  of  that  cafe  ought  not  to  have  been 
omitted  ;  but  the  conftruftion  in  the  Greek  text  would  not  have 
fuited  with  this  figure  fo  well,  becaufe  the  centers  of  the  circles 
muft  have  been  placed  near  to  the  circumferences,  on  which  ac- 
count another  conftruftion  and  demonftration  is  given  which  is  the 
fame  with  the  fecond  part  of  that  which  Campanus  has  traoflated 
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from  the  Arabic,  where  Without  any  reafon  the  Dfcmonftration  h  Booklii* 
dtvtded  rato  two  parts. 

PROP.  XV.     B.  III. 

TRe  cofivcrfr  of  (he  fecond  part  of  thts  Proptofitten  Is  wanthtg, 
tho'  m  the  preceding,  the  converfe  is  added,  in  a  like  cafe,  both  hi 
the  Enuntiation  and  Demonfiration ;  and  it  is  now  added  m  this* 
befides  in  the  Demonftration  of  the  firft  part  of  this  1 5  th  the  dLi- 
meter  AD  (fee  Commandine'tf  figure)  is  proved  to  be  greater  than 
the  Araight  line  BC  by  means  of  another  Afaight  line  MN  ;  whereas 
k  mzy  be  better  done  without  it.  on  which  accounts  we  hare  givea 
s  dllTerent  DemonAratlon,  like  to  that  which  £uclid  gives  in  the 
preceding  14  th,  and  to  that  which  Theodofiuis  gives,  in  Prop.  6^ 
B.  1  •  of  his  Spherics,  in  this  very  afiaik-, 

PROP.    XVI.      B.    XII. 

In  this  we  have  not  followed  the  Greek,  nor  the  Loftin  tranfbCtion 
IkeniUy,  but  have  given  what  is  plainly  the  meaning  of  the  Propei^^ 
fition,  without  mentioning  the  angle  of  the  iemicirctey  or  that  which 
fome  call  the  cornlcular  angle  which  they  conceive  to  be  made  by  the 
circumference  and  the  Araight  line  whkh  h  at  r^ht  angles  to  the 
diameter,  at  its  extremity ;  which  angles  have  fumiOied  matter  of 
great  debate  between  fome  of  the  modern  Geometers,' and  given  gc-* 
cafion  of  deducing  Arange  confequences  from  them,  which  are  qaU« 
avoided  by  the  manner  in  which  we  have  exprefled  the  Propofitioo. 
and  in  like  manner  we  have  given  the  true  meaning  of  Prop.  3 1  .B.3. 
without  mentioning  the  angles  of  the  greater  or  lefler  fegments. 
t^fe  paflages  Vieta  with  good  rea&a  fuipeAs  to  be  adulterated,  in 
the  3  86.  page  of  his  Oper.  Math. 

PROP*  XX.     B*  IH. 

The  (irft  words  of  the  fecond  part  of  this  Demonflration,  ^  xt- 
^  xKc^6#  In  Wx/i'"  are  wrong  tranflated  by  Mr.  Briggs  and  Dr* 
Gregory  **  Ruriiis  incljnetur,*'  for  the  tranflation  ought  to  be  **  Ruy- 
'*  fus  infle^latur"  as  Commandiae  has  it.  a  fbraight  line  is  faid  to 
be  infkfted  either  to  a  ftn^ght,  or  curve  line,  when  a  jfiraigbt  Une  is 
drawn  to  this  line  from  a  point,  and  from  the  point  in  which  it 
meets  it,  a  ilraight  line  making  an  angle  with  the  former  is  drawn 
to  another  pointy  as  is  evident  froq>  the  90.  Prop,  of  Euclid's  Data ; 
for  thus  the  whole  line  betwixt  the  firft  and  laft  points,  is  inflefled 
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Book  III.  or  broken  at  the  point  of  inflexion  where  the  two  firaight  lines 
meet.  And  in  the  like  {enie  two  ftraight  lines  are  faid  to  be  in* 
jBefted  from  two  points  to>a  third  point,  when  they  make  an  angle 
at  this  point ;  as  outy  be  ieen  in  the  defcription  givea  by  Pappus 
Alexandrinus  of  Apollonius  Books  de  Locis  plants,  in  the  Preface 
to  his  7.  Book,  we  have  made  the  expreffion  fnllcr  from  the  90* 
Prop,  of  the  Data* 
• 

PROP.    XXI.     B.    m- 

There  are  two  cafes  of  this  Proportion,  the  fecond  of  which, 
viz.  when  the  angles  are  in  a  fegment  not  greater  than  a  iemiclrde^ 
ig  wanting  in  the  Greek,  and  of  this  a  more  flmple  Demonftratioa 
is  given  than  that  which  is  in  Commandine,  as  being  derived  only 
from  the  inrft  cafe,  without  the  help  of  triangles. 

•  PROP.  XXni.  and  XXIV.     B.  HI. 

In  Propofitron  24.  it  is  demonfirated  that  the  fegment  AER 
muft  coincide  with  the  fegment  CFD  (fee  Commandiae's  figure) 
and  that  it  cannot  fall  otherwlfe,  as  CGD,  fo  as  to  cut  the  other 
circle  in  a  third  point  G,  from  this,  that  if  it  did,  a  circle  could 
cut  another  in  more  points  than  two,  but  this  ought  to  have  been 
proved  to  be  impolTible  in  the  23.  Prop,  as  well  as  that  one  of 
the  fegments  cannot  fall  within  the  other,  this  part  then  is  left 
out  in  the  24.  and  put  in  its  proper  place  the  23d  Propofition.r 

PROP.  XXV.     B.  III. 

This  rVopoIIcion  is  divided  into  three  cafes,  of  which  two  have 
the  fame  cixifhru^lion  and  demonftration  i  therefore  it  is  aow  di^ 
vided  only  into  two  cafes* 

PROP.  XXXIIL    B.  m. 

This  aUb  m  the  Greek  rs  divided  into  three  cafes,  of  which  two, 
viz.  one,  in  which  the  given  angle  is  acute,  and  the  other  in  which 
it  is  obtufe,  have  exactly  the  fame  conftruAion  and  ^emonflratien^ 
on  which  account  the  demonftration  of  the  hit  cafe  is  left  out  a» 
quite  fuperfluous,  and  the  addition  of  fome  unfkilful  Editor ;  be* 
fides  the  demonftration  of  the  cafe  when  the  angle  given  is  a  right: 
angle,  is  done  a  round  about  way,  and  is  therefore  changisd  ta  » 
more  iunple  ont>  as  was  done  by  Clavius. 
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Book  III. 
PROP.   XXXV.    .B.    in.  V,^YnJ 

As  the  25.  and  33.  Propoiitions  are  divided  into  more  caies, 
fo  this  35*  is  divided  into  fewer  cafes  than  are  neceflary.  Nor 
can  it  be  iuppofed  that  EucUd  Omitted  them  becaule  they  are  eafy ; 
as  he  has  given  tlie  cafe  >vhich  by  far  is  the  eafieft  of  them  all,  viz. 
that  in  which  both  the  ftraight  lines  pafs  thro'  the  center,  and  in  « 

the  following  PropofitioH  he  feparately  demonfbrates  the  cafe  in 
-which  the  ftraight  line  pafles  thio'  the  center,  and  that  in  v/hich 
it  does  not  pafs  thro'  the  center,  fb  that  it  fcems  Theon,  or  fome 
other,  has  thought  them  too  long  to  iniert.  but  caies  that  require 
difierent  demonftrations,  ihould  not  be  left  out  in  the  Elements,  as 
-was  before  taken  notice  of.  thefe  cafes  are  in  the  tranilation  from 
the  Arabic ;  and  are  now  put  into  the  Text. 

PROP,  xxxvn.    B.  in. 

At  the  end  of  this*the  words  **  in  the  fame  manner  it  may  be 
'*  demonftrated,  if  the  center  be  in  AC"  arc  left  out  as  the  addition 
of  fome  ignorant  Editor. 


DEFINITIONS    of   BOOK    IV.  Book  IV. 

WHEN  a-  point  is  in  a  ftraight,  or  any  other  finej  this  point  is 
by  the  Greek  Geometers  laid  aV7ii^a/,  to  be  upon,  or  in 
.that  line,  and  when  a  ftraight  line  or  circle  meets  a  circle  any  way, 
the  one  is  faid  Mic^a^  to  meet  the  other,  but  when  a  ftraight  line 
or  circle  meets  a  circle  fb  as  not  to  cut  it,  it  is  faid  tfa^itl^etf,  to 
touch  the  drcle)  and  thefe  two  terms  are  never  promifcuoufly  ufed 
by  them,  therefore  in  the  5.  Definition  of  B.  4.  the  compound 
%^in%rai  muft  be  read,  inftead  of  the  flmple  a^%Te^.  and  in  the 
I,  2,  3.  and  6.  Definitions  in  Commandine's  tranilation  **  tangit" 
muft  be  read  inftead  of  ^*  coodn^t."  and  in  the  2 .  and  3 .  Definitions 
of  Book  7.  the  fame  change  muft  be  made,  but  in  the  Greek  text 
of  Propofidons  11,  12,  13,  x8,  ip.  B.  3.  the  compound  verb 
is  to  be  put  for  the  fimple. 

PROP.   IV.     B.    IV. 

In  this,  as  alfo  in  the  8.  and  13.  Propofitions  of  this  Book,  it 
'U  demonftrated  indaieAly  that  the  circle  touches  a  ftraight  lice  ^ 
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Book  IV,  whereas  in  the  i  7.  3  3.  and  3 7.  Propofitions  of  Book  3.  the  larne 
thing  is  direftly  demonftrated.  and  this  way  wc  have  choien  to  ofe 
in  the  Propofitions  of  this  Book,  as  it  is  ihofter^ 

PROP.  V.     B.  IV. 

The  DemonAratiod  of  this  has  been  fpoikd  by  ibme  unflfilfiftl 
hand,  for  he  does  fiot  demonftrate,  as  is  neceflary,  that  the  two 
ftraight  lines. -which  bifeft  the  fides  of  the  triangle  at  right  angles, 
muft  meet  one  another  ^  and,  without  any  reafon,  he  divides  tbie 
Propofition  Into  three  cafes,  whereas  oac  and  the  fame  conftm^oQ 
and  demonftratiori  ferves  for  them  all,  as  Campancrs  has  obfiared ; 
which  ufelefs  repetitions  are  now  left  out.  the  Greek  text  alio  ai 
the  Corollary  is  manifeftly  vidated,  where  mention  is  made  of  a 
given  angle,  tho'  there  neither  is,  nor  can  be  any  thing  in  the  ¥f^ 
pofition  relating  to  a  given  angle. 

PROP.  XV.  and  XVI.  *  B.  IV. 

In  the  CoroHary  of  the  firft  of  theft,  the  words  equilateral  and 
Equiangular  are  wanting  in  the  Greek-  and  in  Prop.  1 6.  inftead  of 
the  circle  ABCD  ought  to  be  read  the  circumference  ABCDy 
where  mention  is  made  of  its  containing  fifteen  equal  parts. 


Book  V^  i)  t  F.   m.     B.   V. 

MANY  of  the  modem  Mathematicians  rt}t&  this  Defihition. 
the  very  leamttd  Drir  Barrow  has  explained  it  at  large  atthe 
end  of  his  thiird  Lofture  of  the  year  1 666,  in  which  alio  he  aniwers 
the  objeAions  made  againil  it  as  well  as  the  iiibjeA  would  allow, 
and  at  the  end  gives  his  opinion  upon  the  whole,  as  follows. 

^'  I  ihall  only  add,  that  the  Author  had,  perhaps,  no  other  De- 
^  fign  in  making  this  Definition,  than  (that  he  nnght  more  folly 
^  explain  and  embellilh  his  fubjeA)  to  gi^e  a  general  and  fummary 
^  idea  of  ratio  to  beginners,  by  premifing  this  Metaphyfical  De£- 
^  Aition,  to  the  more  atcufate  Definitions  of  ratios  that  are  the 
^'  fame  to  one  another,  or  one  of  which  is  greater,  or  lefs  thantlK 
**  other.  I  call  it  a  Metaphyfical,  for  it  is  not  properly  a  Mathema« 
*'  tical  Definition,  fince  nothing  in  Mathematics  depends  on  it,  or 
^'  is  deduced,  nor,  as  I  judge,  can  be  deduced  from  it.-  ami  tbt 
**  Definition  of  Analogy^  wUch  follows^  m.  AnalogjF  is  the  fioi* 
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^\  licnde  of  ratios,  is  of  the  fame  kind,  and  can  ferve  for  no  purpofe  Book  V. 

^*  in  Mathematics,  but  only  to  give  beginners  Ibme  general  tho' 

*'  grofs  and  confuied  notion  of  Analogy,  bot  the  whole  of  the  doc- 

*^  trine  of  Rados,  and  the  whole  of  Mathematics  depend  upon  the 

**  accurate  Mathemadcal  Definidons  which  follow  this-  to  thefc  we 

^'  odght  principally  to  attend,  as  the  doArine  of  Ration  is  more 

**  perfeftly  explained  by  them;  this  third,  a(bd  others  Hke  it,  may 

**  be  eniarely  ipared  without  any  lofs  to  Geometry,  as  we  fee  in 

*^  the  7.  Book  of  the  Elements,  where  the  proportion  of  nunibers^ 

**  to  one  another  is  defined,  and  treated  of,  yet  without  giving  any 

**  Definidon  of  the  ratio  of  numbers ;  tho'  fuch  a  Definidon  was 

^^  as  neceflary  and  ufeful  to  be  given  in  that  Book,  as  in  this.  Sut  - 

*'  indeed  there  is  fcarce  any  need  of  it  in  dther  of  them,  thg'  I 

^'  think  that  a  thing  of  ib  general  and  abftraded  a  nature,  and  there- 

*^  by  the  more  difficult  to  be  conceived,  and  explained,  cannot  be 

^*  more  eommodioufly  defined,  than  as  the  Author  has  done,  upon; 

'^  which  account  I  thought  fit  to  explain  it  at*  larg^  and  defend 

*'  It  againft  the  captious  objeAions  of  thofe  who  attack  it."  to  this 

titation  from  Dr.  Barrow  I  have  nothing  to  add,  except  that  I 

fuJly  believe  the  3.  and  8.  Definidons  are  not  Euclid's,  but  addecf 

by  fome  unfkllful  Editor. 

def!  xi   B-  V. 

^  .  -    •     *         ■ 

It  was  necelTary  to  add  the  word  **  condnuaP'  before  '*  pro- 
^*  portionals"  in  this  Definition  v  and  thus  it  is  cited  in  the  33. 
Prop,  of  Book  1 1. 

After  this  Definition  ought  to  have  followed  the  Definid6n  of 
Compound  ratio,  as  this  was  the  proper  place  for  it ;  Duplicate 
an  1  TripJicate  ratio  being  fpecics  of  Compound  ratio.  But  Theon 
Has  made  it  the  5.  Dtf.  of  B.  6.*  where  he  gives  an  abiurd  and 
entirely  ufelefs  Definition  of  Compound  ratio,  for  this  reafon  we 
have  placed  another  Definition  of  it  betwixt  the  i  i.  and  12.  of 
this  '^ook,  which,  no' doubt,  Euclid  gav^rj  for  he  cites  it  cxprefsly 
in  Prop.  23.  B.  ^.  and  which  Clavius,  Herigon  and  Barrow  have 
lik<  wife  given,  hut  thev  letain  alio  Theon's^  which  they  ought  t** 
Eavc  left  out  in  the  Elements. 

D  E  F.  Xm.     Bs  Vl 

This  and  the  reft  of  the  Definition*?  following,  contain  the  ex*-" 
plicaiiou  of  fome  terms  which  are  ufcd  in  the  5.  and  following 

U 
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Book  V.  Books ;  which,  except  a  few,  are  cafdy  enough  underftood  from 
the  Propofitions  of  this  Book  where  they  are  firft  mentioQed.  they 
fcem  to  have  been  added  by  Th^on  or  fomc  other.  However  it 
be,  they  are  explamed  ibmething  more  diftinfUy  for  the  iake  of 

learners. 

PROP.    IV.     B.   V. 

In  tjie  conftruftion,  preceding  the  demonffa-ation  of  this,  the 
words  i'  trvx}y  any  whatever,  are  twice  wanting  in  the  Greek,  as 
alfo  in  the  Latin  tranflations^  and  are  now  added,  as  bdng  wholly 
neccflary. 

Ibid,  m  the  demonHration;  in  the  Greek,  and  in  the  Latin  tranf^ 
ktion  of  Commandine,  and  in  that  of  Mr.  Henry  Briggs,  which 
was  publiflied  at  London  in  1620,  together  with  the  Greek  text  of 
the  firft  fix  Books,  which  tranflation  in  this  place  is  followed  by 
Dr.  Gregory  in  his  edition  of  EucBd,  there  is  diis  fcntence  follow- 
ing, viz.  **  and  of  A  and  C  have  been  taken  equimultiples  K,  L; 
•*  and  of  B  and  D,  any  equimultiples  whatever  (a  Irvy^f)  M,  N  ;* 
which  is  not  true,  the  words  "  any  whatever"  ought  to  be  left  out. 
and  it  is  ftrange  that  neither  Mr  Briggs,  who  did  right  to  leave 
out  thefe  words  in  one  place  of  Prop.  1 3-  of  this  Book,  nor  Dr. 
Gregory  who  changed  them  into  ths  word  "  Ibmc'*  in  three  places^ 
and  left  them  out  in  a  fourth  of  that  fame  Prop,  i  3.  did  not  alfb 
leave  them  out  in  this  place  of  Prop.  4.  and  in  the  fecond  of  the 
two  places  where  they  occur  in  Prop.  1 7.  <rf  this  Book,  in  neither 
of  which  they  can  fbnd  confiftent  with  truth,  and  in  none  of  all 
thefe  places,  even  in  thofe  which  they  corrcfted  in  their  Latin  tran- 
flation, have  they  cancelled  the  words  a  crt/p^e  in  the  Greek  text, 
as  they  ought  to  have  done. 

The  fame  words  a  trv)(}  are  found  in  four  places  of  Prop,  r  r. 
of  this  Book,  in  the  firft  and  laft  of  which,  they  are  necefTary,  but 
in  the  fecond  and  third,  tho'  they  are  true,  they  are  quite  fiipcr- 
iluous;  as  they  likewife  are  in  the  fecond  of  the  two  places  in 
which  they  are  found  in  the  12.  Prop,  and  in  the  like  places  of 
Prop.  22,  23.  of  this  Boc^.  but  are  wanting  in  the  laft  place  of 
Prop.  23.  as  alfo  in  Prop  25.  B.  1 1. 

COR.     P  R  O  P.  IV.     B.  V, 

This  Corollary  has  been  unfkilfully  annexed  to  this  Propofition^ 
and  has  been  made  inftead  of  the  legitimate  demooftration  which. 
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"withoaf  doubt  Theon,  or  fome  other  Editor  has  taken  away,  not  Book  V. 

from  this,  but  from  its  proper  place  in  this  Book,  the  Author  of 

2t  defigned  to  demonftrate  that  if  fonr  magnitudes  £,  G,  F,  H  be 

proportionals,  they  are  alio  proportionats  inverfely }  that  is,  G  is 

to  £,  as  H  to  F ;  which  is  true,  but  the  demonftration  of  it  does 

not  in  the  leaft  depend  upon  this  4.  Prop,  or  its  demonftration* 

for  when  he  fays  **  becauie  it  is  demonftrated  that  if  K  be  greater 

^'  than  M,  L  is  greater  than  N,"  &c.  this  is  indeed  (hewn  in  tho 

demonftration  of  the  4.  Prop,  but  not  from  this  that  £,  G,  F,  H 

Are  proportionals,  for  tUs  laft  is  the  conclufion  of  the  Propoiltion* 

Wherefore  theft  words  "  becauft  it  is  dcmonftrated,"  &c.  arcf 

>vholly  foreign  to  his  defign.  and  he  fhould  have  proted  that  if  K 

be  greater  than  M,  L  is  greater  than  N,  from  this,  that  £,  G,  F^ 

H  are  proportionals,  and  from  the  5.  Def.  of  this  Book,  which  he 

has  not ;  but  is  done  in  Propofition  B,  which  we  have  given,  inr 

hs  proper  place,  inftead  of  this  Corollary,  and  another  Corollary 

is  placed  after  the  4.  Prop,  which  is  often  of  uft,  and  is  neceflary 

to  the  Demonftration  of  Prop/  1-8 »  of  this  Book. 

PRdP^    V.     B.  V. 

In  the  cohftruffion  which  precedes  the  demonftration  of  thi^ 
Propofition,  it  is  required  that  EB  may  be  the  fame  multiple  of 
CG,  that  AE  is  of  CF-,  that  is,  that  IB  be  divided  into  as  many 
€qual  parts,  as  there  are  parts  in  AE  equal  to  CF.  from  which  ic 
is  evident  that  this  conftruftion  is  Jlot  Euclid's,  for  he  does  not 
fhew  the  way  of  dividing  ftraight  lines,  and  far  lefs  other  magni-" 
ttrdes,  into  any  number  of  eqir^  parts,  until  the  9.  Propofition  of 
B.6.  and  he  ncVer  requires  any  thiiig  to  be  done  in  the  conftruAion, 
of  which  he  had  not  before  given  the  method  of  doing, 
for  this  reafon  we  have  changed  the  conftruftion  co/j[ 
6ne  which  without  doubt  is  Euclid's,  in  which  nothing 
h  required  but  to  add  a  magnitude  to  itfelf  a  certain  J^. 
number  of  times,  and  this  is  Co  be  fouiid  in  the  tran- 
flatiOn  from  the  Arabic,  tho*  the  enunciation  6f  the 
Propofifion  and  the  demonftration  arc  there  very  much 
fpoiled.    Jacobus  Pcletarius  who  was  the  firft:,  as  far^ 
as  I  knotv,  who  took  notice  of  this  error,  gives  alio 
the  right  conftrufkion  in  his  edidon  of  Euclid,  after  he  had  giveul 
the  other  which  he  blames,  he  fays  he  would  not  leave  it  out,  bc^ 
caufe  k  was  £uie>.axKl  imght  fharpen  one's  genios  to  invent  others 

^      U  2 
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Book  V.  li^c  ir;  whereas  there  is  not-  the  leaft  difierence  between  the  two 
demonilrations,  except  a  fingle  word  in  the  conftruftion,  which 
very  probably  has  been  owing  to  an  unfkilfiil  librarian.  Clavias 
likewife  g^ves  both  the  ways,  but  neither  he  nor  Peletarins  takes 
notice  of  the  realbn  why  one  is  preferable  to  the  other. 

PROP.   VI-     B.   V. 

There  are  two  cafes  of  this  Propofitiony  of  which  only  the  firft 
and  fimpleft  is  demonftrated  in  the  Greek,  and  it  is  probable  Theon 
thought  it  was  fnfficient  to  give  this  one,  ftnce  he  was  to  make 
Bie  of  neither  of  them  in  his  mutilated  edition  of  the  5th  Book; 
and  he  might  as  well  have  left  out  the  other,  as  alio  the  5.  Prc^ 
pofition  for  the  fame  reaibn.  the  demonftration  of  the  other  caie 
is  now  added,  becaufe  both  of  them,  as  alfo  the  5-  Propofidoo,  are 
neccflary  to  the  dcmonftration  of  the  18.  Prop-  of  this  Book-  the 
tranHation  from  the  Arabic  ^ves  both  caics  briefly. 

PROP.    A.      B-    V. 

This  Propoiition  is  frequently  ufed  by  Geometers,  and  it  is  ne- 
cefTary  in  the  2  5.  Prop,  of  this  Book,  3 1 .  of  the  6.  and  3 4.  of  the 
7 1,  and  1 5.  of  the  i  2.  Book,  it  feems  to  have  been  taken  out  of 
the  Elements  byTheon,  becaule  it  appeared  evident  enough  to  hixTM, 
and  others  who  fubftitute  the  coninkd  and  indiftinft  idea  the  vulgar 
have  of  proportionals,  in  place  of  that  accurate  idea  which  is  to  be 
got  from  the  5.  Def.  of  this  Book.  Nor  can  there  be  any  doubt 
that  Eudoxus  or  Euclid  gave  it  a  place  in  the  Elements,  when  wc 
fee  the  7.  and  9.  of  the  fame  Book  demonfbrated,  tho'  they  are 
quite  as  eafy  and  evident  as  this.  Alphonfus  Borellus  takes  occaiion 
from  this  Propofition  to  cenfure  the  5.  Definition  of  this  Book  very 
feverely,  but  mofl  unjuftly.  in  page  126.  of  his  Euclid  reilored 
printed  at  Pifa  in  1658.  he  fays,  "  Nor  can  even  this  leafl  degree 
**  of  knowledge  be  obtained  from  the  forcfaid  property,'*  ^z.  that 
which  is  contained  in  5.  Def.  5.  "  That  if  four  magnitudes  be 
'*  proportionals,  the  third  muft  necefTarily  be  greater  than  the 
•*  fourth,  when  the  firfl  is  greater  than  the  fecond  j  as  Clams  ao- 
**  knowledges  in  the  i6^Prop.  of  the  5.  Book  of  the  Elements^* 
But  tho'  Clavius  makes  no  fiich  acknowledgement  exprefsly,  he 
has  given  Borellus  a  handle  to  fay  this  of  him,  becaufe  when  Cla- 
vius in  the  above-cited  place  cenfurcs  Commandine,  and  that  very 
JoIUy^for  demonArating  this  Propofidon  by  help  of  the  1 6«  of  the 
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5.  yet  he  himfelf  gives  no  demonftration  of  it,  but  thinks  it  plain  Book  V. 
from  the  nature  of  Prop<»tionaIs,as  he  writes  in  the  end  of  the  14. 
and  1 6.  Prop.  B.  5.  of  his  edition,  and  is  followed  by  Herig(Mi  in 
Schol  I.  Prop.  1 4.  B.  5.  as  if  there  was  any  nature  of  Propor- 
tionals antecedent  to  that  which  is  to  be  derived  and  underftood 
from  the  Definition  of  them,  and  indeed,  tho'  it  is  very  eafy  to 
give  a  right  demonftration  of  it,  no  body,  as  far  as  I  know,  ha3 
given  one,  except  the  learned  Dr.  Barrow,  who,  in  anfwer  to  Bo- 
rellus's  objeAion,  demonftrates  it  indireftly,  but  very  briefly  and 
clearly  from  the  5.  Definition,  in  the  3  22  page  of  his  LeA.Mathem. 
from  which  Definition  it  mayalfo  be  eafilydemonftrateddire£Uy^ 
on  which  account  we  have  placed  it  next  to  the  Propofidons  con- 
cerning equimultiples. 

PROP.    B.     B.    V. 

This  alfo  is  eafily  deduced  from  the  5.  Def.  B. ;.  and  therefore  is 
placed  next  to  the  other,  for  itwas  very  ignorantlymade  a  Corollary 
from  the  4«  Prop,  of  this  Book.    See  the  note  on  that  Corollary. 

PROP.  C.     B.  V. 

This  is  frequently  made  ufe  of  by  Geometers,  and  is  neceffary 
to  the  5.  and  6.  Propofidons  of  the  i  o.  Book.  Clavius  in  his  Notes 
Subjoined  to  the  8.  Def.  of  Book  5.  demonftrates  it  only  in  num- 
bers, by  help  of  fome  of  the  Propofitions  of  the  7,  Book,  in  order 
to  demonftrate  the  property  contained  in  the  5.  Definition  of  the  5. 
Book,  when  applied  to  numbers,from  the  property  of  Proportionals 
contained  in  the  20.  Def.  of  the  7.  Book,  and  moft  of  the  Cora- 
mcDtators  judge  it  difficult  to  prore  «hat  four  magnitudes  which 
are  proportionals  according  to  the  20.  Def.  of  7.  B.  are  alfo  pro- 
portionals according  to. the  5.  Def.  of  5.  Book,  but  ihis  is  eafily 
made  out,  as  follows. 

Fu-ft,  If  A,  B,  C,  D  be  four  mag-  ]p 

nitudes,  filch  that  A  is  the  fame  muU  J3 
tiple,  or  the  fame  part  of  B,  which 
C  is  of  D;  A,  B,  C,  D  are  propor- 
tionals, this  is  demonftrated  in  Pro- 
pofition  C. 

Secondly,  If  AB  contain  the  fame  ,  ^     ^^      w 

parts  of  CD  that  EF  does  of  GH  ;     A    C     E     Gc  3C 
m  tlus  £afe  likewife  AB  is  to  CD,  as  £F  to  GHt 
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Let  CK  be  a  part  of  CD,  and  GL  the  fame  part  of  GH ;  and  kut 
AB  be  the  fame  multiple  of  CK,  that  £F  is  of  GL.  therefore  by 
Prop.  C.  of  5.  Book,  AB  is  to  CK,  as 
EF  to  GL.  and  CD,  GH  are  eqiii.*|\ 
multiples  of  CK,  GL  the  fecond  and-** 
fourth ;  wherefore  by  Cor.  Prop.  4. 
B.  5.  AB  is  to  CD,  as  EF  to  GH. 

And  if  four  magnitudes  be  pix> 
portionals  according  to  the  5.  Def.  of 
B.  5*  they  are  alio  proportionals,  ao 
icording  to  the  20.  Def.  of  B.  7. 

Firft,  If  A  be  to  B,  as  C  to  D  ;  then  if  A  be  any  multiple  or 
part  of  B,  C  is  the  fame  multiple  or  part  of  D,  by  Prop.  D.  of 
B.  5.  •    • 

Next,  If  AB  be  to  CD,  as  EF  to  GH  ;  then  if  AB  contains  any 
parts  of  CD,  EF  contains  the  lame  parts  of  GH.  for  let  CK  be  a 
part  of  CD,  and  GL  the  fame  part  of  GH,  and  let  AB  be  a 
multiple  of  CK ;  EF  is  the  fame  muhiple  of  GL.  Take  M  the 
fame  multiple  of  GL  that  AB  is  of  CK ;  therefore  by  Prop.  C.  of 
B.  5.  AB  is  to  CK,  as  M  to  GL;  and  CD,  GH  are  equimultiples 
of  CK,  GL;  wherefore  by  Cor.  Prop.  4.  B.  5.  AB  is  to  CD,  as 
M  to  GH.  and,  by  the  Mypothefis,  AB  is  to  CD,  as  EF  to  GH; 
therefore  M  is  equal  to  EF  by  Prop.  9.  B.  5.  and  confeqocaUy  £F 
is  the  fame  multiple  of  GL  that  AB  is  of  CK.     ^         . 
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PROP.    D.     B.   V. 

This  is  not  unfrequendy  ufed  in  the  demooifaration  of  other  Pro* 
pofitions,  and  is  neceflary  in  that  of  Prop.  9.  B.  6.  it  feemsTheoti 
has  left  it  out  for  the  reafon  mentioned  in  the  Notes  at  Prop.  A* 

PROP.    vin.    B.    V. 

In  the  demouftration  of  this,  as  it  is  now  in  the  Greek,  there  aiv 
two  cafes,  (fee  the  demonftration  in  Her^aglus,  or  Dr.  Gregory^ 
edition)  of  which  the  firft  is  that  in  wbich  AE  is  lefs  than  EB;  aiid 
in  this,  it  neceflarily  follows  that  H©  the  multiple  of  EB  is 
than  Till  the  fame  multiple  of  AE,  which  laft  multiple,  by  the 
flruftion,  is  greater  than  A ;  whence  alfo  He  muft  be  gieatei  than 
A.  bnt  in  the  &cond  cale,  viz.  that  in  which  EB  is  lefs  than  AE,  tfao^ 
ZH  be  greater  than  i^,  yet  H0  may  be  lefs  than  the  fame  A;  lb  chat 
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dicre  caimot  be  taken  a  mtiltiple  of  A  which  is  the  flrft  that  is  Beok  V. 
greater  than  K,  or  H0»  becaufe  A  itfelf  is  greater  tbao  it.  upon 
this  account,  tlie  Author  of  thid  demonftration  found  it  nccefTaiy 
to  change  one  part  of  the  conftruAion  dut  was  made  uie  of  in  the 
firft  cafe,  but  he  has,  without  any  necefCty,  changed  al(b  another 
part  of  it,  viz.  when  he  orders  to  take  N  that  multiple  of  A  which 


is  the  firft  that  is  greater  than 
ZH ;  for  he  might  have  taken 
that  multiple  of  A  which  is  the 
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firft  that  is  greater  than  H0,  or  vj         a 
K,  as  was  done  in  the  firft  cafe.  **  '      A. 
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he  Itkewiie  brings  in  this  K  into 

the  demonftradon  of  both  cafes, 

without  any  reafon,  for  it  ferves 

to  no  purpofe  but  to  lengthen 

the  demonftradon*  There  is  alfo 

a  third  cafe,  which  is  not  mentioned  in  this  demonftration,  viz.  that 

in  which  AE  in  the  firft,  or  £B  in  the  fecond  of  .the  two  other 

cafes,  is  greater  than  D;  and  in  this  any  equimultiples,  as  the 

doubles,  of  AE,  £B  are  to  be  taken,  as  is  done  in  this  Edition, 

where  all  the  cafes  are  at  otce  demonftrated.  and  from  this  it  i$ 

plain  that  Theon,  or  fome  other  tmflcilful  Editor  has  vitiated  this 

Propofition. 

P  R  O  P.  IX,     B,  V. 

Of  this  there  is  given  a  more  explicit  demonftration  than  that 
which  is  now  in  the  Elements. 

P  R  O  P.  X.     B.  V. 

It  was  neceflary  to  ^ve  another  demonftration  of  this  Propofition, 
becaufe  that  which  is  in  the  Greek,  and  Latin,  or  other  editions, 
is  not  l^itimatef  for  thc'WordsgreaUr^the/ameor equals  /^rhave 
a  quite  difFerent  meaning  when  applied  to  magnitudes  and  ration, 
as  is  plain  from  the  5.  and  7.  Definitions  of  B.  5*  by  the  help  of 
tbefe  let  us  exanune  the  demonftration  of  the  i  o.  Prop,  which  pro- 
ceeds thus.  '^  Let  A  liave  to  C  a  greater  ratio,  than  B  to  C.  I  fay 
^'  that  A  is  greater  than  B.  for  if  it  is  not  greater,  it  is  either  equal, 
^*  or  lefs.  but  A  cannot  be  equal  to  B,  becaufe  then  each  of  theii^ 
f*  would  have  the  fame  ratio  to  C ;  but  they  have  not^  therefore 
f^  A 13  not  equal  to  B.**  the  force  of  which  reafoninjg  is  this,  if  ^ 
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Book  V.  had  to  C,  the  lame  ratio  that  B  has  to  C,  then  if  any  eqidmaldpiei 

^try-xj  whatever  of  A  and  B  be  taken,  and  any  multiple  ivhatever  of  C  ; 

if  the  multiple  of  A  be  greater  than  the  multiple  of  C,  thea,  by 

.the  5.  Def.  of  B.  5.  the  multiple  of  B  is  alfo  greater  than  that  of  C. 

but  from  the  Hypothecs  that  A  has  a  greater  rado  to  C,  than  B  has 

;to  C,  there  mufl^  by  the  7.  Def.  of  B.  5.  be  certain  equimnltipks 

of  A  and  B,  and  fome  multiple  of  C  fuch,  that  the  multiple  of  A  is 

greate;^'  than  the  multiple  of  C,  but  the  multiple  of  B  is  not  greater 

than  the  &me  multiple  of  C.  and  this  n-opofitioQ  direftly  contrat- 

didls  the  preceding ;  yrherefore  A  is  not  equal  to  B.  the  demoQ- 

ilration  of  the  i  o.  Prc^ofition  goes  on  thus,  **  butndther  45  A  left 

f*  than  B,  becaufe  then  A  would  have  a  le(s  rado  to  C,  than  B  has 

t^*  to  it.  but  it  has  not  a  lefs  ratio,  therefore  A  is  not  lefs  than  B," 

&c.  here  it  is  faid  that  '^  A  would  have  a  lefs  rado  to  C,  than  B  has 

*^  to  C,**  or^  which  is  the  fame  thing,  that  B  would  have  a  greater 

ratio  to  C,  than  A  to  C;  that  is,  by  7.  Def.  B.  5.  there  muft  be 

ibme  equimuldples  of  B  and  A,  and  fbme  muldple  of  C  (iich,  that 

the  muluple  of  B  is  greater  than  the  muldple  of  C,  but  the  moldple 

p(  A  is  not  greater  than  it.  and  it  ought  to  have  been  proved  that 

)this  can  never  happen  if  the  ratio  of  A  to  C,  be  greater  than  the 

rado  of  B  to  C;  that  is,  it  fliould  have  been  proved  that  in  this  cafe 

|iie  muldple  of  A  is  always  greater  than  the  muldple  of  C,  yrhcp- 

ever  the  muldple  of  B  is  greater  than  the  muldple  of  C  j  for  when 

this  is  demonftrated  it  will  be  evident  that  B  cannot  have  a  greater 

,  ,  as  to  C,  or,  which  is  the  fame  thing,  that  A 

<?annot  have  a  lefs  rado  to  C^  than  B  has  to  C.  but  this  is  not  at  all 

proved  in  the  i  o.  Propofition  ;  but  if  the  i  o.  were  once  demon- 

^ated  ip  would  immediately  follow  from  it ;  but  cannot  without  it 

be  eafily  demonftrated,  as  he  that  tries  to  do  it  will  find,  wherefore 

jthe'  I  o.  Propofition  is  not  fuffidently  demonlh^ed.  and  it  (eems 

that  he  who  h^s  given  the  demonAradon  of  the  i  o.  Propofition  as 

we  now  have  it,  inftead  of  that  which  Eudoxus  or  Euclid  had  gi« 

ven,  has  been  deceiyed  in  applying  what  was  manifeft  when  imdo*- 

llood  of  magnitudes,  unto  rados,  \.iz.  that  a  magoitnde  cannot  be 

both  greater  and  left  than  another.     That  thofe  things  which  are 

equal  to  the  iame  are  equal  to  one  another,  is  a  moft  evident  Axiom 

when  underAood  of  magnitudes,  yet  Endid  does  not  make  nfe  of 

it  to  infer  that  th6fe  rados  which  are  the  fame  to  the  fame  rado, 

are  the  fame  to  one  another;  but  explidtely demonftrates  this  in 

J^rcp.  1 1,  of  B.  5.  tht  ()emonftradon  yrt  have  given  of  thef  lOr 
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Frop.  is  no  doubt  the  fame  with  that  of  Eudpxus  or  Euclid,  as  it  Book  V. 
is  immediately  and  direftly  derived  from  the  Definition  of  a  great- 
er ratio,  viz.  the  7 .  of  the  5 . 

The  above-mentioned  PropoTition,  viz.  If  A  have  to  C  a  greater 
ratio  than  B  to  C,  and  if  of  A  and  B  there  be 
taken  certain  equimuldples,  and  fome  mul- 
tiple of  C,  then  if  the  multiple  of  B  be^greater 
than  the  multiple  of  C,  the  multiple  of  A  is 
aifo  greater  than  the  fame^  is  thus  demon- 
Arated. 

Let  O,  E  be  equiomltiples  of  A>  B,  and 
F  a  multiple  of  C,  fuch,  that  £  the  multiple 
of  b  is  greater  than  F ;  D  the  multiple  of  A 
is  alfo  greater  than  F. 

Becaufe  A  has  a  greater  ratio  to  C,  than 
fi  to  C,  A  is  greater  than  B,  by  the  i  o.  Prop. 
B.  5*  therefore  D  the  multiple  of  A  is  greater 
than  £  the  fame  inultiple  of  B.  and  £  is  greater 
ihan  F ;  much  more  therefore  D  is  greater  than  F. 

PROP.  XIIL     B.  y. 

In  Commandine*s,  Briggs*s  and  Gregory's  Tranflations,  at  the 
beginning  of  this  demonftration,  it  is  (aid,  ^'  And  the  multiple  of  C 
''  is  greater  than  the  multiple  of  D  ;  but  the  multiple  of  £  is  opt 
**  greater  than  the  multiple  of  F,"  which  words  are  a  literal  tranf- 
lation .  from  the  Greek,  but  the  fenfe  evidently  requires  that  it  be 
read, ''  fo  that  the  multiple  of  G  be  greater  than  the  multiple  of  D ; 
^^  but  the  multiple  of  £  be  not  greater  than  the  multiple  of  F."  and 
thus  this  place  was  reftored  to  the  true  reading  in  the  firfl  editions 
of  Commandine's  Euclid  printed  in  S'fo  at  Oxford ;  but  in  the  later 
editions,  at  lead  in  that  of  1 7  47  >  the  error  of  the  Greek  text  was 
kept  in. 

There  is  a  Corollary  added  to  Prop.  13.  as  it  is  neceflary  to  the 
so.  and  2 1 .  Prop,  of  this  Book>  and  is  as  ufeful  as  the  Propofition. 

PROP.  XIV.     B.  V. 
The  two  cafes  of  this  which  are  not  in  the  Greek  are  added ;  the 
demonftratioQ  of  them  not  being  exactly  the  fame  with  that  of  ^c 
^ik  cafe. 
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PROP.  xvn.    B.  V. 

The  order  of  the  words  in  a  daufe  of  this  is  changed  to 
more  naniraL  as  was  alio  done  in  Prc^.  1 1. 

PROP.    xvin.    B.   V. 

The  demonftratioQ  of  this  is  none  of  Euclid's,  nor  is  it  Intimate, 
for  it  depends  upon  this  Hypothefis,  that  to  any  three  magnitodes, 
two  of  which,  at  leaft,  are  of  the  fame  kind,  there  may  be  a  fooith 
proportional ;  which  if  not  proved,  the  Demonftration  now  in  the 
text,  is  of  no  force,  but  this  is  aflamed  without  any  proof,  nor  caa 
it,  as  far  as  1  am  able  to  difcem,  be  demonftrated  by  the  Propofiti- 
ons  preceding  this ;  fb  far  is  it  from  deferving  to  be  reckoned  an 
Axiom,  as  Clavius,  after  other  Commentators,  would  have  it,  at 
the  end  of  the  Definitions  of  the  5.  Book.     EucUd  does  not  de- 
monftrate  it,  nor  does  he  (hew  how  to  find  the  fourth  proportio- 
nal, before  the  12.  Prop,  of  the  6.  Book,  and  he  never  afliunes  any 
tUng  in  the  demonfhation  of  a  Propofition,  wjiich  he  had  not  be- 
fore demonfbated ;  at  leafl,  he  aflumes  nothing  the  exiftence  of 
which  is  not  evidently  poffiblej  for  a  certain  conclufion  can  never 
be  deduced  by  the  means  of  an  uncertain  Propofition.   npcxi  this 
account  we  have  given  a  legitimate  Demonftration  of  this  Propo* 
fition  inftead  of  that  in  the  Greek  and  other  editions,  which  very 
probably  Theon,  at  leaft  ibme  other  has  put  in  the  placeof  £uclid% 
becaule  he  thought  it  too  prolix,  and  as  the  i  7.  Prop,  of  which 
this  18.  is  the  converle,  is  demonilrated  by  help  of  the  i.  and 
2.  Propofitions  of  this  Book,  fb  in  the  demonffaration  now  given  of 
the  1 8th,  the  5.  Prop,  and  both  caies  of  the  6.  are  neceflary,  and 
thefe  two  Propofitions  are  the  converies  of  the  i .  and  2.    Now  the 
5.  and  6.  do  not  enter  into  the  demcmftration  of  any  Propofition  in 
this  Book  as  we  now  have  it,  nor  can  they  be  of  ule  in  any  Pro- 
pofition of  the  Elements,  except  in  this  1 8.  and  this  is  a  manifiefl 
proof  that  EucUd  made  ofe  of  them  in  his  demonftration  of  it,  and 
that  the  demonffaration  now  given,  which  is  exa^y  the  cooverfe 
of  that  of  the  1 7.  as  it  ought  to  be,  differs  nothing  from  that  of 
Eudoxus  or  Euclid,  for  the  5.  and  6.  have  undoubtedly  been  put 
into  the  5.  Book  for  the  fake  of  fbme  Propofitkms  in  it,  as  all  the 
other  Propofitions  about  equimultiples  have  been. 

Hieronymus  Saccherius  in  his  Book  named  Euclides  ab  onmi 
daevo  vindicatus,printed  at  AGlan  Ann.  1 7  3  3  in  4 to^ acknowledges 
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.this  blemifli  in  the  demonfiratlon  of  the  i  8.  and  that  he  may  re-  Book  V. 

xnove  it,  and  render  the  demonftration  we  now  have  of  it  legiti* 

mate,  he  endeavours  to  demoniirate  the  following  Propofition, 

^which  is  in  page  1 1 5  of  his  Book,  viz. 

**  Let  A,  B,  C,  D  be  four  magnitudes,  of  which  the  two  firft 

**  arc  of  one  kind,  and  alfo  the  two  others  either  of  the  fame  kind 

:**  with  the  two  firft,  or  of  fome  other  the  fame  kind  with  one 
**  another.     I  fay  the  ratio  of  the  third  C  to  the  fourth  D,  is  ci- 

,'*  ther  equal  to,  or  greater,  or  lefs  than  the  ratio  of  the  firft  A  to 

/«  the  fecond  B." 

And  after  two  Propofitions  premiied  as  Lemmas,  he  proceeds 
thus. 

^*  Either  among  all  the  po/Tible  equimultiples  of  the  firft  A,  and 
^'  of  the  third  C,and,  at  the  fame  time  among  all  the  pofTible  equi- 
*'  multiples  of  the  fecond  B,  and  of  the  fourth  D,  there  can  be  found 
"  fome  one  multiple  EF  of  the  firft  A,  and  one  IK  of  the  fecond  B, 
**  that  are  equal  to  one  another;  and  ahb  (in  the  fame  cafe)  fome 
^*  one  multiple  GH  of  the  third  C  equal  to  LM  the  multiple  of  the 
**  fourth  D,  or  fuch  equality  is  no  where  to  be  found.  If  the  firft 
**  cafe  happen,  p.  e- 

«  if  fuch  equality  j(\.i_  ^ P 

**  is  to  be  found,]  -^  ^  -l^ 

"  it  is inanifeft from  B  '         j["  Jv 

"  what  is  before  de-  -, ^ ^^— 

«  monftrated,  that  ^^^  '    ^ J^ 

**  A  is  to  B,  as  CT) , J^ M 

«  to  D:  but  if  fuch    /  ^ 

**  fmiultaneous  equality  be  not  to  be  found  upon  both  fides,  it  will 
'^  be  found  either  upon  one  fide,  as  upon  the  fide  of  A  [and  B;] 
^^  or  it  will  be  found  upon  neither  fide ;  if  the  firft  happen;  there- 
"  fore  (from  Euclid's  Definition  of  greater  and  leflcr  ratio  forc- 
**  going)  A  has  to  B,  a  greater  or  lefs  ratio  than  C  to  D ;  accor* 
^*  ding  as  GH  the  multiple  of  the  third  C  is  lefs,  or  greater  than 
^'  LM  the  multiple  of  the  fourth  D.  but  if  the  fecond  cafe  hap- 
"  pen;  therefore  upon  the  one  fide,  as  upon  the  fide  of  A  the  firft 
<<  and  B  the  fecond,it  may  happen  that  the  multiple  EF,  [viz.of  the 
^*  firft]  may  be  lefs  than  IK  the  multiple  of  the  fecond,  while  on 
**  the  contrary,  upon  the  other  fide,  [viz.  of  C  and  D]  the  multiple 
**  GH  [of  the  third  C]  is  greater  than  the  other  multiple  LM  [of 
^*  the  fourth  D.]  and  then  (firom  the  fame  Definition  of  Euclid)  the 
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Book  V.  *^  ratio  of  the  firft  A  to  the  fecond  B,  is  lefs  than  the  rado  of 
**  the  third  C  to  the  fourth  D;  or  on  the  contrary. 

**  Therefore  the  Axiom,  [i.  c.  the  Propofition  before  fet  dovm,] 
•*  remains  demonftrated,"  &c. 

Not  in  the  leaft ;  but  it  remains  ftill  undemonftrated.  for  vhat 
he  fays  may  happen,  may  in  innumerable  cafes  never  happen,  and  \ 
therefore  his  demonftration  does  not  hold,  for  example,  if  A  be 
the  fide  and  B  the  diameter  of  a  fquare ;  and  C  the  fide  and  D 
the  diameter  of  another  fquare;  there  can  in  no  cafe  be  any  mul- 
tiple of  A  equal  to  any  of  B ;  nor  any  one  of  C  equal  to  one  of  D, 
as  is  well  known;  and  yet  it  can  neyer  happen  that  when  any  mul- 
tiple of  A  is  greater  or  lefs  than  a  muldple  of  B,  the  muldple  of 
C  can,  upon  the  contrary,  be  lefs  or  greater  than  the  muldple  of 
D,  viz.  taking  equimultiples  of  A  and  C,  and  equimuldples  of  B 
and  D.  for  A,  B,  C,  D  are  proportionals,  and  fo  if  the  multiple 
of  A  be  greater,  &c.  than  that  of  B,  fb  mu&  that  of  C  be  greater 
&c.  than  that  of  D.  by  5.  Def.  B.  5. 

The  fame  objedlion  holds  good  againfl  the  DemonflradcMi  whidi 
fomc  give  of  the  i .  Prop,  of  the  6.  Book,  which  we  have  made 
againfl  this  of  the  18.  Propofidon,  becaufe  it  depends  upcm  the 
fame  infuffident  foundation  with  the  other. 

PROP.    XIX.     B.   V. 

A  G>rollary  is  added  to  this,  which  is  as  frequendy  ufed  as  the 
Propofidon  itfelf.  the  Corollary  which  is  fubjoined  to  it  in  the 
Greek,  plainly  fhews  that  the  5.  Book  has  been  vitiated  by  Editors 
who  were  not  Geometers,  for  the  converfion  of  ratios  does  not 
depend  upon  this  1 9.  and  the  Demonftration  which  feveral  of  the 
Commentators  on  Euclid  give  of  Converfion,  is  not  legitimate,  ^s 
Clavius  has  righdy  obferved,  who  has  given  a  good  Demonfba* 
tion  of  it  which  we  have  put  in  Propofidon  E;  but  he  makes  it  a 
Corollary  from  the  1 9.  and  begins  it  with  the  words,  "  Hence 
•*  it  eafUy  follows,"  the'  it  does  not  at  all  follow  from  it. 

PROP.  XX, XXI, xxn, xxni, xxiv.    b. v. 

The  Demonfbadons  of  the  20.  and  21.  Propofidons  are  fhorter 
rixan  thofe  Euclid  gives  of  cafier  Propofidons,  cither  in  the  preced- 
ing, or  following  Books,  wherefore  it  was  proper  to  make  them 
more  explicit,  and  the  22.  and  2  3 .  Propofitions  are,  as  they  ought 
fo  be,  extended  to  any  number  of  magnitudes,  and  in  like  mann^ 
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may  the  24.  be,  as  is  taken  notice  of  in  a  Corollary;  and  aAotheF  BotkV. 
Corollary  is  added,  as  uieful  as  the  Propofltion.  and  the  words '^^y^^ 
•*  any  whatever**  arc  fupplied  near  the  end  of  Prop.  23.  which 
are  wanting  in  the  Greek  text,  and  the  tranflations  from  it. 

In  a  paper  writ  byPhilippus  Naudaeus,  and  pubUftied,  after  his 

death,  in  the  Hiftory  of  the  Royal  Academy  of  Sciences  of  Berlin^ 

Ann.  I  745.  page  50.  the  23.  Prop,  of  the  5.  Book,  is  cenfured 

as  being  obfcurely  enunciated,  and,  becaufe  of  this,  prolixly  demon-* 

ilrated.  the  Enuntiation  there  given  is  not  Euclid's  hot  Tacquet's^ 

as  he  acknowledges,  which,  tho'  not  fo  well  exprelfed,  is,  upon  the 

matter,  the  fame  Mrith  that  which  is  now  in  the  Elements^     Nor  is 

there  any  thing  obfcure  in  it,  tho'  the  Author  of  the  paper  has 

iet  down  the  proportionals  in  a  difadvantageous  order,  by  which 

it  appears  to  be  obfcure.  but  no  doubt  Euclid  enundated  thi»  23. 

as  well  as  the  22.  ib  as  to  extend  it  to  any  number  of  magnitudes^ 

which  taken  two  and  two,  are  proportionals,  and  not  of  fix  only; 

and  to  this  general  cafe  the  Enuntiation  which  Naudaeus  gives, 

cannot  be  well  applied. 

The  Demonftradon  which  is  given  of  this  23.  in  that  paper, is 
quite  wrong;  becaufe  if  the  proportional  magnitudes  be  plane  or 
folid  figures,  there  can  no  reAangle  (which  he  improperly  calls  a 
Produft)  be  conceived  to  be  made  by  any  two  of  them,  and  if  it 
fhould  be  faid,  that  in  this  cafe  Araight  lines  are  to  be  taken  which 
are  proportional  to  the  figures,  the  Demonftration  would  this  way 
become  much  longer  than  Euclid's,  but  even  tho'^his  Demonfira- 
tion  had  been  right,  who  does  not  fee  that  it  could  not  be  made 
life  of  in  the  5.  Book  ? 

PROP.  F,G,  H,  K.     B.  V. 

Thefe  Propofitions  are  annexed  to  the  5.  Book,  becaufe  they 
are  frequently  made  ufe  of  by  both  anticnt  and  modern  Geome- 
ters, and  in  many  cafes  Compound  ratios  cannot  be  brought  into     ^ 
Demonlb-aticxis,  without  making  ufe  of  them. 

Whoever  defires  to  fee  the  doftrine  of  Ratios  delivered  in  this 
5.  Book,  fblidly  defended,  and  the  arguments  brought  againfl  it  ^ 
by  And.  Tacquet,  Alph.  Borellus  and  others,  fully  refuted,  may 
read  Dr.  Bairow's  Madiematical  Lcftures,  viz.  the  7.  and  8.  of 
the  year  1666. 

The  5.  Book  being  thus  correfted,  I  moft  readily  agree  to  what 
the  learned  Dr.  Barrow  fays  *,  "  That  there  is  nothing  in  the  whole  •  Paje  s jtf* 
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Bbok  V.  *'  boly  of  the  Elements,  of  a  more  fubtile  invendon,  nothii^  more 
**  folidly  cftablUhed  and  more  accurately  handled,  than  the  do^bine 
*'  of  Proportionals.**  And  there  is  fbme  ground  to  hope  that  Geo- 
meters will  think  that  this  could  not  have  been  faki  with  as  gooti 
reafon,  fincc  Theon's  time  till  the  prefent. 


,,.,,,  D  E  F.  n.  and  V.  of  B.  VI. 

Book  VI. 

TH  E  2.  Definition  does  not  fecm  to  be  Euclid's  but  fbmc 
unikilful  Editor's,  for  there  is  no  mention  made  by  Eo- 
didj  nor,  as  far  as  I  know,  by  any  other  Geometer,  of  reciprocaf 
figures,  it  is  obfcurely  exprefled,  which  made  it  proper  to  render 
it  more  difUnft.  it  would  be  better  to  pat  the  following  Definition 
in  place  of  it,  viz. 

D  E  F.  n. 

Two  magnitudes  are  faid  to  be  Reciprocally  proportional  to  two 
others,  when  one  of  the  firft  is  to  one  of  the  other  magnitudes,  ay 
the  remaining  one  of  the  laft  two  is  to  the  remaining  one  of  the  firft. 

But  the  5.  Definition,  which  fince  Theon's  time  has  been  kept 
in  the  Elements,  to  the  great  detriment  of  karncrs,  is  now  juflly 
thrown  out  of  them,  for  the  realbns  given  in  the  Notes  on  tte 
23.  Prop,  of  this  Book. 

P  R  O  P.  I.  ami  n.     B.  VI. 

To  the  firft  of  thefe  a  Corollary  is  added  which  is  often  trfcdl 
and  the  Enuntiation  of  the  fecond  is  made  more  generak 

P  R  O  P.  m.     B.  VI. 

A  fecond  cafe  of  this,  as  ufeful  as  the  firft,  is  given  in  Prop.  A, 
viz.  the  cafe  in  which  the  exterior  angle  of  a  triangle  is  bifcfted 
by  a  ftraight  line,  the  Demonftration  of  it  is  very  like  to  that  of 
the  firft  cafe,  and  upon  this  account  may,  probably,  have  been 
left  out,  as  alfo  the  Enuntiation,  by  fome  uafkilful  Editor,  at  leaff 
h  is  certain  that  Piappus  makes  ufe  of  this  cafe,  as  an  Elementary 
Propofition,  without  a  Demonftration  of  it,  in  Prop.  39.  of  his  7* 
Book  of  Mathem.  ColleAions* 
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Book  VI. 
PROP.  VII.     B.  VI.  \^y^ 

To  this  a  cafe  is  added  which  occurs  not  uofrequently  in  De- 

sxonftradons.  { 

•  I 

PROP.  Vra.     B.  VL  i 

It  ieems  plain  that  fome  Editor  has  changed  the  DemonflratioA  i 

that  Euclid  gave  of  this  Propofition.  for  after  he  has  demonftiated 
that  the  triangles  arc  equiangular  to  one  another,  he  particularly 
Aievrs  that  their  fides  about  the  equal  angles  are  proportionals,  as 
if  this  had  not  been  done  in  the  Demonftration  of  the  4.  Prop,  of 
this  Book,  this  fuperfluous  pan  is  not  found  in  the  Tranflation 
from  the  Arabic,  and  is  now  left  out. 

P  R  O  P.  IX.     B.  VI. 

This  is  demonftrated  in  a  particular  cafe,  viz.  that  in  which  the 
third  part  of  a  ftraight  line  is  required  to  be  cut  off;  which  is  not 
at  all  Kkc  Euclid's  manner,  befides,  the  Author  of  the  Demonflra- 
tion,  from  four  magnitudes  being  proportionals,  concludes  that  the 
third  of  them  is  the  fame  multiple  of  the  fourth,  which  the  firft  is 
of  the  fecond ;  now  this  is  no  where  demonftratcd  ia  the  5.  Book^ 
as  we  now  have  it.  but  the  Editor  afTumes  it  fronr  the  confufed 
notion  which  the  vulgar  have  of  proportionals,  on  this  account  it 
was  necefTary  to  give  a  general  and  legitimate  Dcmonflratlon  of 
this  Propofition. 

PROP.  XVm.     B.  VI. 

The  Demonftranon  of  this  feems  to  be  vitiated,  for  the  Propo- 
iidon  is  demonftrated  only  in  the  cafe  of  qudrilatcral  figures,  with- 
out mendoning  how  it  may  be  extended  to  figures  of  five  or  more 
fides,  befides,  from  two  triangles  being  equiangular  it  is  inferred 
that  a  fide  of  the  one  is  to  the  homologous  fide  of  the  other,a$  ano- 
ther fide  of  the  firft  is  to  the  fide  homologous  to  it  of  the  other, 
without  permutadon  of  the  propordonals^  which  is  contrary  to  Eu- 
clid's manner,  as  is  dear  from  the  next  Propofidon.  and  the  fame 
fault  occurs  again  in  the  condufion,  where  the  fides  about  the  equal 
angles  are  not  (hewn  to  be  propordonals ;  by  reafon  of  again  ne- 
gleding  permutadon.  on  thfeie  accounts  a  Demonfiradon  is  given 
ia  Euclid's  mannerj  like  to  that  he  makes  ufe  of  in  the  2o«  Fr9P* 
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Book  VI.  of  this  Book  ;  and  it  is  exteaded  to  five  Tided  (ignres,  by  whic^  i( 
may  be  ieen  how  to  exitend  k  to  figures  of  any  number  of  fides. 

PROP.  XXra.  B.  VI. 
Kothiog^is  ufually  reckoned  more  difficult  in  the  Elements  o^ 
Geometry  by  learners,  than  thedo^rineof  Compound  rario,  which 
Theon  has  rendered  abfurd  and  ungeometrical,  by  fubflituting  che 
5.  Definition  of  the  6.  Hook,  in  place  of  the  right  Definition  which 
without  doubt  Eudoxus  or  Euclid  gave»  in  its  proper  place,  after 
the  Definition  of  Triplicate  ratio,  &c.  in  the  5.  Book.  T Bean's 
Definition  is  this ;  a  Ratio  is  faid  to  be  coinpounded  of  ratios  craw 
04  Tui  \oyuf  TrnKiKortiTtf  if  tauurac  ire\Kot,'rKa<Ttae3-Li^a^  Toiaat  Tt.tXm 

which  Coihmandine  thus  tranflates,  ^^  quando  rationum  quanticatos 
^*  inter  fe  multipiicatae  aliquam  efficiunt  rationtm  ;"  that  Is,  when 
^e  quantities  of  the  ratios  bebg  multiplied  by  one  another  make  » 
certain  ratio.     Dr.  Walfis  tranflates  the  word  TuxntorifTtc,  "  ratio* 
"  num  exp'oriciites,"  the  exponunts  of  the  ratios,  and  Dr.  Gr^ory 
renders  the  laft  words  of  the  Definition  by"  illius  facitquancitatem,*' 
makes  the  quantity  of  that  ratio,  but  in  whatever  fenile  the  *^  quan- 
**  tities"  or  "  exponents  of  the  ratios,"  and  their  "  multiplication" 
be  taken,  the  Definition  wilf  be  ungeotnetrical  and  uferefs.  for  there 
can  be  no  muiiplication  but  by  a  number ;  now  the  quantity  or 
exponent  of  ablatio  (according  as  Eiitocius  in  his  Comment,  on' 
Prop.  4.  Book  i.  of  Arch,  de  Sph.  et  Cyl.  and  the  nioderns  explain 
that  term)  is  the  number  which  multiplied  into  the  confequent  term^ 
of  a  ratio  produces  the  antecedent,  or,  which  is  the  (ame  thing,  the" 
number  which  arifes  by  dividing  the  antecedent  by  the  confequent; 
but  there  are  many  ratios  fuch,  that  no  number  can  arife  from  the 
divifion  of  the  antiecedcnt'  by  the  corifequeiit ;  ex.  gr.  the  ratio  which- 
the  diameter  of  a  fquare  has  to  the  fide  of  it ;  and  the  ratio  which' 
the  circumference  of  a  circle  has  to  its  diameter,  and*  fuch  like. 
Befides,  there  is  not  the  leaft  mention  made  of  tHis  DeHnition  in 
the  writings  of  Euclid,  Archimedes,  Apollonius,.  or  other  anticnts,. 
tho*  they  frequendy  make  ufc  of  Compound  ratio,  and  in  this  23. 
Prop,  of  the  6.  Book,  where  Compound  ratio  is  firft  mentioned, 
there  is  not  one  word  whifch  can  relate  to  this  Definitiot),  tho*  here, 
if  in  any  place,  it  was  neceflary  to  be  brought  in  ;  but  the  right 
Definition  is  exprefsly  cited  in  thefe  words,  "  but  the  ratio  of  K  to' 
•*^  M  is  compounded  of  the  ratio  of  K  to  L,  and  of  the  ratio  of  L 
^  to  W  this  Definition  therefore  of  TheOn  is  quite  ufeleis  and* 
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ab{urd.  fbr  that  Theon  brought  it  Into  the  Elements  can  fcarce  be  Book  Vf • 
doiibted,  as  it  is  to  be  found  in  his  Commentary  upon  Ftoiomy's 
MtydhJi  'Zwrd^Hf  page  62.  where  he  alfo  gives  a  childifli  explicatioa 
of  ity  as  agreeing  only  to  fuch  ratios  as  can  be  exprefled  by  num-  . 
bers ;  and  from  this  place  the  Definition  and  explication  haVe  beeUr 
exaAly  copied  and  prefixed  to  the  Definitions  of  the  6.  Book,  as' 
appears  from  Hervagius's  edition,  but  Zambertus  and  Commandine 
in  their  Latin  Trandations  fubjoin  the  (ame  to  thefe  Definitions. 
Neither  Campanus^  nor,  as  it  fetms,  the  Arabic  manufcripts  from 
which  he  made  his  Tranflation,  have  this  Definition.  Clavixis  in  his 
Obferrations  upon  it,  rightJy  judges  that  the  Definition  of  Com- 
pound ratio  might  have  been  xhade  after  the  fame  manner  in  which 
the  Definitions  of  Dtrpiicate  and  Triplicate  ratio  are  given,  viz. 
that  as  in  feveral  magnitudes  that  are  continual  proportionals,  Eu- 
clid named  the  ratio  of  the  firft  to  the  third,  the  Duplicate  ratio 
of  the  firft  to  the  fecond ;  aiid  the  ratio  of  the  firft  to  the  fourtU, 
the  Triplicate  ratio  of  the  firft  to  the  fecond ;  that  is,  tfie  ratio 
"  compounded  of  tWo  or  three  intermediate  ratios  that  are  equaf 
to  one  another,  and  fo  on  ;  fo  in  like  manner  if  there  be  feveral 
magnitudes  of  the  fanie  kind,  following  one  another,  which  are 
not  continual  proportionals,  the  firft  is  faid  to  have  to  the  laft 
the  ratidr compounded  of  ail  the  intermediate  ratios,  ■  only  for* 
this  reaibn,  that  thefe  intermediate  ratios  are  inCerpofed  betwixt 
the  two  extremes,  viz.  the  firft  and  laft  magnitndes  ;  even  lis  in 
the  10.  Definition  of  the  5.  Book,  the  ratio  of  the  firft  to  the 
third  was  called  the  Duplicate  ratio,  merely  upon  account  of  two 
ratios  being  interpofed  betwixt  the  extremes,  that  are  equal  to  one 
*'  another,  fo  that  there  is  no  diflerence  betwixt  this  compounding 
**  of  ratios,  and  the  duplication  or  triplication  of  them  which  are 
^*  defined  in  the  5.  Book,  but  that  in  the  duplication,  triplication, 
**  &c,  of  ratios,  all  the  interpofed  ratios  are  equal  to  one  another  ^ 
whereas  in  the  compounding  of  ratios,  it  is  not  necefTary  that  the 
intermediate  ratios  (hould  be  equal  to  one  another."  Alfo  Mr. 
£dmund  Scarburgh,  in  his  Englifii  tranfiaticn  of  the  firft  fix  Books, 
f^age  238,  266,  exprefsly  affirms  that  the  5.  Definition  of  the  6. 
Book,  is  fbppofititious,  and  that  the  true  Definition  of  Compound 
ratio  is  contained  in  the  fo.  Definition  of  the  5.  Book,  viz.  the 
Definition  of  Duplicate  ratio,  or  to  be  underftood  from  it,  to  wit, 
in  the  fame  manner  as  Clavius  has  explained  it  in  the  preceding  ci- 
fiuion«    Yet  thefe,  and  the  reft-  of  the  Moderns,  do  notwLthftandiflt^ 
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Book  VI.  is  compounded  of  the  ratios  of  the  fides ;  that  is,  of  fiodidg  the  radi 
of  the  parallelograms^  is  Ihewa  io  that,  but  not  10  Caodalk^s  De- 
mouAration ;  urhereby  beginners  may  learn,  in  like  cafes,  how  to 
find  the  ratio  which  is  compounded  of  two  or  more  g^^eo  rutjos. 

Fjnom,  what  has  been  faid  it  may  be  obferved,  ttiat  in  any  ma^i- 
tudes  whatever  of  the  fame  kind  A,  B,  C,  D,  &c.  the  raoo  com- 
pounded of  the  ratios  of  the  firft  to  the  iecond,  of  the  (ecood  to  the 
third,  and  fo  on  to  the  laft,  is  only  a  name  or  expreiHoo  by  which 
the  ratio  which  the  firft  A  has  to  the  laft  D  is  fignified,  and  b; 
which  at  the  fame  time  the  ratios  of  all  the  magnitudes  A  to  B, 
B  to  C,  C  to  D  from  the  firft  to  the  laft,  to  one  another^  whether 
they  be  the  fame,  or  be  not  the  fame,  are  indicated;  as  in  magni- 
tudes which  are  continual  proportionals  A,  B,  C,  D,  &c.   Ihe  Du- 
plicate ratio  of  the  firft  to  the  iecond  is  only  a  name,  or  exprefiioii 
by  which  the  ratio  of  the  firft  A  to  the  third  C  is  fignified^  and  by 
which,  at  the  fame  time,  is  ftiewn  that  there  are  two  ratios  of  the 
magnitudes  from  the  firft  to  the  laft,  viz.  of  the  firft  A  to  the  fe- 
cond  B,  and  of  the  fecond  B  to  the  third  or  laft  C,  which  are  the  fame 
with  one  another ;  and  the  Triplicate  ratio  of  the  firft  to  the  fecond 
is  a  name  or  exprelfion  by  which  the  ratio  of  the  firft  A  to  the 
fourth  D  is  fignified,  and  by  which,  at  the  fame  time,  is  fliewn  that 
there  are  three  ratios  of  the  magnitudes  from  the  firft  to  the  iaft,ra. 
of  the  firft  A  .to  the  fecond  B,  and  of  B  to  the  third  C,  and  of  C  to 
the  fourth  or  laft  D,  which  are  all  the  fame  with  one  another  ;  and 
lb  in  the  cafe  of  any  other  Muhiplicate  ratios.    And  that  this  is  the 
right  explication  of  the  meaning  of  theie  ratios  is  plain  from  the  De- 
finitions of  Duplicate  and  Triplicate  ratio  in  which  Euclid  makes 
ufe  of  the  word  MytTO/,  is  faid  to  be„or  is  called ;  which  word,  he 
no  doubt  made  ufe  of  alfo  in  the  Definition  of  Compound  ratio 
which  Theon,  or  fome  other,  has  expunged  from  the  Elements ; 
for  the  very  fame  word  is  ftiU  retained  in  the  wrong  Definition  of 
Compound  ratio  which  is  now  the  5.  of  the  6.  Book,  but  in  the 
citation  of  thefe  Definitions  it  is  fometimes  retained,  as  in  the  De* 
monftration  of  Prop.  1 9  ^B .  6.  **  the  firft  is  faid  to  have,  li^w  ^y^roff 
'•  to  the  third  the  Duplicate  ratio,"  &c.  which  is  wrong  tranflaicd 
by  Commandine  and  others  "  has"  inftead  of  *'  is  faid  to  have  ;** 
aud  fometimes  it  is  left  out,  as  in  the  Demonftration  of  Prop. 
33.  of  the  1 1.  Book,  in  which  we  find  "  the  firft  has,  ix"*  ^ 
**  the  third  the  Triplicate  ratio ;"  but  without  doubt  i'x*»»  "  ^^" 
in  tills  place  flgufies  the  fame  as  i^m  Mytroj,  is  faid  to  have,  fb 
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likevufe.in  Prop.  23.  B.  6.  we  find  this  citation  "  but  the  ratio  of  Book  Vf. 
^*  K  to  M  is  compounded,  o-Jyiearo/,  of  the  ratio  of  K  to  L,  and  the 
^*  ratio  of  L  to  M»"  which  is  a  (hotter  way  of  expreffipg  the  fame 
thing,  which,  according  to  the  Definition,  ought  to  have  been  ex^ 
prcfied  by  cvyxeitl^af  ^f  yt rtf/,  is  faid  to  be  compounded. 

From  thefe  Remarks,  together  with  the  Propofitions  (ubjolned 
to  the  $.  Book,  all  that  is  found  concerning  Compound  ratio  either 
in  the  antienc  or  modern  Geometers  may  be  underftood  and  e^« 
plained. 

PROP.    XXIV.     B.  VI. 

It  feems  that  fome  unfldlful  Editor  has  made  up  this  Demosp 
Aration  as  we  now  have  it,  out  of  two  others ;  one  of  which  may 
be  made  from  the  2.  Prop,  and  the  other  fropn  the  4.  of  this  Book, 
for  after  lie  has  from  the  2.  of  this  Book,  and  Compofition  and 
Permutation,  demonftrated  that  tb^  fides  about  the  angle  common 
to  the  two  paralklpgrams  are  proportionals,  he  might  have  imme- 
diately concluded  that  the  fides  about  the  other  equal  angles  were 
proportionals,  viz.  from  Prop.  34.  B.  i.  and  Prop.  7.  B.  5.  this 
be  does  not,  but  proceeds  to  (hew  that  the  triangles  and  parallelo- 
grams are  equiangular,  and  in  a  tedious  way,  by  help  of  Prop.  4.  of 
this  Book,  and  the  2  2.  of  B.  5.  deduced  the  fame  conclufion.  from 
which  it  is  plain  that  this  ill  compoied  Demonftration  is  not  £ur 
clid's.  thefe  fuperfluous  things  are  now  left  out,  and  a  more  fimple 
Demonftration  is  given  from  the  4.  Prop,  of  this  Book,  the  iame 
which  is  in  the  Tran(latioli  from  the  Arabic,  by  helpof  the  2.  Prop, 
and  Compofition  ;  but  in  thb  the  Author  neglects  Permutation^ 
and  does  not  (hew  the  parallelograms  to  be  equiangular,  as  is  pro- 
per  to  do  for  the  fake  of  beginners. 

PROP.  XXV.  B.  VI. 
It  is  very  evident  that  the  Demonftration  which  Euclid  had  givei^ 
of  this  Propofition,  has  been  vitiated  by  fome  unfkilful  band,  for 
after  this  Editor  had  demonftrated  that  ^*  as  the  re<5tiliDeal  figure 
*^  ABC  is  to  the  redilineal  KGH,  fo  is  the  parallelogram  BE  to  the 
**  parallelc^rani  ^Fy"  nothing  more  (hould  have  been  added  but 
this,  "  and  the  reAiltneal  figure  ABC  is  equal  to  the  parallelograni 
BE,  therefore  the  rectilineal  KGH  is  equal  to  the  parallelograni 
EF,"viz.  from  Prop.  14,  B.  5.  but  betwixt  thefe  two  fentences 
)ie  has  inferted  this,  ''  wherefore,  by  Permutation,  as  the  redtilinea) 
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BoolcVL  '*  figure  ABC  to  the  pandldogram  BE,  fois  the  reOiliiical  KOI 
**  to  the  parailelogram  £F  */*  by  which^  it  is  plain^  he  thongfat  it 
was  not  fo  evident  to  cooclude  that  the  fccood  of  four  proportioiijds 
is  equal  to  the  fourth  from  the  equality  of  the  firft  and  third,  wfaidi 
is  a  thing  demonftrated  in  the  1 4.  Prop,  of  B.  5.  as  to  coodnde 
that  th«  third  is  equal  to  the  fourth,  from  the  equality  of  die  firft 
and  fecond,  which  is  no  where  demonftrated  in  the  Elements  as  we 
now  have  them,  but  tho'  this  Ptopofidon,  viz.  the  third  of  four 
proportionals  is  equal  to  the  fourth,  if  the  firft  be  equal  to  theie« 
cond,  had  been  given  in  the  Elementt  by  Euclid,  as  very  prohaUy 
it  was,  yet  he  would  not  have  made  ufe  of  it  in  this  place,  becanfe, 
as  was  faid,  the  conclufioh  could  have  been  immediately  deduced 
without  this  fuperfluous  ftep  by  Permutation,  this  we  have  fliewn 
at  the  greater  length,  both  becaufe  it  affords  a  certain  proof  of  die 
vitiation  of  the  Text  of  Euclid,  for  the  very  fame  blunder  is  foond 
twice  in  the  Greek  Text  of  Prop.  23.  B.  1 1.  and  twice  in  Prop-  2. 
B.  12.  and  in  the  5.  11.  12.  and  18.  of  that  Book;  in  which 
places  of  B.  1 2.  except  the  laft  of  them,  it  is  righdy  left  out  in  the 
Oxford  Edition  of  Commandine's  Tranflation.  and  alfo  that  Geo- 
meters may  beware  of  making  ufe  of  Permutation  in  the  like  cafe, 
for  the  Moslems  not  unfrequently  commit  this  miftake,  and  among 
others  Commandlne  himfelf  in  his  Commentary  on  Prop.  5.  B.  3. 
p.  6.  b.  of  Pappus  Alexandrinus,  and  in  other  places,  the  vulgar 
notion  of  proportionals,  has,  it  feems,  pre-occupied  many  fo  much, 
that  they  do  not  fufficiently  underftand  the  true  nature  of  them. 

Befides,  tho'  the  reAUineal  figure  ABC,  to  which  anothes  is 
to  be  made  fimilar,  may  be  of  any  kind  whatever,  yet  in  the  De* 
monftration  the  Greek  Text  has  "  triangle**  inftead  of  •*  reaUineal 
'*  figure,**  which  error  is  corre£Ved  in  the  abovc-nuncd  Oxford 
Edition. 

PROP.  xxvn.    B.  VI. 

The  fecond  Ca(e  of  this  has  axxuc,  otherwife,  prefixed  to  i^ 
a<t  if  it  was  a  different  Demonftration,  which  probably  has  been 
done  by  jibme  unflcilful  librarian.  Dr.  Gr^ory  has  righdy  left  it 
out.  the  fcheme  of  this  fecond  Cafe  ought  to  be  marked  with  the 
fame  letters  of  the  Alphabet  which  arc  in  the  fcheme  of  dxe'  €rft| 
^3  is  pow  done. 


NOTES. 

PROP.  XXVm.  and  XXOL     B.  VI. 

Thcfe-  two  Problems,  to  the  firft  of  which  the  2  7.  Prop,  is  ne- 
ceilary,  are  the  moft  general  and  ufefal  of  all  In  the  Elements,  and 
are  mofl  frequently  made  nfe  of  by  the  antient  Geometers  in  the 
foludon  of  other  Problems;  and  therefore  are  very  ignorantly  left 
oat  by  Tacquet  and  Dechales  in  their  Editions  of  the  Elements^ 
vbo  pretend  that  they  are  icarce  o(  any  nfe.  the  Cafes  of  thcle 
Problems,  wherein  it  is  required  to  apply  a  rcftangle  which  fliall 
be  equal  to  a  pvea  fquare,  to  a  ^ven  ftra'^ht  line,  either  deficient 
or  exceeding  by  a  fquare;  as  alfo  to  apply  a  reftangle  which  fhall 
be  equal  to  another  given,  to  a  given  ftraight  line,  deficient  or 
exceeding  by  a  fquare,  are  very  often  made  ufe  of  by  Geometers, 
and  on  this  account,  it  is  thought  proper,  for  the  lake  of  begin- 
neFS,  to  give  their  conftruAions,  as  follows. 

I-  To  apply  a  reftangle  which  ftiall  be  equal  to  a  given  fquare, 
to  a  given  ftraight  line,  deficient  by  a  fquare.  but  the  given  fquare 
muft  not  be  greater  than  that  upon  the  half  of  the  given  line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon  the 
given  ftraight  line  C  be  that  to  which  the  reftangle  to  be  applied 
muft  be  equal,  and  this  fquare  by  the  determination,  is  not  greater 
than  that  upon  half  of  the  ftraight  line  AB. 

Bifeft  AB  in  D,  and  if  the  fquare  upon  AD  be  equal  to  the 
fquare  upon  C,  the  thing  required  is  done,  but  if  it  be  npt  equal  to 
It,  AD  muft  be  greater  than  C,   ^  W     K 

according  to  the  determination.  "■^ 
drawDE  at  rightangles  to  AB, 
and  make  it  equal  to  C ;  pro- 
duce ED  to  F,  fo  that  EF  be 
equal  to  AD  or  DB,  and  Arom 
the  center  £,  at  the  diftance 
EF  defcribe  a  drcle  meeting 
AB  in  G,  and  upon  GB  defcribe  the  fquare  GBKH,  and  conii* 
plete  the  rectangle  AGHL ;  alfo  join  EG.  and  becauie  AB  is  hi- 
fe^ed  in  D,  the  reftangle  AG,  GB  together  with  the  fquare  of 
DG  is  equal  ■  to  (the  fquare  of  DB,  that  is  of  EF  or  EG,  that  is 
to)  the  fquarcs  of  ED,  DG.  take  away  the  fquare  of  DG  from  each 
of  thefe  equals,  therefore  the  remaining  reftangle  AG,  GB  is  equal 
to  the  fquare  of  ED,  that  is,  of  C.  but  the  reftangie  AG,  GB  is 
the  reftangle  AH,  becauie  GH  is  equal  to  GB.  therefore  the  rcc« 
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Bode  VI.  tangle  AH  Is  equal  to  the  g^ven  fquare  npon  the  flra^gbt  Enc  C. 

^^Y^  wherefore  the  refVangle  AH  equal  to  the  ghreo  fquare  npoa  C»  has 
been  applied  to  the  gi^en  Araight  line  AB,defident  by  tbe  fqoage 
GK.     Which  was  to  be  done. 

2,  To  apply  a  reAaogle  which  (hall  be  equal  to  a  gmxk  iqvare, 
to  a  giTeo  ftrtught  Hoe^  exceeding  by  a  fquare. 

Ijtt  AB  be  the  given  ftratght  line,  and  let  the  fqnare  npon  die 
given  ftraight  line  C  be  that  to  which  the  reAangie  to  be  applied 
moft  be  cqnaL 

Bifeft  AB  in  D,  and  dr^w  BE  at  right  angles  to  it,  fb  that  BE 
be  equal  to  C,  and,  having  joined  DE,  from  die  center  D  at  the 
diftance  DE  defcribe  a  drcie  meeting  AB  produced  ia  G  ;  upon 
BG  defcribe  the  fquare  BGHK, 
and  complete  the  reAangle  AGHL. 
and  becaufe  AB  is  bifeAed  in  D, 
and  produced  to  G,  the  re£Vangle 
AG,  GB  together  with  the  fquare 

0,  i.  %.     of  DB  is  equal  *  to  (the  fqdare  cfn{ 

' '  DG,  or  DE,  that  is  to)  the  fqnarcs 

of  EB,  BD..  from  each  of  thefe  &- 
quals  take  die  fquare  of  DB,  there* 
fore  the  remaining  reibmgle  AG,  GB  is  equal  to  the  Iquarc  of 
BE,  that  is  to  the  fquare  upon  C.  bnt'^the  redbangle  AG,  GB  is 
the  reAangle  AH,  becaufe  GH  is  equal  to  GB.  therefore  the  rec- 
tangle AH  is  equal  to  the  fquare  upon  C.  wherefore  the  reftangle 
AH  equal  to  the  given  fqnare  upon  C,  has  been  appGed  to  die 
given  ftrught  line  AB|  exceeding  hj  the  fquare  GK.  Which 
was  to-be  done. 

3:  To  apply  a  reflangle  to  a  given  Araight  line  which  (hall 
be  equal  to  a  given  re^atigle,  and  be  defident  by  a  fquare*  but  the 
given  redangle  muH  not  be  greater  than  the  fquare  upon  the  half 
of  the  given  ftfaight  line. 

'  I^t  AB  be  the  given  ilralght  Une,  and  let  the  given  reAangle 
be  that  which  is  contained  by  die  flraight  lines  C>  D,  whidf  is 
not  greater  than  the  fqnare  upon  the  half  of  AB.  it  is  required 
to  apply  to  AB  a  redtaogle  equal  to  the  reftangle  C»  D,  deficient 
by  a  fquare.  -  •     ,  . . 

Draw  A£,  BF  at  right  angles  to  AB,  upon  the  iafiie  fide  of  it, 
and  make  AE  equal  to  C,  and  BF  tb  D.  jdn  EF  and  \nkSt  it  in  G, 
and  from  the  center  G,  at  the  diftance  G£  defcribe  a  drcle  meedng 


NOTES. 


329 


1. 3. 3. 


AE  again  in  H ;  join  HF  and  draw  GK  parallel  to  it,  and  GL  Book  V!. 
parallel  to  AE  meeting  AB  In  L. 

Becaufe  the  angle  £HF  in  a  femldrcle  is  equal  to  the  right  angle 
EAB,  AB  and  HF  are  parallels,  and  AH  and  BF  are  parallels, 
'wherefore  AH  is  equal  to  BF,  and  the  rc(5langle  E  A,  AH  equal  to 
the  reAangle  £A,  BF,  that  is  to  the  reftangle  C,  D.  and  becanie 
EG,  GF  are  equal  to  one  another,  and  AE,  LG,  BF  parallels, 
therefore  AL  and  LB  are  equal  *,  alfo  £K  is  equal  to  KH  \  and 
the  reftangle  C»  D,  from  the  determination,  is  not  greater  than  the 
Iquare  of  AL  the  half  of  AB,  wherefore  the  reftangle  EA,  AH 
is  not  greater  than  the  fquare  of  AL,  that  is.of  KG.  add  to  each 
the  fqoare  of  K£,  therefore  the  fquare^ of  AK  is  not  greater  than  b.  6.  %, 
the  fquares  of  £K,  KG,  that 
18  than  the  fquare  of  EG  *,  and 
coafcquently  the  ftraight  line    "IP 
AK  or  GL  is  not  greater  than 
GE.    Now,  if  GE  be  equal 
toGLjthc  cirdeEHFtouches 
AB  in  L,  and  therefore  the 
fquare  of  AL  is  *  equal  to  the 
redangle  EA,  AH,  that  is  to 
the  given  reAangleC,  D ;  and 

that  which  was  required  is        ^^— — ^ 

done,  but  if  EG,  GL  be  un-       ^  P     O 

equal,  EG  muft  be  the  greater,  and  therefore  the  circle  EHF  cuts 
the  ftraight  line  AB ;  let  it  cut  it  in  the  poinU  M,  N,  and  upon  NB 
defcribe  the  fquare  NBOP,  and  complete  the  reftangle  ANPQ^ 
becauie  ML  is  equal  to  <>  LM,  and  it  has  been  prdved  that  AL  is  (L  j.  $• 
equal  to  LB,  therefore  AM  is  equal  to  NB,  and  the  rectangle  AN, 
NB  equal  to  the  reAangle  NA,  AM,  that  is  to  the  reAangle  ^  EA,  e.Cer.35.3. 
AH  or  the  reftanglc  C,  D.  but  the  rcftangle  AN,  NB  is  the  rec- 
tangle AP,  becaufe  FN  is  equal  to  NB.  therefore  the  rectangle 
AP  is  equal  to  the  refbmgle  C,  D,  and  the  reAangle  AP  equal  to 
the  given  reftangle  C,  D  has  been  applied  to  the  given  ftraight 
line  A3y  deficient  by  thd  fquare  BP.     WUch  was  to  be  done. 

4.  To  apply  a  reAangle  to  a  ^ven  ftraight  line  that  (hall  be 
equal  to  a  g^veo  refbngle,  exceeding  by  a  fquare. 
'  '  Let  AB  be  the  ^ven  ftraight  line,  and  the  refhngle  C,  D  the 
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Book  VI.  p^en  rcftsnglc,  it  Is  required  to  apply  a  reftangle  to  AB  cqiial 
to  C,  D,  exceeding  by  a  fquare- 

Draw  AE,  BF  at  right  angles  to  AB,  on  the  contrary  fides  of  it, 
and  make  AE  equal  to  C,  and  BF  equal  to  D.  join  EF  and  bifed 
k  in  G,  and  from  the  center  G,  at  the  diftance  GE  defcrtbe  a  drcfe 
meeting  AE  again  in  H ;  join  HF,  and  draw  GL  parallel  to  AE; 
let  the  circle  meet  AB  produced 
in  M,  N,  and  upon  BN  dcfcribc 
the  fquare  NBOP,  and  complete 
the  reftangle  ANPQ^becaufe  the 
angle  EHF  in  a  femicircle  is  equal 
to  the  right  angle  EAB,  AB  and 
HFare  parallels,  and  therefore  AH 
and  BF  are  equal,  and  the  re£^an-, 
gle  EA,  AH  equal  to  the  rcftan-- 
gle  EA,  BF,  that  is  to  the  reftan- 
gle  C,  D.  and  bccauie  ML  is  equal 
to  LN,  and  AL  to  LB,  therefore 

MA  is  equal  to  BN,  and  the  reftaogle  AN,  NB  to  MA,  AN, 
that  is  ■  to  the.reftangle  EA,  AH  or  the  reftangle  C,  D.  there- 
fore the  reftangle  AN,  NB,  that  is  AP  is  equal  to  the  rcftangJe 
C,  D  J  and  to  the  given  ftraight  line  AB  the  re^angle  AP  has 
been  applied  equal  to  the  ^ven  re^angle  C,  D,  exceeding  by  the 
fquare  BP.     Which  was  to  be  done. 

Wlllebrordus  Snellius  was  the  firft,  as  far  as  I  know,  who  gave 
theie  conftraAions  of  the  3.  and  4.  Problems  in  his  ApoUonius 
Batavus.  and  afterwards  the  learned  Dr.  Hallcy  gave  them  in  the 
Scholium  of  the  1 8.  Prop,  of  the  8.  B«  of  ApoUonius's  Qmics 
reftored  by  him. 

The  3.  Problem  is  otherwile  enuntiated  thus.  To  cut  a  given 
ilraight  line  AB  in  the  point  N,  ib  as  to  make  the  re^angle  AN^ 
NB  equal  to  a  given  fpace.  or,  which  is  the  fame  things  Having 
given  AB  the  fum  of  the>  fides  of  a  reftangle^  and  the  magnitude 
of  it  being  likewiie  given,  to  find  its  fides. 

And  the  4.  Problem  is  the  fame  with  this.  To  find  a  point  N 
in  the  given  ftraight  line  AB  produced,  fo  as  to  make  the  redan-* 
gle  AN,  NB  equal  to  a  given  fpace.  or,  whidi  as  the  fame  thing. 
Having  ^ven  AB  the  difference  of  the  fides  of  a  reAangle,  an() 
the  magnitude  of  it^  to  find  the  fides. 
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PROP.  XXXI.     B.  VL 

In  tbe  Demonftration  of  this  the  inTcrfion  of  proportioDals  is 
fwice  negleAed,  and  is  now  added,  tliat  the  conclufion  may  be 
legitimately  made  by  help  of  the  24.  Ptop.  of  B.  5.  as  Clavius 
had  done.  ' 

PROP.  xxxn.    B.  VI. 

The  Enuntiation  of  the  preceding  2<S.  Prop,  is  not  general 
enough ;  becaufe  not  only  two  fimilar  parallelograms  that  have  an 
angle  common  to  both^are  about  the  fame  diameter ;  but  likewife 
two  fimilar  parallelograms  that  have  vertically  oppofite  angles, 
have  their  diameters  in  tbe  fame  ftraight  line,  but  there  ieems  to 
have  been  another,  and  that  a  direct  Demonftration  of  thefe  cafes, 
to  which  this  3  2.  Propofition  was  needful,  and  the  3  2.  may  be 
otherwife  and  fomething  more  briefly  demonftrated  as  follows. 
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PROP.  xxxn.     B.  VI. 

If  two  triangles  which  have  two  fides  of  the  one,  &c. 

Let  GAF,  HFC  be  two  triangles  which  have  two  fides  AG, 
OF  proportional  to  the  two  fides  FH,  HC,  viz.  AG  to  GF,  as  FH 
to  HC ;  and  let  AG  be  parallel  to  FH,   .  ^ 

and  GF  to  HC ;  AF  and  FC  are  in  zA. 
ftraight  line.  _i 

Draw  CK  parallel  •  to  FH,  and  let-K 
it  meetGF  produced  in  K.  becaufe  AG, 
KC  are  each  of  them  parallel  to  FH, 
they  are  parallel  ^  to  one  another,  and]^ 
therefore  the  alternate  angles   AGF^ 
FKC  are  equal,  and  AG  is  to  GF,  as  (FH  to  HC,  that  is «)  CK<^-  34- 1< 
to  KF  5  wherefore  the  triangles  AGF,  CKF  are  equiangular  <*,  and  d.  c.  tf, 
the  angle  AFG  equal  to  the  angle  CFK.  but  GFK  is  a  fhaight 
line,  therefore  AF  and  FC  are  in  a  ftraight  line  ^. 

The  26.  Prop,  is  demonftrated  from  the  32.  as  follows. 

If  two  fimilar  and  fimilarly  placed  parallelograms  have  an  angle 
common  to  both,  or  vertically  oppofite  angles;  thdr  diameters  are 
in  the  fame  ftraight  line. 

Fu-ft,  Let  the  parallelograms  ABCD,  AEFG  have  the  angle 
BAD  common  to  both,  and  be  fimilar,  and  fimilarly  placed  | 
ABCD,  AEFG  are  about  the  fame  diameter. 


e.  14.  U 
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Book  VI.       Produce  EF,  GF,  to  H,  K,  and  join  FA,  FC.  then  bccaufc  the 

parallelograms  ABCD,  AEFG  are  fi-     ^  r* 

milar,  DA  is  to  AB,  as  GA  to  AE ;  Af^^    Y iD 

a.Cor.i9.5.  wherefore  the  remainder  DG  is  •  to  >.    t'  ^^ 

the  remainder  EB,  as  GA  to  AE.  but  jH  |  yv  jH 

DG  is  equal  to  FH,  EB  to  HO,  and 

AE  to  GF.  therefore  as  FH  to  HC, 

fo  is  AG  to  GF;  and  FH,  HC  are  pa-  'g 

rallel  to  AG,  GF;  and  the  triangles 


\ 

F 

K 


C 
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AGF,  FHC  are  joined  at  one  angle,  in  the  point  F ;  wherefore 
AF,  FC  are  in  the  fame  ftraight  line  K 

Next,  Let  the  parallelograms  KFHC,  GFEA  which  are  fimilar 
and  iimilarly  placed,  have  their  angles  KFH,  GFE  vertically  op- 
pofite;  their  diameters  AF,  FC  are  in  the  (ame  ftraight  line. 

Bccaufe  AG,  GF  are  parallel  to  FH,  HC;  and  that  AG  is  toGF, 
as  FH  to  HC ;  therefore  AF,  FC  are  in  the  fame  ftraight  line  *». 

PROP.  XXXm.     B.  VI. 

The  words  **  becaufe  they  arc  at  the  center,"  arc  left  out,  as  the 
addition  o{  (bme  unfkilful  hand. 

In  the  Greek,  as  al(b  in  the  Latin  Tranflatlon,  the  words  a  lrv'> 
;^i,  **  any  whatever,"  arc  left  but  in  the  Demonftration  of  both 
parts  of  the  Propofition,  and  are  now  added  as  quite  neccflary. 
and  in  the  Demonftration  of  the  fecond  part,  where  the  triangle 
B.GC  is  proved  to  be  equal  to  CGK,  the  illative  particle  off « in  the 
Greek  Text  ought  to  be  omitted. 

The  fecond  part  of  the  Propofition  is  an  addition  of  Theon's, 
as  he  tells  us  in  his  Commentary  on  Ptobmy's  Mt^axu  :Svrra^ic, 
p.  50. 

PROP.    B,  C,  D.     B.    VL 

Theie  three  Propofitions  are  added,  becaufe  they  are  frequently 
jnade  u&  of  by  Geometers. 


Book  XT. 


V 


D  £  F.  IX.  and  XI.     B.  XI. 

T^HE  fimilitude  of  plane  ^nres  is  defined  from  the  equality  of 
their  angles,  and  the  prop<Htionality  of  the  fides  about  th<; 
equal  angles  \  for  from  the  proportionality  of  the  fides  only,  or  only 
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£rom  the  equality  of  the  angles,  the  llinilitnde  of  the  figures  does  Book  XI. 
not  follow,  except  in  the  cafe  when  the  figures  are  triangles,  the 
fiinilar  pofidon  of  the  fides,  which  contain  the  figures,  to  <me  ano- 
ther, depending  partly  upon  each  of  theie.  and,  for  the  fame  rea- 
ion,  thofe  are  fimilar  iblid  figures  which  have  all  their  iolid  angles 
equal,  each  to  each,  and  are  contained  by  the  fame  number  of  fimi- 
lar plane  figures,  for  there  are  ibme  folid  figures  contained  by  fimi* 
lar  plane  figures,  of  the  fame  number,  and  eyenx)f  the  fame  mag- 
nitude, that  are  neither  fimilar  nor  equal,  as  fiiall  be  demodftrated 
after  the  Notes  on  the  i  o.  Definition,  upon  this  account  it  was 
nccefiary  to  amend  the  Definition  of  fimilar  folid  figures,  and  to 
place  the  Definidon  of  a  folid  angle  before  it.  and  from  this  and 
the  I  o.  Definition,  it  is  fufficiently  plain  how  much  the  Elements 
have  been  ipoiled  by  unfidlful  Editors. 

DEF.  X.     B.   XL 

Since  the  meaning  of  the  word  "  equal"  is  known  and  eftablifiied 
before  it  comes  to  be  uied  in  this  Definidon,  therefore  the  Propofi- 
don  which  is  the  i  o.  Definidon  of  this  Book,  is  a  Theorem  the 
truth  or  falihood  of  which  ought  to  be  demooftrated,  not  alTumed; 
fo  that  TheoD,  or  fome  other  Editor,  has  ignorantly  turned  a  The- 
orem which  ought  to  be  demonftrated  into  this  i  o.  Definidon.  that 
figures  are  fimilar,  ought  to  be  proved  from  the  Definition  of  fimi- 
lar figures*,  that  they  are  equal  ought  to  be  demonftrated  from  the 
Axiom,  *^  Magnitudes  that  wholly  coincide,  are  equal  to  one  ano- 
**  ther-,"  or  from  Prop.  A.  of  Book  ;.  or  the  9.  Prop,  or  the  14. 
of  the  fame  Book,  from  one  of  which  the  equality  of  ail  kind  of 
figures  muft  uldmately  be  deduced.  In  the  preceding  Books,  Eu- 
clid has  given  no  Definidon  of  equal  figmes,  and  it  is  certain  he  did 
not  give  this,  for  what  is  called  the  i.  Def.  of  the  3.  Book,  is  real- 
ly aTheorem  in  which  theie  circles  are  faid  to  be  equal,  that  have 
the  ftraight  lines  from  their  centers  to  the  circumferences  equal,  I 
which  is  plain  from  the  Definidon  of  a  circle,  and  therefore  has  by 
ibme  Editor  been  improperly  placed  among  the  Definitions.  The  ' 
equality  of  figures  ought  not  to  be  defined,  but  demonftrated. 
therirfbre  tho'  it  were  true  that  folid  figures  contained  by  the  fame 
number  of  fimilar  and  equal  plane^^ures^ure  equal  to  one  another, 
yet  he  would  juftlydeierve  to  be  blamed  who  fhould  make  a  Defi- 
nidoti  of  this  Propofidon  which  ought  to  be  demonftrated.  But  if 
tl^s  Pfopofition  be  not  true,  oiuft  it  not  be  confefTed  that  Geo- 
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Book  XI.  ters  have  for  theie  thtneen  hundred  years  been  miftaken  in  this 
Elementary  matter  i  and  this  fhould  teach  us  modefty,  and  to  ac 
knowledge  how  little,  thro'  the  wcakneis  of  our  minds^  we  are 
able  to  prevent  miftakes  even  in  the  piindples  of  fdences  which 
are  juftly  reckoned  amongft  the  moft  certain ;  for  that  the  Pro- 
pofidon  is  not  uoiverially  true  can  be  fhcwn  by  many  examples } 
the  following  is  fuffident. 

Let  there  be  any  plane  reftilineal  figure,  as  the  triangle  ABC, 
and  from  a  point  D  ^thin  it  draw  ^  the  ftraight  line  DE  at  right 
angles  to  the  plane  ABCj  in  DE  take  D£,  DF  equal  to  one  ano- 
ther, upon  the  oppofite  fides  of  the  plane,  and  let  G  be  any  pouit  in 
,  EFj  jom  DA,  DB,  DC-,  EA, EB,  EC;  FA,  FB,  FCj  GA,  GB, 
GC.  becaufe  the  ftraight  line  EDF  is  at  right  angles  to  the  plane 
ABC,  it  makes  right  angles  with  DA,  DB,  DC  which  it  meets  in 
that  plane;  and  in  the  triangles  EDB,  FDB,  ED  and  DB  are  equal 
to  FD  and  DB,  each  to  each,  and  they  contain  right  angles,  there- 

k  4»  r*  fore  the  bafe  EB  is  equal  ^  to  the  bafe  FB;  in  the  fame  manner  £A 
is  equal  to  FA,  and  EC  to 
FC.  and  in  the  triangles 
EBA,  FBA,  EB,  BA  are 
equal  to  FB,  BA,  and  the 
bafe  EA  is  equal  to  the 
bafe  FA  ;  wherefore  the 

r.  t.  r.      angle  EBA  is  equal  *  to  the 
angle  FBA,  and   the  tri- 
angle EBA  equal  ^  to  the 
triangle  FBA,  and  the  other  n 
angles  equal  to  the  other"^ 
(4.6,    smgles;  therefore  thcfe  tri- 

4.  <  i.I>cf.  angles  are  fimilar  <>.  in  the 
C  ff.     fame  manner  the  triangle 

EBC  is  fimilar  to  the  triangle  FBC,  and  the  triangle  EAC  to  FAC 
therefore  there  are  two  fblid  figures  each  of  which  is  contained  by 
fix  triangles,  one  of  them  by  three  triangles  the  common  vertes 
of  which  is  the  point  G,  and  their  bales  the  (baight  lines  AB,  EC, 
CA;  and  by  three  other  triangles  the  common  vertex  of  which  is 
the  p<nnt  £,  and  thdr  bafes  the  fame  lines  AB,  BCj^CA.  the  other 
fblid  is  contained  by  the  fame  three  triangles  the  common  vertex 
of  which  is  G,  and  their  bafes  AB,  BC,  CA;  and  by  three  other 
triangles  of  which  the  common  vertex  is  the  point  F,  and  their 
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bftfes  the  £une  ftraight  lines  AR,  BC,  CA.  now  die  three  triangles  Book  XI. 
GAB,  GBC,  GCA'are  common  to  both  foHds^and  the  three  others 
£AB,  £BC,  EGA  of  the  firft  folid  have  been  (hewn  equal  and  fi- 
milar  to  the  three  others  FAB,  FBC,  FCA  of  the  other  folid,  each 
to  each,  therefore  theie  two  foiids  are  contained  by  the  fame  num- 
ber of  equal  and  fimilar  planes,  but  that  they  are  not  equal  is  ma* 
nifcft,  becaufe  the  tirft  of  them  is  contained  in  the  other,  there- 
fore it  is  not  univerfaily  true  that  fblids  are  equal  which  are  con«> 
tained  by  the  fame  number  of  equal  and  fimtlar  planes. 

CoK.  From  this  it  appears  that  two  unequal  folid  angles  may 
be  contmncd  by  the  lame  number  of  equal  plane  angles. 

For  the  folid  angle  at  B  which  is  contained  by  the  four  plane 
angles  EBA,  £BC,  GBA,  GBC  is  not  equal  to  the  folid  angle  at 
the  fame  point  B  which  is  contained  by  the  four  plane  angles 
FBA,  FBC,  GBA,  GBC;  for  this  iaft  contains  the  other,  and  each 
of  them  is  contained  by  four  plane  angles,  which  are  equal  to  one 
anotheTf  each  to  each,  or  are  the  felf  fame  $  as  has  been  proved, 
and,  indeed,  there  may  be  innumerable  folid  angles  all  unequal  to 
one  another,  which  are  each  of  them  contained  by  plane  angles 
that  are  equal  to  one  another,  each  to  each,  it  is  likewife  manifeft 
that  the  before-mentioned  iblids  are  not  fimilar,  fmce  their  folid 
angles  are  not  all  equal. 

And  that  there  may  be  innumerable  folid  angles  all  unequal  to 
one  another,  which  are  each  of  them  contained  by  the  £ime  plane 
angles  difpofed  in  the  fame  order,  will  be  plain  from  the  three 
following  Flropoiiticns. 

PROP.    I.     PROBLEM. 

Three  magnitudes  A,  B,  C  bdng  given,  to  find  a  fonrth  fuch^ 
that  every  three  fhall  be  greater  than  the  remaining  one. 

Let  D  be  the  fourth,  therefore  D  mufl  be  lefs  than  A,  B,  C  to- 
gether, of  the  three  A,  B,.C  let  A  be  that  which  is  not  lefs  than 
cither  of  the  two  B  and  C.  and  firft,  let  B  and  C  together  be  not 
kfs  than  A;  therefore  B,  C»  D  together  are  greater  than  A.  and 
becaufe  A  is  not  lefs  than  B;  A,  C,  D  together  are  greater  than  B. 
in  the  like  mkanner  A,  B,  D  together  are  greater  than  C.  where- 
fore in  the  cafe  in  which  B  and  C  together  are  not  lefs  than  A, 
any  magnitude  D  which  is  lefs  than  A,  B,  C  together  will  anfwer 
the  Ptobkm. 

But  if  B  and  C  together  be  lefs  t&an  A,  then  becaufe  it  b  ro- 
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Book  XI.  quired  that  B,  Cj  D  together  be  greater  thaa  A,  from  each  of  thde 
taking  away  B,  C,  the  remaining  one  D  mnft  be  greater  thaft  the 
excefs  of  A  above  B  and  C  take  therefore  any  magnitude  D  which 
is  lefs  than  A,  B,  C  together^  but  greater  than  the  excefs  of  A  above 
B  and  C.  then  B,  C,  D  together  are  greater  than  A;  and  becaiiie 
A  is  greater  than  either  B  or  C,  much  more  wiU  A  and  D,  to- 
gether with  either  of  the  two  B,  C  be  greater  than  the  other. 
andy  by  the  conftru£bion,  A,  B,  C  are  together  greater  than  D. 

Cor.  If  befidesy  it  be  required  that  A  and  B  together  IhaH 
not  be  lefs  than  C  and  D  together  ^  the  excefs  of  A  and  B  toge- 
ther above  C  muft  not  be  lefs  than  D>  that  is  D  maft  not  be 
greater  than  that  excefs. 

PROP.  n.     PROBLEM. 

Four  magnitudes  A^  B,  C,  D  being  given,  of  which  A  and  B 
together  are  not  lefs  than  C  and  D  together,  and  fuch  that  any 
three  of  them  whatever  are  greater  than  the  foiirth ;  it  is  required 
to  find  a  fifth  magnitude  £  fuch,  that  any  two  of  the  three  A,  3, 
£  ihall  be  greater  thaa  the  third,  and  alfo  that  any  two  of  the 
three  C,  D,  E  fiiall  be  greater  than  the  third.  Let  A  be  not  left  . 
than  B,  and  C  not  lefs  than  D. 

Fu-ft,  Let  the  excefs  of  C  above  D  be  not  lefs  than  the  excefs 
of  A  above  B.  it  is  plain  that  a  magnitude  £  can  be  taken  which 
is  lefs  than  the  fum  of  C  and  D,  but  greater  than  the  excefs  of  C 
above  D;  let  it  be  taken,  then  £  is  greater  likewife  than  the  ex- 
cefs of  A  above  B ;  wherefore  E  and  B  together  are  greater  than 
A ;  and  A  is  not  lefs  than  B,  therefore  A  and  £  together  are 
greater  than  B*  and,  by  the  Hypothefis,  A  and  B  together  are  not 
lefs  than  C  and  D  together,  and  C  and  D  together  are  greater 
than  £;  therefore  likewife  A  and  B  are  greater  than  £. 

But  let  the  excefs  of  A  above  B  be  greater  than  the  excefs  of  C 
above  D.  and,  becaufe,  by  the  Hypothefis,  the  three  B,  C,  D  are 
together  greater  than  the  fourth  A;  C  and  D  together  are  greater 
than  the  excefs  of  A  above  B.  therefore  a  magnitude  may  be  taken 
which  is  Jefs  than  C  and  D  together,  but  greater  than  the  exce&  of 
A  above  B.  Let  this  magnitude  be  £,  and  becauie  £  is  greater  than 
the  excefs  of  A  above  B,  B  together  with  £  is  greater  than  A.  and, 
as  in  the  preceding  cafe,  it  may  be  (hewn  that  A  together  with  £  is 
greater  than  B,  and  that  A  together  with  B  is  greaftcr  thaa  £. 
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therefore  in  ciach  of  the  cafes  it  has  been  fhe^^  that  $aiy  two  of  BookXL 
the  three  Ay  B,  £  are  greater  than  the  third. 

And  becaufe  in  each  of  the  cafesi  E  is  greater  than  the  excels  of 
C  above  D,  E  together  With  D  is  greater  than  C,  and^  by  the  Hy« 
po.thefis,  C  is  Hot  lefs  than  D,  therefore  £  together  with  C  is 
greater  than  D  \  and»  by  the  cooftrndion,  C  and  D  together  are 
greater  than  £.  therefore  any  two  of  the  threej  C,  D,  £  are  greater 
Chan  the  third. 

PROP*    ra.     THEOREM. 

There  may  be  innumerable  iblid  angles  all  unequal  to  one  amv 
ther,  each  of  which  is  contained  by  the  fame  four  plane  angles^ 
placed  in  the  fame  order* 

Take  three  plane  angles  A,  B,  C,  of  which  A  is  not  lefs  than 
«thcr  of  the  other  two,  and  fuch,  that  A  and  B  together  are  le6 
than  two  right  angles;  and  by  Problem  i.  and  its  Corollary,  find  a 
fourth  angle  D  fuch,  that  any  three  whatever  of  the  angles  A,  B, 
C,  D  be  greater  than  the  remaining  angle,  and  fuch,  that  A  and  B 
together  be  not  lefs  than  C  and  D  together,  and  by  Problem  2.  find 
a  fifth  angle  E  fuch,  that  any  two  of  the  angles  A,  B,  E  be  greater 
than  the  third,  and  alfo  that  any  two  of  the  angles  C,  D,  E  be 


greater  than  the  third,  and  becaufe  A  and  B  together  are  lefs  than 
two  right  angles,  the  double  of  A  and  B  together  is  Jefs  than  four 
right  angles,  but  A  and  B  together  are  greater  than  the  angle  £, 
wherefore  the  double  of  A  and  B  together  is  greater  than  the  three 
angles  A,  B,  £  together,  which  three  are  confequently  lefs  than 
foor  right  Singles  *,  and  every  two  of  the  lame  angles  A,  B,  £  are 
greater  than  the  third ;  therefore,  by  Prop.  23.  1 1 .  a  foKd  angle 
may  be  made  contained  by  three  plane  angles  equal  to  the  angles 
A,  B,  £,  each  to  each.  Let  this  be  the  angle  F  contained  by  the 
three  plane  angles  GFH^  HFK,  GFK  which  are  equal  to  the  angles 
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Book  Xf .  A,  B,  E,  each  to  each,  and  becanie  the  angles  C,  D  together  an 
not  greater  than  the  angles  A,B  together,  therefore  the  angles  C, 
D)  £  are  not  greater  than  the  angles  A,  B,  £.  but  thele  lafi  diree 
are  lefs  than  four  right  angles,  as  has  been  demonftrated,  where- 
fore alfo  the  angles  C,  D,  E  are  together  lefs  than  four  right  angles, 
and  every  two  of  them  are  greater  than  the  third ;  therefore  a  iblid 
angle  may  be  made  which  ihall  be  contained  by  three  plane  angles 
3-  "•  equal  to  the  angles  C,  D,  E,  each  to  each*,  and  by  Prop.  2f  *  1 1. 


a.  X 


at  the  point  F  in  the  ftraight  line  FG  a  folid  angle  may  be  made 
equal  to  that  which  is  contained  by  the  three  plane  angles  that 
are  equal  to  the  angles  C,  D,  £.  let  this  be  made^  and  let  the  angle 
GFK> which  is  equal  to  E,be  one  of  the  threes  and  let  KFL,GFL 
be  the  other  two  which  are  equal  to  the  angles  C,  D,  each  to 
each,  thus,  there  is  a  folid  angle  conftituted  at  the  poiift  F  con- 
tained by  the  fonr  plane  angles  GFH,  HFK,  KFL,  GFL  which 
are  equal  to  the  angles  A,  B,  C,  D,  each  to  each. 

Again,  Find  another  angle  M  fuch,  that  every  two  of  the  three 
angles  A,  B,-M  be  greater  than  the  third,  and  alio  every  two  of 
the  three  C,  D,  M  be  greater  than  the  tlurd.  and,  as  in  the  pre^ 
ceding  part,  it  may  be  demon«* 
(h-ated  that  the  three  A,  B,  M 
are  lefsthan  four  right  angles,  as 
alfo  that  the  three  C,  D,  M  are 
lefs  than  four  right  angles.  Make 
therefore  ■  a  folid  angle  at  N  ^ 
contained  by  the  three  plane  an-  ^ 
gles  ONP,  PNQ^  ONQ ,  which 

are  equal  to  A,  B,  M,  each  to  each,  and  by  Prop.  26.  ii.  make 
at  the  point  N  in  the  ftraight  line  ON  a  folid  angle  contained 
by  three  plane-  angles  of  which  one  is  the  angle  ONC^equal 
foM>  and  the  other  two  are  the  angles  QNR,  ONR  which  are 


NOTES.  ^3^ 

tqual  to  the  angles  C,  D^  each  to  each,  thus  at  the  point  N  there  Book  XU 
is  a  folid  angle  contained  by  the  four  plane  angles  ONP,  PNQ^ 
QNR,  ONR  which  are  equal  to  the  angles  A,  B,  C,  D,  each  to 
each,  and  that  the  two  fblid  angles  at  the  points  F^  N,  each  of 
which  is  contained  by  the  above  named  four  plane  angles,  aic  not 
equal  to  one  another,  or  that  they  cannot  coincide,  wiH  bfe  plain' 
by  confidering  that  the  angles  GFK,  ONQj  that  is,  the  angks 
E,  M  are  unequal  by  the  conftruftioH,  and  therefore  the  ftraight 
lines  GF,  FK  cannot  coincide  with  ON,  NQ^  nor  coufequently 
can  the  folid  angles,  which  therefore  are  unequal.  * 

And  becauie  from  tlie  three  giv^  plane  angles  A,  B,  C  thcrcf 
can  be  found  innumerable  other  angles  that  will  ferve  the  fame  pur- 
pofewith  the  angle  D,  mid  again  from  Dor  any  one  of  thefe  others^ 
and  the  angles  A,  B,  C,  there  may  be  found  innumerable  angles^ 
fuch  as  E  or  M ;  it  is  plain  that  innumerable  other  folid  angles 
may  be  cdnftituted  which  are  each  contained  by  the  fame  four 
plane  angles,  and  all  of  them  unequal  to  one  another.  Q^E.  I>/, 

And  from  this  it  appears  that  Clavius  and  other  Authors  are  mil^ 
taken  who  aflert  that  thofe  folid  angles  are  equal  which  are  con-/ 
tained  by  the  fame  number  of  plane  angles  that  are  equal  to  one  ancv 
ther,  each  to  each,  alfo  it  is  plain  that  the  26.  Prop,  of  Book  i  iv 
is  by  no  means  fufficientlydcmonftrated,becaufe  the  equality  of  t\vor 
lolid  angles,  whereof  each  is  contained  by  three  plane  angFes  which 
are  equal  to  one  another,  each  to  each,  is  only  aflumed,  and  noj^ 
demonflrated. 

P  R  O  P.     I.      B.    XL 

The  words  at  the  end  of  this, "  for  a  ftraight  line  cannot  meet 
**  a  ftraight  line  in  more  than  one  point,"  are  left  out,  as  an  ad- 
ciition  by  fome  unlkilful  hand  ^  for  this  is  to  be  demonflrated,  not 
aflumed. 

Mr.  Thomas  Simpfon,  in  his  notes  at  fhe  end  of  the  2d  Edition 
of  his  Elements  of  Geometry,  p.  262.  after  repeating  the  wordd-of 
this  note,  adds  "  Now  can  it  poffibly  (hew  any  want  of  flcill  in  an' 
**  editor"  (he  means  Euclid  or  Theon)  "  to  refer  to  an  Axiom  which 
**  Euclid  himfelf  had  laid  down  Book  i.N®  14."  (he means  Bar-? 
row's  Euclid,  for  it  is  the  i  cth  in  the  Greek)  "  and  not  to  have 
"  demonftrated,what  no  man  candemonftrate?"  But  all  that  in  this* 
cafe  can  follow  from  that  Axiom  is,  that  if  two  ftraight  lines  could, 
meet  each  other  in  twa  points,  the  parts  of  them  betwixt  thefe 
points  muft  coincide,  and  fo  they  would  have  a  fegment  betwixt 
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Book  XI  tfacfc  points  common  to  both.  Now,  as  it  has  not  been  fhewn  is 
Euclid,  that  they  cannot  have  a  common  (egment,  this  does  not 
prove  that  they  cannot  meet  in  two  points,  from  which  thdr  not 
having  a  common  iegment  is  deduced  in  the  Greek  Edkioo.  bat^ 
on  the  contrary,  becaufe  they  cannot  have  a  common  (egment^  as 
is  (hewn  in  Cor.  of  1 1.  Prop.  fi.  i.  of  4ta  Edition,  it  follows 
plainly  that  they  cannot  meet  in  two  pdnts,  which  the  remarker 
iays  no  man  can  demonitrate* 

Mr.  Simpfbn  in  the  fame  notes,  p.  2  6  5.  juftly  oUcrves  that  in 
the  Corollary  of  Prop.  1 1.  Book  i.  4to«£dit.  the  ffa*aight  lines  Afi^ 
BD,  BC,  are  fuppoied  to  be  all  m  the  fame  plane,  which  cannot  be 
flfTumed  in  i.  Prop.  B.  ii.  this,  (bon  after  the  4to.  Edition 
was  publifhed,  I  obierved  and  correfted  as  it  is  now  in  this  Edition, 
he  is  miftaken  in  thinking  the  i  oth  Axiom  he  mentions  here,  to 
be  Euclid's ;  it  is  none  of  Euclid^  but  is  the  i  oth  in  Dr.  Barsow's 
Edition,  who  had  it  from  Herigon's  Curfus  Vol.  i.  and  in  place 
of  it  the  Corollary  c^  1 1  •  Prop«  Book  i.  was  added. 

P  R  O  P.    n.      B.    XI. 

This  Propofition  feems  to  have  been  changed  and  vitiated  by 
^  fbme  Editor ;  for  all  the  figures  defined  in  the  1.  Book  of  the 
Elements,  and  among  (hem  triangles,  are,  by  the  Hypothefis,  plane 
figures ;  that  is,  fuch  as  are  defcribed  in  a  plane ;  wherefore  the 
lecond  part  of  the  Ennntiation  needs  no  Demonflration.  befides  a 
convex  fiiperfides  may  be  terminated  by  three  fb^ght  lines  meet* 
ing  one  another,  the  thing  that  fhould  have  been  demonfb-ated  is, 
that  two,  of  three  flraigbt  lines  that  meet  one  another,  are  in  one 
plane,  and  as  this  is  not  AtfEdently  done,  the  Enuatiation  and 
Bemonfttation  are  changed  into  thole  now  put  into  the  Text. 

PROP.    in.     B.    XI. 

In  this  Propofition  the  following  words  near  to  the  end  of  it  are 
left  out,  viz. "  therefore  DEB,  DHB  are  not  Itraight  lines,  in  the 
*'  like  manner  it  may  be  demonffa^ted  that  there  can  be  no  other 
flraight  line  between  the  points  D,  B.**  becaufe  from  this  that  two 
lines  include  a  fpace,  it  only  follows  that  one  of  them  is  not  a 
Araight  line,  and  the  force  of  the  argument  lies  in  this,  viz.  if 
the  common  fedlion  of  the  planes  be  not  a  fbraight  line,  then  two^ 
Araight  lines  could  include  a  fpace,  which  is  abfurd  ^  therefore 
the  common  feAion  is  a  firaighc  btCr 


NOTES. 

PROP.    IV.     B.    XI. 

The  words  <'  and  the  triangle  AED  to  the  triangle  BEC  are 
omitted,  becaufe  the  vhole  concluiion  of  the  4.  Prop.  B.  i.  has 
been  (b  often  repeated  in  the  preceding  Books,  it  was  needlefi  tp 
Kftax  it*here. 

PROP.    V.     B.    XI. 
In  this,  near  to  the  end,  imriloy  ought  to  be  left  out  in  the 
Gr«ek  text,   and  the  word  "  plane"  is  rightly  left  out  in  the  Ox- 
ford Edition  of  Commandine^s  Tranflation. 

PROP.    Vn.     B.    XI. 

This  Proportion  has  been  put  into  this  Book  by  ibme  unikllful 
Editor,  as  is  evident  from  this,  that  ffaraight  lines  which  are  drawn 
from  one  point  to  another  in  a  plane,  are,  in  the  preceding  Books, 
fuppoied  to  be  in  that  plane,  and  if  they  were  not,  fome  Demon- 
ftrations  in  which  one  ftraigbt  line  is  fdppofed  to  meet  another 
would  not  be  conclufive,  becaufe  thefe  lines  would  not  meet  one  ' 
another,  for  inftance,  in  Prop.  30.  B.  i.  the  ftraight  line  GK 
would  not  meet  EF,  if  GK  were  not  in  the  plane  in  which  are  the 
parallels  AB,CD,  and  in  which,  by  Hypothcfxs,  the  ftraight  line 
EF  is.  befides,  this  7.  Propofition  is  demonftrated  by  the  preced- 
ing 3.  in  which  the  very  thing  which  is  propofed  to  be  demon-* 
ftrated  in  the  7,  is  twice  aflumed,  viz.  that  the  ftraight  line  drawn 
from  one  point  to  another  in  a  plane,  is  in  that  plane ;  and  the 
fame  thing  is  afliimed  in  the  preceding  6.  Prop,  in  which  the 
ftraight  line  which  joins  the  points  B,  D  that  are  in  the  plane  to 
which  AB  and  CD  are  at  right  angles,  is  fuppoied  to  be  in  that 
plane,  and  the  7.  of  which  another  Demonftration  is  given,  is 
kept  in  the  Book  merely  to  preferve  the  number  of  the  Propofitionsi 
for  it  is  evident  from  the  7.  and  35.  Definitions  of  the  i*  Book, 
tho'  it  had  not  b^n  in  the  Elements. 

PROP.    Vm.    B.    XI, 

In  the  Greek,  and  inCommandine's  and  Dr.  Gregory's  Tranfla* 
tions>  near  to  the  end  of  this  Propofition,  are  the  following  words, 
•*  but  DC  is  in  the  plane  thro'  BA,  AIT  inftead  of  which  in  the 
Oxford  edition  of  Commandine's  tranflation,  is  rightly  put  ^  but 

^  DC  is  in  the  plane  thro'  BD,  JDA."  but  all  the  Editioas  bavo 
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9ookXl.  the  following  words,  viz.  "  becaufe  AB,  BD  are  in  the  plane  throf 
"  BD,  DA,  and  DC  \s  in  the  plane  in  which  are  AB,  BD,**  which 
are  manifeftly  cormptcd,  or  have  been  added  to  the  Tfext ;  for  there 
was  Aot  the  leaft  neceffity  to  go  fo  fiir  about  to  fliew  that  DC  ii 
irt  the  fame  plane  in  which  are  BD,  DA,  becaufe  it  Immediately 
follows  from  Prop.  7.  preceding,  that  BD,  DA  are  in  the  plane  iti 
which  are  the  pai*allels  AB,  CD.  therefore  inftead  of  thefe  words 
there  ought  only  to  be  *''  becaufe  all  three  are  in  the  plane  in 
?^  whidi-  are  the  parallels  AB,  CD."  '         '  .'       ''      ' 

PROP.    XV.     B.    XL 

After  the  words,  "  aad  becaufe  BA  is  parallel  to  GH,**  the 
following  are  added  *'  for  each  of  them  is  parallel  to  DE,  and  are 
f*  not  both  in  the  fame  plane  with  it,"  as  being  manifeftly  forgottefi 
^o  be  put  into  the  Text. 

PROP.    XVI.     B.    XT. 

In  this,  near  to  the  epd,  inftead  oif  the  wojrds  **  but  ftraight  lines 
^'  which  meet  neither  way"  ought  to  be  read  *'  but  ftraight  Unci 
♦^  in  the  fame  plane  which  produced  meet  neither  way.**  becaufe 
tho'  in  citing  this  Definition  in  Prop.  27.  B.  i.  it  was  not  nc- 
ceflary  to  mention  the  words,  "  in  the  fame  plane"  all  the  ftraight 
lines  in  the  Books  preceding  this  being  in  the  lame  plane ;  ya 
|iere  it  was  quite  neceflary. 

PROP.    XX.     B.    XI. 

Jn  this,  near  the  be^ning,  are  the  words,  **  but  if  not,  let  B AC 
f^  be  the  greater."  but  the  angle  BAC  may  happen  to  be  equal  to 
one  of  the  other  two.  wherefore  this  place  fliould  be  read  thus, 
V  but  if  not,  let  the  angle  BAC  be  hot  leiTs  than  either  of  the  other 

two,  but  greater  than  DAB." 
At  the  enfl  df  this  Proppfition  it  is  faid,  **  in  the  feme  manner 

it  may  be  demonftrated,"  Ao*  there  is  no  need  of  any  Dcmon- 
flration ;  becaufe  the  angle  BAC  being  not  lefs  than  dthcr  of  the 
other  two,  it  is  evident  that  BAC  together  with  one  of  them  iS 
greater  than  the  other.  ' 

PROP.   xxn.    B.   XI. 

And  fikewife  in  this,  near  the  beginning,  it  is  laid,  "  but  if  not, 
^t  Ipt  the  angl2^tfet  B,  E^  H  be  uaequal,  and  let  ijie  angle  at  B  b^ 


€i 


€i 


NOTES.  343 

« 

•*  greater  than  either  of  thofe  at  E,  H."  which  words  manifefUy  BookXt. 
ihew  this  place  to  be  vitiated^  becaufe  the  angle  at  B  may  be  equal 
to  one  of  the  other  two.  they  ought  therefore  to  be  read  thus, "  but 
^*  if  not,  let  the  angles  at  B,  £,  H  be  unequal,  and  let  the  angle 
*^  at  B  be  not  lefs  than  either  of  the  other  two  at  E,  H.  therefore 
the  ftraight  line  AC  is  not  lefs  than  either  of  the  two  DF,  GK.* 
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PROP.    XXm.     B.    XI. 

The  Demonftration  of  this  is  made  fomething  (horter,  by  not 
repeating  in  the  third  cale  the  things  which  were  demonftrated  in 
the  firft ;  and  by  making  ufe  of  the  conftruftion  which  Campanus 
has  given  5  but  he  does  not  dcmonftrate  the  fecond  and  third  cafes, 
the  conftruflion  and  demonftration  of  the  third  cafe  are  made  % 
little  more  iimple  than  in  the  Greek  Text. 

PROP.    XXIV.     B.    H. 

The  word  **  fmjilar"  is  added  to  the  Enuntiation  of  this  Proper 
fition,  becaufe  the  planes  containing  the  folids  which  are  to  be  de» 
monftrated  to  be  equal  to  one  another  in  the  25.  Propofition, 
ought  to  be  fimilar  and  equal;  that  the  equality  of  the  folids  may 
be  inferred  from  Prop.  C.  of  this  Book,  and  in  the  Oxford  Edi^r 
tion  of  Commandine's  Tranflatioa,  a  Corollary  is  added  to  Prop. 
24.  to  fhew  that  the  parallelograms  mendoned  in  this  Propofition 
are  fimilar,  that  the  equality  of  the  folids  in  Prop.  25.  may  be 
deduced  from  the  i  o.  Def.  of  B.  1 1. 

PROP.    XXV.  and  XXVI.    B.  XI. 

In  the  25.  Prop,  folid  figures  which  arc  contained  by  the  fame 
number  of  fimilar  and  equal  plane  figures,  are  (uppofed  to  be  equ4 
to  one  another,  and  it  feems  that  Theon,  or  fome  other  Editor, 
that  he  might  fave  himfelf  the  trouble  of  demonftrating  the  folid 
figures  mentioned  in  this  Propofition  to  be  equal  to  one  another, 
has  inferted  the  i  o.  Def.  of  this  Book,  to  fervc  inftead  of  a  De- 
jnonftration  ;  which  was  very  ignorantly  done. 

Likewife  in  the  a  6.  Prop,  two  folid  angles  are  fuppofed  to  bo 
equal,  if  each  of  them  be  contained  by  three  plane  angles  which' 
are  equal  to  one  another,  each  to  each,  and  it  is  ftrange  enough, 
that  none  of  the  Commentators  on  EucMd  have,  as  far  as  I  know, 
perceived  that  fomething  is  wanting  in  the  demonftrations  of  thef^ 
fwo  Propofitions.     Clavius,  indeed,  in  a  note  upon  the  n,  Dgf< 
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Book  XL  of  this  Bode,  affinns,  that  it  is  evicfent  that  thole  fiJid  an^es  are 
L^y^^  equal  which  are  cootained  by  the  (ame  number  cf  plane,  angles, 
equal  to  one  another,  each  to  each,  becaufe  they  will  ccxadA^  if 
they  be  concdved  to  be  placed  within  one  another  ;  bat  this  is  lad 
without  any  proof,  nor  is  it  always  true,  except  when  die  fo&d 
angles  are  contained  by  three  plane  angles  only,  which  are  equal 
to  one  another,  each  to  each,  and  in  this  cafe  the  prc^fitkn  is  the 
fame  with  this,  that  two  fpherical  triangles  that  are  equilateral  to 
one  another,  are  alio  equiangular  to  one  another,  and  can  ooia-' 
cide;  which  ought  not  to  be  granted  without  a  demofiAratioiL 
Euclid  does  oot  alTume  this  in  the  cafe  of  rectilineal  triangles,  but 
demonilrates  in  Prop.  8.  B»  i.  that  triangles  which  are  eqoir 
lateral  to  one  another  are  alio  equiangular  to  one  another;  and  from 
this  their  total  equality  appears  by  Prop.  4.  B.  i.  and  Menfr- 
laus,  in  the  4*  Prop,  of  his  i.  Book  of  Spherics,  explicitly  de« 
monftrates  that  fpherical  triangles  which  are  mutually  equilateral, 
are  alio  equiangular  to  one  another ;  from  which  it  is  eafy  to  ibew 
that  they  muft  coincide,  providing  they  have  their  ildes  dilpofed 
}n  the  fame  order  and  fituation. 

To  fupply  thefe  defeAs,  it  was  neceflary  to  add  the  three 
Propofitions  marked  A,  B,  C  to  this  Boo]&  for  the  25.  26.  and 
2  8.  Proportions  of  it,  and  confequendy  eight  others,  viz.  the 
27.  31-  32.  33.  34.  36.  37.  and  40.  of  the  iame,  which 
depend  upon  them,  have  hitherto  fiood  upon  an  infirm  foun? 
fdatlon  ;  a^  alio,  the  8.  12.  Cor.  of  17.  and  18.  of  the  I2. 
Book,  which  depend  upon  the  9.  Definition,  for  it  has  been 
ihewn  in  the  Notes  on  Def.  i  o.  of  this  Book,  that  folid  figures 
which  are  contained  by  the  fame  numbp*  of  fimilar  and  equal 
plane  figures,  as  alio  fblid  angles  that  are  contained  by  the  fame 
number  of  equal  plane  angles  are  not  always  equal  to  one  another. 
It  is  to  be  obienwd  that  Tacquet,  in  his  Euclid,  defines  equal 
folid  angles  to  be  fach,  '^  as  being  put  within  one  another  do  coin* 
f '  dde.**  but  this  is  an  Axiom,  not  a  Definition,  for  it  it  true  c^ 
all  magnitudes  whatever,  he  made  this  ufelefs  Definition,  that 
|)y  it  he  might  demonfh-ate  the  36.  Prop,  of  this  Book  without 
the  help  of  the  35.  of  the  fame*  concerning  which  Demonffanat 
|ion,  fee  ^e  Note  upcxi  Prop.  36. 

PROP,  xxvnr.   b.  xi. 

In  this  it  ought  to  have  been  demonftrated,  not  afiiuned,  that 
>         the  diagonals  are  in  one  plape.     Qavius  has  fiipplied  this  defe^* 
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Book  XI. 

PROP.    XXIX.     B.    XI. 

There  arc  three  Cafes  of  this  Propofition;  the  firft  is  when  the 

two  parallelograms  oppofite  to  the  bafe  AB  have  a  fide  common  to 

both  \  the  fecond  is^  when  thefe  parallelograms  are  feparatec^  from 

one  another  ^  and  the  thirds  when  there  is  a  part  of  them  common 

to  both ;  and  to  this  lafl  only  the  Demonfh^tion  that  has  hitherto 

been  in  the  Elements  does  agree.     The  iirll  Ca(e  is  immediatelj 

deduced  from  the  preceding  2  8*  Propofition,  which  feems  for  this 

porpofe  to  have  been  premifed  to  this  29.  for  it  is  ncccITary  to  non^ 

but  to  it,  and  to  the  40.  of  this  Book,  as  wc  now  have  it,  to 

which  laft  it  would,  without  doubt,  have  been  premifed,  if  Euclid 

^ad  not  made  ufe  of  it  in  the  29.  but  fome  unfkilful  Editor  has 

taken  it  away  from  the  Elements,  and  has  mutilated  Euclid's  De* 

monftration  of  the  other  two  Cafes,  which  is  now  reilored,  and 

ferves  for  both  at  once. 

PROP.    XXX.     B.    XI. 

In  the  Dcmonftration  of  this,  the  oppofite  planes  of  the  Iblid 
CP,  in  the  figure  in  this  Edition  ;  that  is,  of  the  folid  CO  in  Com- 
mandine's  figure,  are  not  proved  to  be  parallel ;  which  it  is  proper 
to  do  for  the  fake  of  learners. 

PROP.   XXXt.     B.   XI. 

There  are  two  Cafes  of  this  Propofition  ;  the  firft  is  when  the 
tnfifting  ftraight  lines  are  at  right  angles  to  the  bafes ;  the  other 
when  they  are  not.  the  firft  Cafe  is  divided  again  into  two  others, 
one  of  which  is  when  the  bafes  are  equiangular  parallelograms;  the 
other  when  they  are  not  equiangular,  the  Greek  Editor  makes  nq 
mention  of  the  firft  of  thefe  two  laft  Cafes,  but  has  inferted  the  Dc- 
monftration of  it  as  a  part  of  that  of  the  other,  and  therefore  (hould 
have  taken  nodceof  it  in  a  Corollary;  but  we  thought  it  better  to 
give  thefe  two  cafes  feparately.  the  Demonftration  alfo  is  made- 
ibmething  fliorter  by  following  the  way  Euclid  has  made  ufe  of  in 
Prop.  1 4.  B.  6.  befides,  in  the  Demonftration  of  the  cafe  in  which 
the  infifting  ftraight  lines  are  not  at  right  angles  to  the  bafes,  the 
Editor  does  not  prove  that  the  folids  defcribed  in  the  conftrudlion 
are  parallelepipeds,  which  it  is  not  to  be  thought  that  Euclid  ne- 
glei^cd.  alfo  the  words,  "  of  which  the  infifting  ftraight  lines  are 
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Book  XL  **  not  in  the  fame  ftraight  lines,**  have  been  added  by  fome  unfldl- 
fol  hand  9  for  they  may  be  in  the  fame  ftraight  lines. 

PROP.  XXXn.     B.  XL 

The  Editor  has  forgot  to  order  the  parallelogram  FH  to  be  ap- 
plied in  the  angle  FGH  equal  to  the  angle  LCG,  which  is  necet 
fary,     Clavias  has  fupplied  this. 

Alfo,  in  the  conftruftion,  it  is  required  to  complete  the  fblid  of 
which  the  bafe  is  FH,  and  altitude  the  fame  with  that  of  the  folid 
CD  \  but  this  does  not  determine  the  fblid  to  be  completed,  fiacs 
there  may  be  innumerable  fblids  upon  the  fame  bafe,  and  of  the 
fame  altitude,  it  ought  therefore  to  be  faid  **  complete  the  fblid  of 
*'  which  the  bafe  is  FH,  and  one  of  its  infifting  ftraight  lines  h 
**  FD."  the  fame  correftion  muft  be  made  in  the  following  Pro- 
pQfition  33, 

PROP,  D,     U.  XI, 

It  is  very  probable  that  Euclid  gave  this  Propofition  a  plac^  in 
the  Elements,  fince  he  gave  the  like  Propofition  concerning  equi- 
angular parallelograms  in  the  23.  B.  6. 

PROP.   XXXIV.     B.   XL 

In  this  the  words,  «»  «/  ififiaa/  vx.  ewh  It/  tZv  ouurZv  itj9et^9, 
**  of  which  the  inilfUng  flraight  lines  ai'e  not  in  the  fame  ftraight 
•^  lines"  ^re  thrice  repeated ;  but  thefe  words  ought  either  to  be 
left  out,  as  they  arc  by  Clavius,  or  in  place  of  them  ought  to  be  put 
**  whether  the  infifting  ftraight  lines  be,  or  be  not,  in  the  fame 
*^  ftraight  lines***  fpr  the  other  Cafe  is  witliout  any  reafon  excluded, 
alfo  the  words,  ur  rx  v^n,  "  of  which  the  altitudes"  are  twice  put 
for  af  ol!  i^tfa^it^,  "  of  which  the  infifting  ftraight  lines;**  which  is 
R  plain  miftake.  for  the  altitude  is  always  a?  right  angles  to  the  bafe, 

PROP.  XXXV.     B.  XL 

The  angles  ABH,  DEM  are  demouftrated  to  he  right  angles  ia 
ft  (horter  way  than  in  the  Greek ;  and  in  the  fame  way  ACH,DFM 
may  be  demonftrated  to  be  right  angles,  alfo  the  repetition  of  thq 
fame  Demonfbration,  which  begins  with  "  in  the  fame  manner,**  is 
jeft  out,  as  it  was  probably  added  to  the  Text  by  fome  Editor ;  for 
the  words?,  **  in  like  manner  \\ce  may  demoi^ftrate"  are  not  inferted 
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except  when  the  Dcmonftration  is  not  given,  or  when  it  is  fomc^  BookXI. 
rhing  different  from  the  other,  if  it  be  given,  as  in  Prop.  26.  of  V^^y^^ 
this  Book.     Campanus  has  not  this  repetition. 

We  have  given  another  Demonftration  of  the  GoroUary,befides 
the  one  in  the  Original,  by  help  of  which  the  following  36.  Pi"0- 
pofitloa  may  be  demonftj-ated  without  the  35. 

PROP.    XXX VL      B.    XI. 

Tacquet  in  his  Euclid  demonflratcs  this  Pfopofition  without  the 
help  of  the  35.  but  it  is  pLiin  that  the  folids  mentioned  in  the 
Greek  Text  in  the  Enuntiacion  of  the  Propofition  as  equiangular, 
are  fuch  that  their  folid  angles  arc  contained  by  three  plane  angles 
equal  to  one  another,  each  to  each ;  as  is  evident  from  the  con- 
ftruftion.  Now  Tacquet  does  not  demonftrate,  but  alTumes  thefe 
folid  angles  to  be  equal  to  one  another ;  for  he  fuppofes  the  folids 
to  be  already  made,  and  does  not  give  the  conftruftion  by  which 
they  are  made,  but,  by  the  fecond  Dcmonftration  of  the  preced- 
ing Corollary,  his  Demonftration  is  rendered  legitimate  likewiie  ia 
the  Gafe  where  the  foiids  are  conftrufted  as  in  U^e  Text* 

PROP.  XXXVII.     B.  XL 

In  this  it  is  afluraed  that  the  ratios  which  are  triplicate  of  thofc 
ratios  which  are  the  fame  with  one  another,  are  likewife  the  fame 
with  one  another;  and  that  thofe  ratios  are  the  feme  with  one  ano* 
ther,  of  which  the  triplicate  ratios  are  the  fame  with  one  another  i 
but  this  ought  not  to  be  granted  without  a  Demonftration,  nor  did 
Euclid  aftume  the  firft  and  eaiieft  of  thefe  two  Propofitions,but  de- 
monftrated  it  in  the  cafe  of  duplicate  ratios,  in  the  2  2. Prop. B.  6.  on 
this  account  another  Demonftration  is  given  of  this  Propofition  like 
to  that  which  Euclid  gives  in  Prop.  22.  B.  6.  as  Clavius  has  done^ 

PROP.  XXXVm.     B.  XI. 

When  it  is  required  to  draw  a  perpendicular  from  a  point  in  one 
plane  which  is  at  right  angles  to  another  plane,  unto  this  laft  plane, 
it  is  done  by  drawing  a  perpendicular  from  the  point  to  the  common 
fe£tion  of  the  planes;  for  this  perpendicular  will  be  perpendicular 
to  the  plane,  by  Def.  4.  of  this  Book,  and  it  would  be  foolifli  in 
this  cafe  to  do  it  by  the  11.  Propofition  of  the  fame,  but  Euclid*,a.  17.  txM 
Apollonius,  and  other  Geometers,  when  they  have  occafion  for  this  ^^^^  £^. 
Kroblem,  direft  a  perpendicular  to  be  drawn  from  the  point  to  tkc  ^*^^ 
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Book  XI.  plane,  and  conclade  that  it  will  fall  upon  the  common  (c&lon  of 
the  planes,  becaufe  this  is  the  very  fame  thing  as  if  they  had  Aiade 
u(e  of  the  conftra£Uon  abov^-mentioned,  and  then  concluded  that 
the  ftraight  line  muft  be  perpendicular  to  the  plane  j  bat  is  ex- 
prefled  in  fewer  words.  Ibme  Editor  not  perceiving  this,  thought 
it  was  neceflary  to  add  this  Propofition,  which  can  never  be  of  aoy 
Hie,  to  the  1 1.  Book,  and  its  being  near  to  the  end  among  Pro- 
portions with  which  it  has  no  connexion,  b  a  mark  of  its  having 
been  added  to  the  Text* 

PROP.    XXXIX.      B.    XL 

In  this  it  is  fuppoied  that  the  ftraight  lines  which  -bifcA  the 
fides  of  the  oppofite  planes,  are  in  one  plane,  which  ought  to  have 
been  demonftrated ;  as  is  now  done. 


BookXn.  *'     ^°- 

THE  learned  Mr.  Moor,  Profcffor  of  Greek  in  the  Unlverfity 
of  Gkigow,  obferved  to  me  that  it  plainly  appears  from 
Archimedes  Epiftle  toDofitheus  prefixed  to  his  Books  of  the  Sphere 
and  Cylinder,  which  Epiftle  he  has  rcftored  from  antient  Manu- 
fcripts,  that  Eudoxus  was  the  Author  of  the  chief  Fropofitions  in 
(his  twelfth  Book. 

PROP.  n.  B.  XII. 
At  the  be^ning  of  this  it  is  faid,  *'  if  it  be  not  fo,the  fquare  of 
'<  BD  ftiall  be  to  the  fquare  of  FH,  as  the  circle  ABCD  is  to  fome 
''  fpace  either  lefs  than  the  cu-cle  EFGH,  c»-  greater  than  it."  and 
the  like  is  to  be  found  near  to  the  end  of  this  Propofidon,  as  alio  in 
Prop. '5.  II.  12.  1 8. of  this  Book,  concerning  which  it  is  to  be  ob- 
ierved,  that  in  the  Demonftration  of  Theorems,  it  is  fuflicient,  in 
this  and  the  like  cafes,  that  a  thing  made  ufe  of  in  the  reaibning  can 
poffibly  exift,  providing  this  be  evident,  tho'  it  cannot  be  exhibited 
or  found  by  a  Geometrical  conftru^on.  fo  in  this  place  it  is  a£* 
(umed  that  there  may  be  a  fourth  proportional  to  theie  three  magni« 
tudes,  viz.  the  fquares  of  BD,  FH,  and  the  circle  ABCD;  becaufe. 
It  is  evident  that  there  is  Ibme  fquare  equal  to  the  circle  ABCD, 
tho'  it  cannot  be  found  geometrically;  and  to  the  three  reAilineal 
figures^  viz.  ihc  fquares  of  BD,  FH,  and  the  fquare  which  is  equ^ 
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to  the  circle  ABCD»  there  is  a  fourth  fqnare  proportbual;  becaufe  Book  XII« 
to  the  three  ftraight  lines  which  are  their  fides  there  is  a  fourth  \^^y^J 
flraight  line  proportional',  and  this  fourth  fquare,  or  a  fpace  equala.  x».  tf. 
to  it,  is  the  fpace  which  in  this  Propofition  is  denoted  by  the  letter 
S.  and  the  like  is  to  be  underftood  in  the  other  places  above  cited. 
and  it  is  probable  that  this  has  been  (hewn  by  Euclid,  but  left  ouc 
by  fome  Editor }  for  the  Lemma  which  fome  unfkilful  hand  has 
added  to  this  Proportion  explains  nothing  of  it. 

PROP.   m.     B.    XII. 

In  the  Greek  Text  and  the  Tranfladons,  it  is  f^d,  *^  and  be* 
^'  caufe  the  two  ftraight  lines  B A,  AC  which  meet  one  another"  &c. 
here  the  angles  BAC,  KHL  are  demonftrated  to  be  equal  to  000 
another  by  i  o.  Prop.  B.  1 1.  which  had  been  done  before,  becauie 
the  triangle  EAG  was  proved  to  be  iimilar  to  the  triangle  KHL. 
this  repedtion  is  left  out,  and  the  triangles  BAC,  KHL  are  proved 
to  be  fimilar  in  a  ftiorter  way  by  Prop.  2 1.  B.  6* 

PROP.   IV-     B-   XIL 

A  few  things  in  this  are  more  fully  explained  than  in  the  Greek 
Text. 

PROP.  V.    B-  xn. 

In  this,  near  to  the  end,  are  the  words  «c  'i/iATfco^f  iW;t8if ,  ^  as 
<<  was  before  (hewn,'^  and  the  fame  are  found  agkm  in  the  end  of 
Prop.  X  8.  of  this  Book  j  but  the  Demonftradon  referred  to,  ex« 
cept  it  be  the  tfelefs  Lemma  annexed  to  the  2.  Prop,  is  no  where 
in  thefe  Elements,  and  has  been  perhaps  left  out  by  fome  Editor 
who  has  forgot  to  cancel  thofe  words  alio. 

PROP.  VI.    B.  xn. 

A  (horter  Demonftradon  is  given  of  this ;  and  that  which  is 
in  the  Greek  Text  may  be  made  (horter  by  a  ftep  than  it  is.  for 
theAathorof  it  makes  uieof  the  22.  Ptop.  of  B.  5.  twice, where- 
as  once  would  have  fenred  his  purpole ;  becaule  that  Propoiidoa 
extends  to  any  number  of  magnitudes  which  are  proportionals 
taken  two  an4  twoy  as  well  as  to  three  which  are  propordonol  to 
other  three. 
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COR,   PROP.  vm.   B.  xn. 


The  Demon ftration  of  this  is  imperfeft,  becaufe  it  is  not  (hewn 
that  the  triangular  pyramids  into  which  thofe  upon  multiingDlar 
bafes  are  divided,  are  funilar  to  one  another,  as  ought  neceflarily  to 
have  been  done,  and  is  done  in  the  like  cafe  in  Prop-  i  2.  of  this 
Book,  the  full  Demonftration  of  the  Corollary  is  as  follows. 

Upon  the  polygonal  bafcs  ABCDE,  FGHKL,  let  there  be  firoi- 
lar  and  fimilarly  fituated  p^Tamids  which  have  the  points  M,  N 
for  their  vertices,  the  pyramid  ABCDEM  has  to  the  pyramid 
FGHKLN  the  triplicate  ratio  of  that  which  the  fide  AB  has  to 
the  homologous  fide  FG. 

Let  the  pol5'gons  be  divided  into  the  triangles  ABE,  EBC,ECDj 

a.  to.  6.     FGL,  LGH,  LHK,  which  are  fimilar  '  each  to  each-  and  becaufe 

b.  II.  Dcf.  ^j^g  pyramids  arc  fimilar,  therefore  **  the  triangle  EAM  is  finiUar  to 
the  triangle  LFN,  and  the  triangle  ABM  to  FGN.  wherefore  «'  ME 
is  to  EA,  as  NL  to  LF ;  and  as  AE  to  EB,  fo  is  PL  to  LG,  fcecaulc 
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the  tiiangles  EAB,  LFG  arc  fiuMlar ;  therefore,  ex  aequali,  as  ME 
to  EB,  fo  is  NL  to  LG.  in  like  manner  it  may  be  (hewn  that  EB 
is  to  BM,  as  LG  to  GN;  therefore,  again,  ex  aequali,  as  EM  to 
MB,  fo  is  LN  to  NG.  wherefore  the  triangles  EMB,  LNG  having 

i*  ^  «#  their  fides  proportionals  are  ^  equiangular,  and  fimilar  to  one  ano- 
ther, therefore  the  pyramids  which  have  the  triangles  EAB,  LFG 
fbf  their  bafes,  and  the  points  M,  N  for  their  vertices  are  fimilar  *» 

c  B.  II.  to  ofie  another,  for  their  folid  angles  are  *  equal,  and  the  folids 
themfelves  are  contained  by  the  fame  number  of  fimilar  planes,  in 
the  fame  manner  the  pyramid  EBCM  may  be  fhev/n  to  be  fimih? 
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t*>  the  pyramid  LGHN,  and  the  pyramid  ECDM  to  LHKN.  and  BookXir.  ' 
bccaufe  the  pyramids  E ABM,  LFGN  are  fimilar,  and  have  trian- V.^YXi-' 
gular  bafcs,  the  pyramid  EABM  has  ^  to  LFGN  the  triplicate  ratio  f.  8.  i*. 
of  that  which  EB  has  to  the  homologous  fide  LG,  and,  in  the  fame 
manner,  the  pyramid  EBCM  has  to  the  pyramid  LGHN  the  tri- 
plicate ratio  of  that  which  EB  has  to  LG.  therefore  as  the  pyramid 
EABM  is  to  the  pyramid  LFGN,  fo  is  the  pyramid  EBCM  to  the 
pyramid  LGHN.  in  like  manner,  as  the  pyramid  EBCM  is  to 
LGHN,  fo  is  the  pyramid  ECDM  to  the  pyramid  LHKN.  and 
as  one  of  the  antecedents  is  to  one  of  the  confequcnts,  fo  aire  all 
the  antecedents  to  all  the  confequents.  therefore  as  the  pyramid 
EABM  to  the  pyramid  LFGN,  fo  is  the  whole  pyramid  ABCDEM 
to  the  whole  pyramid  FGHKLN.   and  the  pyramid  EABM  has 
to  the  pyramid  LFGN  the  triplicate  ratio  of  that  which  AB  ha$ 
to  FG,  therefore  the  whole  pyramid  has  to  the  whole  pyramid  the 
triplicate  ratio  of  that  which  AB  has  to  the  homologous  fide  FG« 
(^  E.  D. 

PROP.  3a-   and  XIL     B.  XIL 

The  order  of  the  letters  of'  the  Alphabet  is  not  oblerved  in 
thefe  two  Propoiitions,  according  to  Euclid's  manner,  and  is  now 
reftorcd.  by  which  means  the  firft  part  of  Prop,  i  2.  may  be  de- 
monftrated  in  the  fame  words  with  the  firft  part  of  Prop.  1 1.  oft 
this  account  the  Demonftration  of  that  firft  part  is  left  out,  and  at 
fumed  from  Prop.  1 1. 

PROP.   Xin.     B.   XIL 

In  this  Proportion  the  common  feftion  of  a  plane  paraflel  t©  the 
bafcs  of  a  cylinder,  with  the  cylinder  itlelf  is  fuppofed  to  be  a 
circle,  and  it  was  thought  proper  briefly  to  demonftrate  it ;  from 
whence  it  is  fufficiently  manifeft  that  this  plane  divides  the  cyliiv- 
der  into  two  others,  and  the  fame  ^hing  is  underftood  to  be  fup* 
plied  in  Prop.  1 4. 

p  R  o  P.  XV.    B.  xn. 

"  And  complete  the  cylinders  AX,  EO."  both  the  Enuntiatioft 
and  Expofition  of  the  Propofition  reprefent  the  cylinders  as  well  ad 
the  cones  as  already  defcribed.  wherefore  the  reading  ought  ratlicr 
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Book  Xlf .  to  be  ^^  and  let  the  cones  bo  ALQ  £NG  j  and  the  cyEnden  AS^ 

The  firft  Cafe  in  the  fecond  part  of  the  Demonfh'ation  is  wanti« 
ing;  ar.d  Ibmething  alfb  in  the  fecond  Cafb  of  that  part,  before  the 
repetition  of  the  conffaruftion  is  mentioned  ^  which  are  now  added. 

PROP.  xvn.   B.  xn. 

In  the  Ennntiation  of  this  Propofition  the  Greek  words,  «c  m 

fffajfac  xara  rtiv  iTrifi^etoLft  arethastranflatedbyComxnandine  and 
others,  *^  in  majori  folidum  polyhednim  defcribere  qacKi  minons 
**  fphaerae  fnperficiem  non  tangat ;"  that  is,  "  to  deiciibe  in  the 
*'  greater  fpherc  a  iblid  polyhedron  which  (hall  liot  meet  the  fbper' 
**  ficies  of  the  lefler  fphere."  whereby  they  refer  the  -words  xari 
rh  iTTifoifeiaf  to  thefe  next  to  them  t?c  khoioToroc  cf tf/f^C-  but  tliey 
ought  by  no  means  to  be  thus  tranflated,  for  the  fblid  poIjhednxK 
doth  not  only  meet  the  fuperficies  of  the  lefler  fpherc,  bnt  pervadci 
the  whole  of  chat  {phere.  therefore  the  forefaid  words  are  to  bere« 
iferred  to  ro  Ttptoy  weKutlfoVf  and  ought  thus  to  be  tranflated.  viz. 
to  defcribe  in  the  greater  fpheie  a  folid  polyhedron  whofe  fupa- 
ficies  fhall  not  meet  the  lefTer  fphere  ;  as  the  meaning  of  the  Pro- 
pofition neceilarily  requires. 

The  Demonflration  of  the  Propofition  is  fpoiled  and  mutilated^ 
for  fome  eafy  things  are  very  explicitly  demonfb-ated,  while  others 
not  fb  obvious  are  not  fufficiently explained  ;  for  example,  when  it 
is  afErmed  that  the  fquare  of  KB  is  greater  than  the  doable  of  the 
fquare  of  BZ,  in  the  firft  Demonftration  ^  and  that  the  angle  BZK 
is  obtufe,  in  the  fecond.  both  which  ought  to  have  been  demon- 
Ifrated.  befides,  in  the  fii-fl  Demonfh-ation  it  is  faid  "  draw  Kil 
**  from  the  point  K  perpendicular  to  BD  ;'*  whereas  it  ought  to 
have  been  faid,  **  join  KV,**  and  it  fhould  have  been  demonflrated 
that  KV  is  perpendicular  to  BD.  for  it  is  evident  from  the  figure 
in  Hervagius's  and  Gregory's  Editions,  and  from  the  words  of  tbe 
Demonftration,  that  the  Greek  Editor  did  not  perceive  that  the  per- 
pendicular drawn  from  the  point  K  ro  the  ffaraight  line  BD  mufl  ne- 
ceflarily  fall  upon  the  point  V,for  in  the  figure  it  is  made  to  fall  upon 
the  point  XI  a  diifereiit  point  from  V,  which  is  likewife  fuppofed  in 
the  Demonfh-ation.  Commandine  feems  to  have  been  aware  of  this  j 
for  in  his  figure  he  marks  one  and  the  fame  point  with  the  two  let^ 
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hers  Vf  A ;  and  before  Commandine^  the  learned  John  Dee  in  the  BookXlT/ 
i^ounentary  he  annexes  to  this  Propofitioii  in  Henry  Billingfley's 
Tranfladon  of  the  Elements  printed  at  London  Ann.  1570,  ex* 
prefsly  takes  notice  of 'this  error,  and  ^ves  a  Ddmonftration  fuited 
io  the  Conftrufljbn  in  the  Greet  Text,  by  whith  he  fhews  that 
ihc  perpendicular  dravrn'from  the  poihtK  to  BD,  mvA necelTarily 
iall  upon  the  point  V. 

likewife  it  is  not  demonAi'ated  that  the  qnadrilatefal  figures' 
SOFT,  TPRY,  and  tte  triangle  YRX  do  not  meet  the  leflcr 
fphere,  as  vtsls  neceflary  to  have  done.  oAly  Clavius,  as  far  as  t 
inow,  has  obferved  this,  s(nd  dembhftrated  it  by  a  Lemma,\^hich' 
is  now  premiied  to  this  Pro^fitioni  fdinethiiig  altered  arid  more 
briefly  demonflrated. 

In  the  Corollary  of  this  Propoiidoh  it  is  fuppoled  that  a  folid  po«' 
fyhedi'on  h  defa^ibed  in  the  other  fphere  fimilar  to  that  which  is  de-* 
fcribed  in  the  fphere  BCDE.  buf  as  the  Coiiftruftioh  by  which  this* 
may  be  done  is  not  given,  it  was  thought  proper  to  give  it,  arid  to^' 
demonftrate  that  the  pyramid*  iii  it  are  fimilar  to  thofe  of  the  fame' 
6rder  in  the  folld  polyhedron  defcribed  in  the  fphere  BCDE. 

From  the  preceding  Notes  it  is  foffidently  evident  How  muctf 
tlie  elements  of  Euclid,  who  was  t'  ihoft  accufate  Gcotnctcr,  have' 
been  vitiated  and  mmilated  by  ignorant  Editors.  THe  opinion  which 
the  greateft  part  of  feaim^d  men  have  entertained  Concerning  the 
]^refent  Greek  edition,  viz.  that  ir  is  very  little  or  nothing  different, 
from  the  genuiile  work  of  EucHd,  has,  w'ithotit  doubt  deceived* 
them,  aiid  made  them  leis  attentive  and  accurate  in  examining  that 
Edition  •,  whereby  feveral  errors,  fome  of  theni  grofs  enough,  have 
cfcaped  their  notice  from  the  age  in  which  Theoii  lived  to  this' 
time.     Upon  which  account  xh6rt  li  fome  ground  to  hope  that 
the  pains  we  have  taken  in  correftihg  thofe  errors^  and  freeing' 
the  Elements  as  far  as  we  could  from  blemifhcs,  will  not  be  un-' 
acceptable  to' good  Jiidges  who'cah  difcehi  when'Demonfh-ations 
are  legitimate^  and  when'  they  ai^e  not. 

The  objefliohs which,  fihce  the  firfV  Edition,  have' been  made, 
ajgsdnfl  fbnie  things  iii  the  Notes,*  efp^ally'  againil  the  do^rine  of^ 
Proportionals,  have  either  been'  fully  anfwered  in  Dr.  Barrow's 
Left.  Mathemat.  and  in  thefe  Notes;  or  are  fuch,| except  one  which 
Has  been  taken  notice  of  in  the  Note  on  Prop,  i .  Book  1 1 .  as  fhew 
that  the  perf(Hi  wlio  m^de  theiA  has  not  fufficiently  cbnfiderea  the 
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Book  XII.thiBgs  agunft  which  thej  are  brong^ ;  fi>  that  it  is  not  fieccflafy 
to  make  any  further  anfwcr  to  thefe  dtjcAiaos  and  otfac 
them  agsunft  EucGd's  DefinitiGQ  of  Pkoportiaoals,  of  winch 
nitioQ  Dr*  Barrow  juftlj  (ays  in  page  297  of  the  abote-namcd 
booky  that  ^  Nili  machiois  impoUa  Talidioiibiis  actanuin  pcrfiftet 
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PREFACE. 

EUCLID'S  DATA  is  the  firft  in  order  of  the  books  written 
by  the  antient  Geometers  to  fadlitate  and  promote  the  me- 
thod of  Refolution  or  Aaalyfis.     In  the  general,  a  thing  is  faid  to 
be  ^ven  which  is  either  aflually  exhibited,  or  can  be  found  out, 
that  is,  which  is  either  known  by  Hypothesis,  or  that  can  be  de-> 
monftrated  to  be  known ;  and  the  Propofitions  in  the  Book  of 
£uclid's  Data  (hew  what  things  can  be  found  out  or  known  from 
thofc  that  by  Hypothefis  are  akeady  known ;  fo  that  in  the  Ana* 
lyfis  or  Inveftigation  of  a  Problem,  from  the  things  that  are  laid 
down  to  be  known  or  given,  by  the  help  of  thefe  Prppofitions  other 
things  are  demonftrated  to  be  g^ven,  and  from  thele  other  things 
are  again  (hewn  to  be  given,  and  fb  on,  until  that  which  was  pro« 
poied  to  be  found  out  in  the  Problem  is  demonftrated  to  be  given, 
and  when  this  is  done  the  Problem  is  iblved,  and  its  Compofition 
is  made  and  derived  from  the  Compofidons  of  the  Data  which  were 
made  ule  of  in  the  Analyds*     And  thus  the  Data  of  Euclid  are 
of  the  moft  general  and  ncceflary  ufe  in  the  iblution  of  Problems 
of  every  kind. 

Euclid  is  reckoned  to  be  the  Author  of  the  Book  of  the  Data 
both  by  the  antient  and  modern  Geometers ;  and  there  feems  to 
be  no  doubt  of  his  vhaving  written  a  Book  on  this  fubjeft,  but 
which  in  the  courfe  of  fo  many  ages  has  been  much  vitiated  by  un- 
ikilful  Editors  in  feveral  places,   both  in  the  order  of  the  Pro- 
pofitions, and  in  the  Definitions  and  Demonftrations  themfclves. 
To  correA  the  errors  which  are  now  found  in  it,  and  bring  it 
nearer  to  the  accuracy  with  which  it  was,  no  doubt,  at  firft  writ- 
ten by  Euclid,  is  the  defign  of  this  Edition,  that  fo  it  may  be  ren- 
dered more  ufefid  to  Geometers,  at  leaft  to  beginners  who  defire 
to  learn  the  invelHgatory  method  of  the  antients.     And  for  their 
fakes  the  Compofidon  df  moft  of  the  Data  are  fubjoined  to  their 
Demonffaradons,  that  the  Compofitions  of  Problems  folved  by  help 
of  the  Data  may  be  the  more  eafily  made. 

Marinus  the  Philofbpher's  preface  which  in  the  Greek  EdidoQ 
;   is  prefixed  to  the  Data  is  here  left  out,  as  being  of  no  ufe  to  un* 
^crfland  them,  at  the  end  of  it  he  fays  that  £u;lid  has  Qpt  yj^d 

Z  3 


^;8  PREFACE. 

> 

the  fyntheticalj  but  the  analytical  method  in  ddsvering  them^y  k 
which  he  is  quite  nuftaken  ;  for  in  the  Analyfis  of  a  Theorem  tk 
thing  to  be  demonftrated  is  afTumed  in  the  Analyfis ;  hot  in  the 
Demondrations  of  the  Data,  the  thing  to  be  demooftnoedy  whidi 
is  that  Ibmething  or  other  is  given,  is  never  (Mice  afliuDed  in  the 
Demonftration,  from  which  it  is  manifeft  that  every  one  of  dicB 
is  demonftrated  fynthetically ;  tho'  indeed  if  a  Propofitioa  of  die 
Data  be  turned  into  a  Problem,  for  example  the  84tli  or  85th 
in  the  former  Editions,  which  here  are  the  85th  and  86th,  the 
Demonftration  of  the  Propofidon  becomes  the  Analyfis  of  the 
Problem. 

Wherdn  this  Edidon  differs  from  the  Greek,  and  the  reaibss 
of  the  alterations  from  it  will  be  (hewn  in  the  Notes  at  the  end  of 
the  Data.    - 
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EUCLID'S    DATA. 

DEFINITIONS. 

L 

SP  A  C  £  S^  lines  and  auigles  are  {aid  to  be  g^ven  in  fflagnitude^ 
when  equals  to  them  can  be  found. 

II. 
A  ratio  is  faid  to  be  given,  when  a  ratio  of  a  given  magnitude  to  a 
given  magnitude  wliich  is  the  fame  ratio  with  U  can  be  found, 

m. 

Keflilineal  figures  are  f^d  to  be  given  in  fpecics,  which  have  each 
of  thdr  angles  ^ven,  and  the  ratios  of  their  fides  given. 

IV. 
Points,  lines  and  fpaces  are  faid  to  be  giyen  in  pofitioD^  which  have 
always  the  fame  fituation,  and  which  are  either  adlually  exhi-* 
bited,  or  can  be  found. 

A. 
An  angle  is  faid  to  be  given  in  pofition,  which  is  contained  hf 
flraight  lines  given  in  pofition. 

V. 
A  dicle  is  faid  to  be  given  in  magnitude,  when  a  ftraight  line  froo) 
its  center  to  the  circumference  is  given  in  magnitude. 

VI. 
A  circle  is  faid  to  be  given  in  pofition  and  magnitude,  the  center 
of  which  is  given  in  pofition,  and  a  ftndght  line  from  it  to  the 
circumference  is  given  in  magnitude. 

vn. 

Segments  of  circles  are  faid  to  be  given  in  magnitude,  when  the 
angles  in  them,  and  their  bafes  are  g^ven  in  magnitude. 

vm. 

segments  of  circles  are  faid  to  be  given  in  pofition  and  magnitude, 
when  the  angles  in  them  are  -g^ven  in  magnitude,  and  their 
bafes  are  givep  both  in  pofition  and  magnitude. 

IX. 

A  magnitude  is  faid  to  be  greater  than  another  by  a  g^ven  magnii 
rude,  when  this  g^vep  magnitude  being  takca  froii^  it,  t})e  pct 
mainder  is  equal  tp  the  other  magnitude^ 
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^  magnitude  is  iaid  to  be  lefs  than  another^  by  a  g^ven  magnitncby 
whea  this  given  ooagoitude  beiqg  added  to  it>  the  whde  is  equal 
to  the  other  ma^pitude. 

•  f.  ,     PROPOSITION      I. 

jp^tN.       r  m  jhE  ratios  of  given  magnitudes  to  one  another  is 
•P-       given. 

Let  A>  B  be  tw.o  given  magaitudesythe  ratio  of  A  to  B  is  given. 

t.  t,  Def.      Becatire  A  is  a  given  magnitude,  there  may  5  be  foqnd  one  equaj 

pat.      to  it ;  let  this  be  C.  and  becayfe  B  is  g^ven,  one 

equal  to  \t  may  be  fpujid;  let  it  be  D.  and  fince 

J^f  7.  5*      A  is  equa}  to  C,  and  B  to  D;  therefore  ^A  is  to 

B,  as  C  to  D;  and  coniequentiy  the  ratio  of  A 

to  fi  is  given,  becaufe  the  ;*atio  of  the  given  mag* 

nitudes  C,  P  which  is  jhe  fame  with  it  ^as  beep    a     "6    r^     fi 

found,  '  A    ti   i^     D 


J<^N. 
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PROP,   n. 


L  f  <  Per. 


T  F  a  given  magnitude  has  a  given  ratio  to  another 
•     magnitude, "  arid  if  unto  the  two  magnitudes  by 


<c 


which  the  given  ratio  is  exhibited,  and  the  given 
magnitude,  a  fourth  proportional  can  be  found ;" 
the  other  njighitude  is  given. 

I^t  the  given  magnitude  A  have  a  given  ratio  to  the  magnitude 
B',  if  a  fourth  proportional  can  be  found  to  t^ie  three  ma^tudes 
above-named,  B  is  given  in  magnitude. 

Becaufe  A  is  ^ven,  a  magnitude  may  be  fopnd 
equal  to  it  *)  let  this  beC  and  becaufe  the  ratio 
of  A  to  B  is  given,  a  ratio  wliich  is  the  fame  with 
it  may  be  found;  let  this  be  the  rado  of  the  given 
magnitude  £  to  the  given  magnitude  F.  unto  the 
magnitudes  E,  F,  C  find  a  fourth  proponional  D, 
which,  by  the  Hypothefis,  can  be  done.  wHerc* 
fore  becaufe  A  is  to  B,  as  £  to  F;  and  as  £  to  F, 

*  The  fif  ares  in  the  margin  (hew  the  nvmber  of  the  Propofitions  ia  the  othcf 
Editions. 


CD 
EF 
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Hb  is  C  to  D;  A  is  ^  Xo  B^  as  C  to  D.  but  A  is  equal  to  C>  tfao'e-  b.  n.  $. 
fare  ^  B  is  equal  to  D.  the  magnitude  B  is  therefore  given  *,  be-  c.  14.  ^« 
.caufe  a  magnitude  D  equal  to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in  the  Greek 
.text,  but  is  now  neceflarily  added;  and  the  fame  mud  be  under- 
Aood  in  all  the  Propofifions  of  the  Boc4c  which  depend  upon  this 
iecioi^d  PropoAdon,  where  it  is  not  cixprefsly  n^entiooed,.  See  th<: 
Note  upon  it. 


PROP.  ni. 

Y  F  any  ^vcn  magnitudes  be  added  together,  their 
A"     fum  Ihall  bjB  givep. 


3^ 


Let  any  g^ven  magnitudes  AB,  BC  be  added  together,  their 
A^m  AC  is  given. 

Becaule  AB  is  given,  a  magnitude  equal  to  it  may  be  found  * ;  1. 1.  Dc£, 
let  this  be  D£.  andJ)ecau(e  BC  is  ^ven,    .  R       p 

one  equal  to  it  may  be  found;  let  this  be 

EF.  wherefore  becauie  AB  is  equal  to  t?       i^ 

DE,  and  BC  equal  to  EF;  the  whole  AC  ^ E       t 

is  equal  to  the  whole  DF.   AC  is  there- 

fore  giiven,  becaufe  DF  has  been  found,  which  is  equal  to  it. 
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P  R  O  P.     IV.  4' 

F  a  given  magnitude  be  taken  from  a  given  mag* 
nitude ;  the  ren^aining  magnitude  fhall  be  given.    . 


From  the  given  inagnitude  AB  let  the  given  magaitude  AC  be 
^aken;  the  remaining  magnitude  CB  is  given. 

Becauie  AB  is  given,  a  magnitude  equal  to  it  may  *  be  found  \  m.  1.  Def. 
let  this  be  DE.  and  becaufe  AC  is  ^ven,    .  r*        l) 

one  equal  to  it  may  be  found;  let  this  be Y 

DF.  wherefore  becaufe  AB  is  equal  to 
DE,  and  AC  to  DF;  the  remainder  CB  D       -  f        ^ 

is  equal  to  the  remainder  F£.  CB  is  there- 
fore gLVCh  \  becaufe  F£  which  is  equal  to  it  has  been  found. 
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,2.  PROP.     V. 

See  N.       TF  of  thrcc  magnitudes,  the  firfl  together  with  the  fe- 

-*-     cond  be  given,  and  alfo  the  fccond  together  -with 

the  third ;  either  the  firft  is  equal  to  the  third,  or  one 

of  them  is  greater  than  the  other  by  a  given  magnitude. 

Let  AB,  BC,  CD  bfe  three  magnitudes,  of  which  AB  together 
with  BC,  that  Is  AC,  is  given ;  and  alio  BC  together  with  CD, 
that  is  BD,  is  given,  either  AB  is  equal  to  CD,  or  one  of  them  is 
greater  than  the  other  by  a  given  magnitude. 

Becaufe  AC,  BD  are  each  of  them  g^vea,  they  are  dther  equal  id 
one  another,or  not  equal.  firft,letthem 

be  equal,  and  becaufe  AC  is  equal  to  A         13  CD 

BD,  take  away  the  common  part  BC ;  — — — 

therefore  the.  remainder  AB  is  equal  to  the  remainder  CD. 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,  and  make 

CE  equal  to  BD.  therefore  CE  is  given,  becaufe  BD  is  given,  and 

.   the  whole  AC  is  given,  therefore  a       u  -p  p  j^ 

m.  4.  Dat.    •  AE  the  remainder  is  given,  and , , ^ ^ 

becaufe  EC  is  equal  to  BD,  by 

taking  BC  from  both,  the  remainder  EB  is  equal  tp  the  remainder 
CD.  and  AE  is  given,  wherefore  AB  exceeds  EB,  that  is  CD  by 
the  g^ven  magnitude  AE. 


5- 


PROP.     VI. 


See  N.       T  F  ^  magnitude  has  a  given  ratio  to  a  part  of  it ;  it  (hall 

alfo  have  a  given  ratio  to  the  remaining  part  of  it. 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  a  part  of  It ; 
it  has  alfo  a  given  ratio  to  the  remainder  BC. 
«.  %.  D«f.  Becaufe  the  ratio  of  AB  to  AC  k  given,  a  ratio  may  be  found  • 
which  is  the  fame  to  it.  let  this  be  the  ratio  of  D£  a  g^ven  magni- 
tude to  the  given  magnitude  DF.  suid  a  C  R 
becaufe  DE,  DF  are  given,  the  remain-                            , 

b.  4.  Dat.    deit  F£  is  ^  given,  and  becaufe  AB  is  to 

c.  E.  5.      AC,  as  DE  to  DF,  by  converfion «  AB  D V        E 

is  to  BC,  as  DE  to  £F.  therefore  the 

ratio  of  AB  to  BC  is  given,  becaufe  the  ratio  of  the  given  magni- 
tudes DE,  £F  wliich  is  the  lame  with  it  has  been  found. 


DATA.  J63 

,.CoR,  From  this  it  follows,  that  the  parts  AC,  CB  have  a.^ven 
ratio  to  one  another,  becaufe  as  AB  to  BC,  fo  is  D£  to  £F;  by  dip- 
vifion  «*,  AC  is  to  CB,  as  DF  to  FE ;  and  DF,  fE  are  given  i^-  n-  5- 
tfaerefore  •  the  rado  of  AC  to  CB  is  given*  *•  »•  ^^^ 

PROP.   vn.  6. 

T  F  two  magnitudes  which  have  si  given  ratio  to  one  •«  ^* 
'■"    another,  be  added  together ;  the  whole  magnitude 
ihall  have  to  each  of  tjxem  a  given  ratio. 

Let  the  magnitudes  AB,  BC  which  have  a  given  ratio  to  one  . 
another,  be  added  together ;  the  whole  AC  has  to  each  of  the  mag- 
nitudes AB,  BC  a  given  ratio. 

Secauie  the  ratio  of  AB  to  BC  is  given,  a  ratio  xnaybe  found  *    a.  2.  Dcf. 
which  is  the  fame  with  it ;  let  this  be  the  ratio  of  the  given  mag- 
nitudes DE,  EF.  and  becaufe  DE,  DF    A  R  r 

are  given,  the  whole  DF  is  given  *>. \^^  3.  d^^. 

dnd  becaufe  as  AB  to  BC,  fo  is  DE  to 

EF;  by  compofition  %  AC  is  to  CB,  D E         F         ^^  ,9. ,. 

as  DF  to  FE ;  and  by  converfion  »*,  '*  d.  E.  5. 

AC  is  to  AB,  as  DF  to  DE.  wherefore  becaufe  AC  is  to  each  of 
the  magnitudes  AB,  BC,  as  DF  to  each  of  the  others  DE,  EFj  the 
jatio  of  AC  to  each  of  the  magnitudes  AB,  BC  is  given  ■. 

PROP.   vm.  ^ 

IF  a  given  magnitude  be  divided  into  two  parts  which  see  N. 
have  4*  given  ratio  to  one  another,  and  if  a  fourth 
proportional  can  be  found  to  the  fum  of  the  two  magni- 
tudes by  which  the  given  ratio  is  exhibited,  one  of  them, 
and  the  given  magnitude  j  each  of  the  parts  is  given. 

Let  the  given  magnitude  AB  be  divided  into  the  parts  AC,  CB 
^hich  have  a  g^ven  ratio  to  one  ano-   a                        P  "R 

ther;  if  a  fourth  proportional  can  be                              , 
found  to  the  above-named  magnitudes ; 
AC  and  CB  arc  each  of  them  given.     D  F E 

Becaufe  the  ratioof  AC  toCBis  gi-  ' 

ven,  the  ratio  of  AB  to  BC  is  given  •  j  therefore  a  ratio  which  is  a.  7.  Dat. 


D 


F 
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b.  A.Dcf.  the  fame  Mdth  it  can  be  found  ^,  let  this  be  the  ratio  of  the  ^Tea 
magnitudes  DE,  EF.  and  becaufe  the  p-    .  r*       P 

ven  magnitude  AB  has  to  BC  the  given  "•  do 

ratio  of  DE  to  EF,  if  unto  DE,  EF,  AB 
a  fourth  proportional  can  be  found,  this 

c  %*  Dit.   which  b  BC  is  given  ^  \  and  becaule  AB 

iL  4.  IHt.  is  given  the  other  part  AC  is  given  •*. 

In  the  fame  manner,  and  with  the  like  Umiudon,  If  the 
ence  AC  of  two  magnitudes  AB,  BC  which  have  a  g^ven  ratio  be 
£^ven  i  each  of  the  magnitudes  AB,  BC  is  given. 

8.  PROP.     IX. 

Tl/TAGNITUDES  which  have  given  ratios  to  the 
^^''^  fame  magnitude^  have  alfo  a  given  ratio  to  one 
another. 


Let  A,  C  have  each  <^  them  a  givenrado  to  B;  A  has  a  given 
ratio  to  C. 

Becauie  the  ratio  of  A  to  B  is  given,  a  rado  which  b  the  fame 
#.  1.  Dcf.  to  it  may  be  found  *  $  let  this  be  the  ratio  of  the  given  magnitudes 
D,  E.  and  becaule  the  rado  of  B  to  C  is  given,  a  rado  which  is 
the  fame  with  it  may  be  found  * ;  let  this  be  the  rado  of  the  given 
magnitudes  F,  G.  to  F,  G,  E  find  a 
fourth  propordcmal  H,  if  it  can  be 
done ;  and  becaufe  as  A  is  to  B,  lb  is 
D  to  E$  and  as  B  toC,  fo  is  (F  to  G, 
and  fo  is)  E  to  H}  ex  aequali)  as  A  to 
C,  fo  is  D  to  H.  therefore  the  rado  of  A. 
A  to  C  is  given  *,  becauie  the  rado  of 
the  ^ven  magnitudes  D  and  H,wliich 
is  the  fame  widi  it,  has  been  found* 
but  if  a  fourth  propordonal  to  F,  G, 
E  cannot  be  found,  then  it  can  only  be  (aid  that  the  ratio  of  A 
to  C  is  compounded  of  the  ratios  of  A  to  B,  and  B  to  C|  that  is 
of  the^vei^  rados  of  D  to  E,  and  F  to  G. 


B 
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P  R  O  P.    X.  ^, 


IF  two  or  more  magnitudes  have  given  raticte  to  one 
another,  and  if  they  have  given  ratios,  tho'  they 
be  not  the  fame,  to  fome  other  magnitudes ;  thefe  other 
magnitudes  Ihall  alfo  have  given  ratios  to  one  another. 

Let  two  or  more  magnitudes  A,  B,  C  hate  given  rados  to  one 
another  ^  and  let  them  have  given  ratios,  tho^  they  be  not  the 
fame,  to  fome  other  magnitudes  D,  E,  F.  the  magnitudes  D,  £,  F 
have  given  ratios  to  one  another. 

Becaufe  the  ratio  of  A  toBbg^ven,  andlikewife  the  radoc^A 

to  D ;  therefore  the  ratio  of  D    . -^ 

to  B  is  pven* ;  but  the  ratio  of  ^  ^  ••  ••       . 

B  to  £  is  given,  therefore  *  the  B  £ 

ratio  of  D  to  E  is  given,  alid  be-  q  p 

caufe  the  ratioof  B  to  C  is  g^ven, 

and  alfo  the  ratio  of  B  to  £ ;  the  ratio  of  E  to  C  is  given  *.  .and 

the  ratio  of  C  to  F  is  given  5  wherefore  the  ratio  of  E  to  F  k  p- 

ven.  D,  £,  F  have  therefore  given  ratios  to  one  another. 

P  R  O  P.      XI.  224 

T  F  two  magnitudes  have  each  of  them  a  given  ratio 
"*•  to  another  magnitude ;  both  of  them  together 
Ihall  have  a  given  ratio  to  that  other. 

Let  the  magnitudes  AB,BC  have  a  given  ratio^  to  the  magnitude 
D;  AC  has  a  given  ratio  to  the  fame  D*    a  n        n 

Bccaufc  AB,  BC  have  each  of  them  ^ -I— — 

4  gpven  ratio  to  D,  the  ratio  of  AB  to 

BC  is  given  \  and  by  compofition,  the  D  ••  f  •  Dat. 

ratio  of  AC  to  CB  is  given  K  but  the      '  b,  7.  iHt, 

ratio  of  BC  to  D  is  |pven  ^  therefore  *  the  ratio  of  AC  to  D  h 

^ven. 
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23 

SceN. 


?  R  o  P.    xn.' 

IF  the  "whole  have  to  the  whole  a  given  ratio^  and 
the  parts  have  to  the  parts  given,  but  hot  tlic  fame, 
ratios,  every  one  of  them,  whole  or  part,  fliall  have  to 
every  one  a  given  ratio. 

Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD,  and 
the  {^arts  A£,  £B  have  given,  but  not  the  fame,  ratios  to  the  parts 
CF,  FD ;  every  one  fhali  have  to  every  one,  whole  or  part,  a  g^ 
ven  ratio. 

Becaulc  the  ratio  of  AE  to  CF  is  given,  as  AE  to  CF,  fo  make 
AB  to  CG ;  the  ratio  therefore  of  AB  to  CG  is  given  ;  wherefare 
«the  ratio  of  the  remainder  EB  to  the  remainder  FG  is  given,  bc- 

a.  19.  s.      caule  it  is  the  fame  *  with  the  ratio  of  AB  to  CG.  and  the  ratio  of  £B 

to  FD  is  given,  wherefore  the  ratio  of  ^  F^  g 

b.  p.  Dat.    FD  to  FG  is  given  ^  -y  and  by  conver-      '  — -" 

c.  6.  Dat.    fioii,  the  ratio  of  FD  to  DG  is  given  ^,  Q       p  G      D 

and  becaufe  AB  has  to  each  of  the  mag- • » 

nitudes  CD,  CG  a  given  ratio,  the  ratio  of  CD  to  CG  fs  given  *»  5 
and  therefore  *  the  ratio  of  CD  to  DG  is  given,  but  the  ratio  of  GD 
to  DF  is  given,  wherefore  ^  the  ratio  of  CD  to  DF  is  given,  and 

d.  Cor.  6.  cbnfequcntly  **  the  ratio  of  CF  to  FD  is  given;  but  the  ratio  of  CF 
^**'      to  AE  is  given,  as  alfo  the  ratio  of  FD  to  EB;  wherefore  *  tht 

e.  ic.  Dat.  |.j^jJq  ^f  ^£  ^q,  £g  jg  given ;  as  alfo  the  ratio  of  AB  to  each  oS 

f.  7.  Dat.    ^guj  f,  xhc  ratio  therefore  of  every  one  to  every  one  is  g^ven. 


SeeK. 


24.  PROP.     XIIL 

IF  the  firft  of  three  proportional  ftraight  lines  has  a 
given  ratio  to  the  third,  the  firft  fhall  alfo  have  ^ 
given  ratio  to  the  fecond. 

Let  A,  B,  C  be  three  proportional  ftraight  linfes,  that  is  as  A 
to  B,  ib  is  B  to  C ;  if  A  has  to  C  a  g^ven  ratio,  A  (hall  alfo  haver 
to  B  a  given  ratio. 

Becaufe  the  ratio  of  A  toCis  given,  a  ratio  which  is  the  fame 

a.  a.  Dcf.    wiA  it  may  be  found  ' ;  let  this  be  the  ratio  of  the  g^ven  ftrai,(;]ic 

b.  13.  6.     lines  D,  E',  and  between  D  and  £  find  a  ^  mean  proportional  F; 


DATA. 

dicrefore  the  reftanglc  contained  by  D  and  E  is  equal  to  the 

fqnare  of  F,  and  the  r^ftangie  D,  Eis  given  bo- 

canfe  its  fides  D,  E  are  given  ;  wherefore  the 

fquare  of  F,  and  the  ftraight  line  F  is  given,  and 

becaufe  as  A  is  to  C^  fo  is  D  to  E;  but  as  A  to 

C,  fo  is*  the  fquare  of  A  to  the  fquare  of  B5  and 

as  D  to  E,  fo  is  *  the  fquare  of  D  to  the  fquare 

of  F  •,  therefore  the  fquare  <>  of  A  is  to  the  fquare  A. 

of  B»  as  the  fquare  of  D  to  the  fquare  of  F. 

as  therefore  *  the  ftraight  line  A  to  the  ftraight 

line  B,  fo  is  the  ftraight  line  D  to  the  ftraight 

line  F.  therefore  the  ratio  of  A  to  B  is  given  ■, 

becauie  the  ratio  of  the  given  ftraight  lines  D, 

F  which  is  the  £une  vith  it  has  been  found. 


3^7 


c.  ».  Cor. 


B      (J    ^  "•  s- 


D      F      E 


e.  z*,  €• 


a*  s.  DcL 


PROP.     XIV. 


A. 


IF  a  magnitude  together  with  a  given  magnitude  has  a  secN. 
given  ratio  to  another  magnitude ;  the  excefs  of  this 
other  magnitudeabove  a  given  magnitude  has  a  given  ra- 
tio to  the  firft  magnitude,  and  if  the  excefs  of  a  magni- 
tude above  agiven  magnitudehas  a  given  ratio  to  another 
magnitude ;  this  other  magnitude  together  with  a  given 
magnitude  has  a  given  ratio  to  the  firft  magnitude. 

Let  the  magnitude  AB  together  with  the  given  magnitude  BE, 
that  is  A£,  have  a  given  ratio  to  the  magnitude  CD;  the  excefs  of 
CD  above  a  given  magnitude  has  a  given  ratio  to  AB. 

Becaufe  the  ratip  of  A£  to  CD  is  g^ven,  as  AE  to  CD,  fb  make 
BE  to  FD ;  therefore  the  ratio  of  BE  to  FD  is  given,  and  BE  is 
given,  wherefore  FD  is  given  ■.  and     /^  BE****  ^*'* 

becaufe  as  AE  to  CD,  fo  is  BE  to 1 

FD,  the  remainder  AB  is  ^  to  the     C  F        D  b.  19. 5- 

remainder  CF,  as  AE  to  CD.  but     ' 

the  ratio  of  AE  to  CD  'is  given,  therefore  the  rado  of  AB  to  CF 
is  given ;  that  is,  CF  the  excefs  of  CD  above  the  given  magni- 
tude FD  has  a  g^ven  rado  to  AB. 

Next,  Let  the  excefs  of  the  magnitude  AB  above  the  given 
magoitiide  B£^  that  is,  let  AE  have  a  given  rado  to  the  magni* 
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tude  CD ;  CD  together  with  a;  g^ven  magnitude  had  a"  given  rado' 
to  AB. 

Becaufe  the  ratio  of  A£  to  CD  is  given,  as  AEto  CD,  (b  make 
BE  to  FD;  therefore  the  ratio  of  BE  to    .  ^ 

FD  is  given,  and  BE  is  given,  wherefore  .  i 

s.  u  Dat*   FD  is  given',  and  becatife  as  AE  to*  CD, 

t.  IX.  J.    fo  is  BE  to  FD,  AB  ts  to  CF,  as  ^  AE  to  C  E)        F 

CD.  but  the  ratio  of  AE  to  CD  is  given,        '       " 

therefore  the  ratio  of  AB  to  CF  is  given ;  that  is  CF  which  is  equal 
toCD together  with  the  given  magaitudeDFhas  a  given  i^doto  AB. 

B.  PROP.     XV. 

Ste  N.  T^  ^  magnitude  together  with  that  ta  which  another 
-»•  magnitude  has  a  given  ratio,  be  gtvcn ;  this  other 
is  given  together  with  that  to  which  the  firft  magni- 
tude has  a  given  ratio; 

Let  AB,  do'  be  two  magnitudes  of  which  AB  together  widr 
BE  to  which  CD  has  a  given  rado,  is  given ;  CD  is  given  tbgcthff   ^ 
'*rith  that  magnitude  to  which  AB  has  a  given  i^tio. 

Becaufe  the  rado  of  CD  to  BE  is  given,  as  BE  to  CD,  fomakr 
AE  to  FD;  therefore  the  ratio  of  AE  to  FD  is  given,  arid  AE  is 

■:  1.  Dat.    given,  wherefore  ■  FD  is  given,  and  be*   a                     R         E 
caufe  a&  BE  to  CD,  fo  is  AE  to  FDj  1 ^^ 

li.Cor.1^.5.  AB  is  *>  to  FC,  as  BE  to  CD.  and  the  p  Q         jy 

ratio  of  BE  to  CD  is  given,  wherefore  ' 

the  rado  of  AB  to  FC  is  given,  and  FD  is  ^ven,  that  is  CD  to- 
gether with  FC  to  which.  AB  has  a  given  ratio  is  g^ven. 

10.  PROP.   xvr. 

See  R       T  F  the  ejtcefs  of  a  magnitude  above  a  given  magni- 

tude,  has  a  given  ratio  t6  another  magnitude ;  the 
^zcefs  of  both  together  above  a  given  magnitude  fhUt 
have  to  that  other  a  given  ratio,  and  if  the  exccfs  of 
two  magnitudes  together  above  a  given  ihagnitude* 
lias  to  one  of  theni  a  given  ratio ;  either  the  excefs  of 
of  the  other  above  a  given  magnitude  has  to  that  one 
a  given  ratio  ;  or  the  other  is  given  together  with  tb^ 
ma^itude  to  which  that  oiie  has  a  given  ratio.- 


DATA.  j5y 

Ldt  the  excrfs  of  the  magnitude  AB  above  a  gi^cn  ma^nitiu'^e, 

have  a  given  ratio  to  the  magaitude  BC;  the  exccfs  of  AC,  both  of 

them  together,  above  a  given  magnitude,'  has  a  given  ratio  to  BC. 
Let  AD  be  the  given  magnitude  the  excefs  of  A13  above  which, 

viz^  DB,  has  a  given  ratio  to  BC.    A  ~rfc     t>  f^ 

and  becaufc  DB  has  a  given  ratio  -  .^^ |         | 

to  BC,  the  ratio  of  DC  to  CB  is 

given  ■,  and  AD  is  given ;  therefore  DC,  the  excefs  of  AC  above  »  7.  Ha*. 

the  given  magnitude  AD,  has  a  given  ratio  to  BC. 

Next,  let  the  excefs  of  two  magnitudes  AB,  BC  together  above 

a  given  magnitude  have  to  one  of    ▲  .        -p^    -|^    -_    ^ 

them  BC  a  given  ratio ;   either  the  ill 

excefs  of  the  other  of  them  AB  a- 

bove  a  given  magnitude  (hall  have  to  BC  a  given  ratio ;  or  AB* 
is  given  together  with  the  magnitude  to  which  BC  has  a  giveit    '   - 
ratio. 

Let  AD  be  the  given  magnitude,  and  firft  let  it  be  lefs  tharf 
AS  •,  and  becaufe  DC  the  excefs  of  AC  above  AD  has  a  given 
ratio  to  BC,  DB  has  *>  a  given  ratio  to  BC;  that  is  DB,  the  excefs  *>.  Cor.  // 
of  AB  above  the  given  magnitude  AD,  has  a  given  ratio  to  BC.       ^•** 

But  let  the  given  magnitude  be  greater  than  ABj  and  make 
AE  equal  to  it ;  and  becaufe  EC,  the  excefs  of  AC  above   Ali, 
has  to  BC  a  given  ratio,  BC  has  *  a  given  ratio  to  BE ;  and  bf-  c.  d.  Dat/ 
caufe  AE  is  givqn,  AB  together  with  BE  to  which  BC  has  a  given 
ratio,  is  given. 

PROP.   xvn.  11/ 

TF  the  excefs  of  a  magnitude  above  a  given  Magnitude  S"  n. 

has  a  given  ratio  to  another  magnitude ;  the  crcce^s 
of  the  fame  firft  magnitude  above  a  given  magnitude, 
flnli  have  a  given  ratio  to  both  tlie.  magnitudes  toge- 
ther, and  if  tlie  excefs  of  either  of  two  magnitudes  a* 
bove  a  given  magnitude  has  a  given  ratio  tp  both  mag- 
nitodes  together  *  the  excefs  of  the  fame  above  a  given 
magnitude  (hall  have  a  given  ratio  to  the  other* 

Let  the  excJefs  of  the  magnitude  AB  above  a  given  magnitude 
have  a  given  ratio  to  the  magnitude  BC  ;  the  excefs  of  AB  above 
a'giv«n  magnitude  ha»  a  given  ratio  to  AC. 

A  a 


370  EUCLID'S 

Let  AD  be  the  given  magnitude;  and  becaufe  DB,  the  cxccfs  cf 
AB  above  AD,  has  a  given  ratio  to  BCj  the  ratio  of  DC  to  l^L  a 

».  7.  Dat.   given  ■.  make  the  ratio  of  AD  to  DE  the  fame  with  this  ran* 5 
therefore  the  ratio  of  AD  to  DE  is 
given,  and  AD  is  given,  wherefore  A-        J^  -MJ  X>         C 

b.  %.  Dat.   b  DE^  and  the  remainder  AE  arc  gi- 

••  "•  s-  ven.  and  bccaufe  as  DC  to  DB,  fo  is  AD  to  DE,  AC  is  «  to  EB, 
as  DC  to  DB ;  and  the  riitio  of  DC  to^DB  is  given,  whertf^^rc  the 
ratio  of  AC  to  EB  is  given,  and  bccaufe  the  ratio  of  HB  to  AC 
is  given,  and  that  AE  is  given,  therefore  EB  the  cxcefs  of  AB  a- 
bove  the  given  magnitude  AE,  has  a  given  ratio  to  AC. 

Next,  let  the  excefs  of  AB  above  a  given  magnitu  'c  bsvc  2 
given  ratio  to  AB  and  BC  together,  that  is  to  AC ;  the  cxccij  oi 
AB  above  a  given  magnitude  has  a  given  ratio  to  BC. 

Let  AE  be  the  given  magnitude ;  and  becaufe  EB  the  exaS 
of  AB  above  AE  has  to  AC  a  given  ratio,  as  AC  to  EB,  fo  mAc 

i.  6,  Pit.  AD  to  DE ;  therefore  the  ratio  of  AD  to  DE  is  given,  a.-  all . ' 
the  ratio  of  AD  to  AE.  and  AE  is  given,  wherefore  **  AD  i-  ci- 
ven.  and  becaufe  as  the  whole,  AC,  to  the  whole,  EB,  f »  15  Ad 

i.  ip-  5'  to  DE;  the  remainder  DC  is  *  to  the  remainder  DB,  as  AC  :o  >?j 
and  the  ratio  of  AC  to  EB  is  given,  wherefore  the  ratio  of  i>C 

f.  Cor.  6,  tQ  DB  is  gircxi,  as  alfo  ^  the  ratio  of  DB  to  BC.  and  AD  is  gi- 
veB,  therefore  DB,  the  excefs  of  AB  above  the  given  Oiagnjiaik 
AD,  has  a  given  ratio  to  BC. 


Dat. 


14.  PROP-     XVIIL 

T  F  to  each  of  two  magnitudes,  which  have  a  given 
•  ratio  to  one  another,  a  given  magnitude  be  added; 

the  wholes  fliall  either  have  a  given  ratio  to  one  ano- 
ther, or  the  excefs  of  one  of  them  above  a  given  mag- 
nitude ihall  have  a  given  ratio  to  the  other. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
the  given  magnitude  DF  to  CD.  the  wholes  AE,  CF  either  liave  a 
given  ratio  to  one  another^  or  the  excefs  of  one  of  them  above  a 
given  magnitude  has  a  given  ratio  to  the  other. 
1. 1.  Dat.       Becaufe  BE,  DF  are  each  of  them  given^  their  ratio  is  {^ven  *• 
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and   if  this  ratio  be  the  fame  with  JL     -r*  Tg 

the  ratio  of  AB  to  CD,  the  ratio  of    1 

AE  to  CF,  which  is  the  fame  »»  with  C    JD  IF  b.  •:  5. 

the  given  ratio  of  AB  to  CD,  (hA\  be    •" ^^^ 

giren. 

.  But  if  the  ratio  of  BE  to  DF  be  not  the  fame  with  tlie  ratio  of 
AB  to  CD;  either  it  is  greater  than  the  ratio  of  AB  to  CD,  o»",  by 
invcrfrjn,  the  ratio  of  DF  to  BE  is  j^reatcr  than  the  ratio  of  CD  to 
AB.   firft,  let  the  ratio  of  BE  to  DF  A.    -t>  f^        -jp 

be  greater  than  the  ratio  of  AB  toCOj  ^^    JJ  Ix       il^ 

and   as  AB  to  CD,  fo  make  BG  to  w        -p|  "^ 

DF  ;  therefore  thf  riitio  of  CG  to  DF  H =^- 5 

Is  given  ;  and  DF  is  given,  therefore*  c.  1.  Cat, 

BO  is  gr.vn.  and  beciiufe  BE  has  a  greater  ratio  to  DF  than  (AB 

to  CD,  ihat  is  than)  BG  to  DF,  BE  is  great>;r  ^  than  BG.  and  d.  10. 1* 

bccaufeas  AB  to  CD,  To  is  BG  to  DF,  therefore  AG  is  »>  to  CF, 

as  AB  to  CD.  but  the  ratio  of  AB  to  CO  is  g'vcn,  M'liercrv^re 

the-  ratio  of  AG  to  CF  is  given  j  aad  becaufe  BE,  BG  -ire  each  of 

them  glren,  GE  is  given,  therefore  AG,  the  cxcefsof  AE  above 

the  given  magnitude  GE  has  a  given  ratio  to  CF.  the  other  calc 

13  demondrated  in  the  fame  manner. 


»J 


PROP.     XIX. 

TF  from  each  of  two  magnitu  Jes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  tal.cn  ; 
the  remainders  (hall  cither  have  a  given  ratio  to  one 
another,  or  the  cxccfs  of  one  of  them  above  a  given 
magnitude,  lliall  have  a  given  ratio  to  the  other. 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  anotli'^r, 
and  from  AB  let  the  given  magnitude  AE  be  tak^rn,  r.nd  from  C  I), 
the  given  magnitude  CF.  the  rcma'nders  EB,  FD  (ha'l  either  lave 
fl  given  ratio  to  one  another,  or  ti'e  exccfs  of  one  of  thtm  ahova 
a  given  magniriide  (hall  have  a  gi-    *  • 

Veil  ratio  to  the  other.  -^b Jl^  -^ 

Bccaule   AE,   CF  arc  each  of  w      -«  -^ 

tVm  given,  their  ratio  is  given '  ;  i  *'    '  ^*^* 

and  if  this  ratio  be  the  fame  -with 

thft  ratio  of  AB  to  CD,  the  ratio  of  the  remainder  EB  to  the  r«- 

A  a  a 
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b.  19.  5.     mainder  FD,  which  is  the  ikaie  ^  with  the  given  ratio  of  AB  t# 

CD,  fhall  be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the  ratio  of 
AE  to  CF,  either  it  is  greater  than  the  ratio  of  AE  to  CF,  or,  by 
iiiverfion,  the  ratio  of  CD  to  AB  is  greater  than  the  ratio  ijf  C¥  id 
AE.  firft,  let  the  ratio  of  AB  to  CD  be  greater  than  the  ra  Jo  cf 
AE  to  CF,  and  as  AB  to  CD,  fo  make  AG  to  CF ;  therefore  rhe 
ratio  of  AG  to  CF  is  given,  and  CF  a  -rji    p  -j> 

c.  *.  Dat.    is  given,  wherefore  •  AG  is  given.  "|       ,  i5 

and  bccaufc  the  ratio  of  AB  to  CD,  £\  -r^       t^ 

that  is  the  ratio  of  AG  to  CF,  is   \ 

greater  than  the  ratio  of  AE  to  CF ; 
i.  I*.  S'  AG  is  greater  ^  than  AE.  and  AG,  AE  are  given,  therefore  '.he 
remainder  EG  is  given,  and  as  AB  to  CD,  fois  AG  to  CF,  .:"J 
fo  is  ^  the  remainder  GB  to  the  remainder  FD;  and  ths  -ito  at 
AB  to  CD  is  given,  wherefore  the  ratio  of  GB  to  FD  is  5iv;n ; 
therefore  GB,  the  excefs  of  EB  above  the  given  maguiruie  L  J, 
has  a  given  ratio  to  FD.  in  the  fame  manner  the  other  cufc  is  dc- 
monftrated. 

16.  PROP.     XX. 

TF  to  one  of  two  magnitudes  which  have  a  given  ratio 
•**  to  one  another,  a  given  magnitude  be  added,  and 
from  the  other  a  given  magnitude  bte  taken  ;  the  ex- 
cefs of  the  fum  above  a  given  magnitude  fhall  have  a 
given  ratio  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one  ano- 
ther, and  to  AB  let  the  given  magnitude  EA  be  added,  and  from 
CD  let  the  given  magnitude  CF  be  taken  j  the  excefs  of  the  fom 
£B  above  a  given  magnitude  has  a  given  ratio  to  the  remainder  FD. 
Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD,  {9 
AG  to  CF.  therefore  the  ratio  of  AG  to  CF  is  given,  and  CF  k 

».  X.  Dat.   given,  wherefore  *  AG  is  g^ven  5  *17*        a  f^      tj 

and  E  A  is  given,  therefore  the               i  i 

whole  EG  is  given,  and  becaufe  g\                     ^w  -|v 

as  AB  to  CD,  fo  is  AG  to  CF,  ^ i     ,      ^ 

k  19.  5.     and  (b  is'  ^  the  remainder  GB  to  the 

remainder  FD ;  the  ratio  of  GB  to  FD  is  given,  and  EG  is  ^ven> 
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therefore  GB,  the  cxcefs  of  the  fum  £B  above  the  gcrea  inagm- 
tude  EG,  has  a  givca  ratio  to  the  remainder  FD. 

PROP.     XXI.  C. 

TF  two  magnitudes  have  a  given  ratio  to  one  another,  if  scc  n. 

a  given  magnitude  be  added  to  one  of  them,  and  the 
other  be  taken  from  a  given  magnitude ;  the  fum  toge- 
ther with  the  magnitude  to  which  tl^e  remainder  has  a 
given  ratio,  is  given,  and  the  remainder  is  given  together 
with  the  magnitude  to  which  the  fum  has  a  given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another  ;  and  to  AB  let  the  given  magnitude  BE  be  added,  and   - 
let  CD  be  talcen  from  the  given  magnitude  FD.  th«  fum  AE  is 
given  together  with  the  magnitude  to  which  the  remainder  FC 
has  a  given  ratio. 

Becaufc  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD, 
fo  GB  tp  FD.  therefore  the  ratio  of  GB  to  FD  is  given,' and  FD 
is  given,  wherefore  GB  is  given  ■  j  /J*  A  J>      "T* 

and  BE  is  given,  the  whole  GE  is    ^  ■    i       ■  « 

therefore  given,  and  becaufc  as  AB  -r^  ^  .— i 

to  CD,  fo  is  GB  to  FD,  and  fo  is-^  y ^ 

k  GA  to  FC ;  the  ratio  of  G A  to 

FC  is  given,  and  AE  together  with  GA  is  given,  becaufc  GE  is 
given  ;  therefore  the  fum  AE  together  with  G  A  to  which  the  re- 
mainder  FC  has  a  given  ratio,  is  given,  the  fccond  part  is  man!.- 
feft  from  Prop.  1 5. 

PROP.     XXII,  D. 

TF  two  magnitudes  have  a  given  ratio  to  one  another,  scc  n. 
■^   if  from  one  of  them  a  given  magnitude  be  taken, 
and  the  other  be  taken  from  a  given  magnitude ;  each 
of  the  remainders  is  given  together  with  the  magni- 
tude to  which  the  other  remainder  has  a  given  ratio. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one  ano^ 
|hcr,  and  from  AB  let  the  given  magnitude  AE  be  taken,  and  kt 

A  a  3 
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CD  be  taken  from  the  given  mpgnitudc  CF ;  the  remainder  EB  is 
given  together  with  the  Biagnitude  to  which  the  other  remainder 
X)F  has  a  given  ratio. 

Bccaufc  the  rato  of  AB  to  CD  is  given,  make  as  AB  to  CD,  fo 
AG  to  CF.  the  ratio  of  AG  to  CF  is  therefore  given,  and  CFis 

a.  X.  Dat.    given,  wherefore  '  AG  fe  given  ;  -^    -»  r 

ar.  J  AE  is  given,  and  therefore  the  -^^  -^   -i> pc 

remainder  £G  is  given,  and  be-  _^ 

c^iiiJe  as^AB  to  CD,  fo  is  AG  to  C  J>       IF 

b.  JO-  J.      C\\  mid  lb  is  *  the  remainder  BG 

to  the  remainder  DF  j  the  ratio  of  BG  tq  DF  is  given,  and  EB  to- 
gether  with  BG  is  given,  becaufe  EG  is  given,  therefore  the  re- 
mainder Eli  together  wiih  BG  to  which  DF  the  other  remainder 
has  a  given  ratio  is  given,  the  fccond  part  is  plain  from  Prop.  1 5. 

20.  PROP.    XXIII. 

£ecN.        f  F  from  two  given  magnitudes  there  be  taken  magni- 

tudes  which  have  a  given  ratio  to  one  another,  the 
remainders  fhall  either  have  a  given  ratio  to  one  ano- 
ther, or  the  excefs  of  one  of  then)  above  a  given  mag*- 
niludc  IhdU  have  a  given  ratio  to  the  other.  - 

Lit  AB,  CD  be  two  g'vcn  magnitudes,  and  fiom  them  let  the 

'    mr.'^ratuJes  AE,  CF  v.hich  i^.ave  a  dven  ratio  to  one  another  he 

tak'jn;   the  remainders  \tl^,  FO  cither  have  a  given  ratio  to  one 

another,  or  the  excei's  01   one  of  them  above  a  given  magnitude 

has  a  given  r.;t:o  to  the  oiher. 

Uccaulc  AB,  CD  are  each  of  /^  J^^  ]JJ 

thtm  given,  the  ratio  of  AB  to   "~^  I— — — 

CD  is  given,   and  if  this  ratio  be  ^  ^       5) 

the  lame  with  tlie  ratio  of  AE  to    — — — H— • 

t.  ly  S'     C^>  *^^^^^  ^^"^^  remainder  EB  has  •  the  fame  given  ratio  to  the  rfr- 
'maindcr  FD. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the  ratio  of 
AE  to  CF,  it  is  either  greater  than  it,  or,  by  inverfion,  the  ratio  of 
CD  to  AB  is  greater  than  the  ratio  CF  to  AE.  firft,  let  the  ratio  of 
AB  to  CI)  be  greater  than  the  ratio  of  AE  to  CF  5  and  as  AE  to 
CF,  fo  make  AG  to  CD,  therefore  the  ratio  of  AG  to  CD  is  given, 
becaufe  the  ratio  of  AE  to  CF  is  given  j  and  CD  is  given,  where- 
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fore  ^  AG  is  given  ;  and  becauf&ihe  ratio  of  AB  to  CD  is  greater  b.  >.  Dat. 
thr.n  the  rario  of  (AE  to  CF,  thatj^  ^  6r!B 


— h 


03 
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i3,  than  the  ratio  of)  AG  to  CD;- ' J        '    '  k 

AB  is  greater  *  than  AG.  and  AB,fj 

AG  are  given,  therefore  the  re-  — 

mainder  BG  is  given,  and  becaufe 

as  AE  to  CF,  fp  is  AG  to  CD,  and  fo  is  •  EG  to  FD;  the  ratio  *•  »>•  «• 

of  EG  to  FD  is  given,  and  GB  is  given,  therefore  EG  the  ex- 

cefs  of  £B  above  the  given  magnitude  GB,  has  a  given  ratio  to 

FD.  the  other  cafe  is  fhewn  in  the  fame  way. 

PROP.     XXIV.  13. 

IF  there  be  three  magnitudes,  the  firft  of  which- has  a  sw  w* 
given  ratio  to  the  fecond,  and  the  exccfs  of  the  fc- 
cond  above  a  given  magnitude  has  a  given  ratio  to  the 
third  ;  the  exccfs  of  the  firft  above  x  given  magnitude 
fhall  alfo  have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E  be  three  magnitudes,  of  which  AB  has  a  given 
ratio  to  CD  j  and  the  excefs  of  CD  above  a  given  magnitude  has 
a  given  ratio  to  E.  the  exccfs  of  AB  above  a  given  magnitude  has 
a  giVen  ratio  to  £• 

Let  CF  be  the  given  magnlmde  the  excefs  of  CD  above  which, 
viz.  FD  has  a  given  ratio  to  E.  and  bccaufe  the  ratio  of  AB  to  CD 
is  given,  as  AB  to  CD  fo  make  AG  to  CF;  there-  A 
fore  the  ratio  of  AG  to  CF  is  given  ;  and  CF  is 
given,  wherefore  •  AG  is  given,  and  becaufe  as 
AB  to  CD,  fo  is  AG  to  CF,  and  fo  is  ^  GB  to  G  - 
FD  5  the  ratio  of  GB  to  FD  is  given,  and  the 
ratio  of  FD  to  E  is  given,  wherefore  •  the  ratio 
of  GB  to  E  is  given,  and  AG  is  given,  therefore 
GB  the  excefs  of  AB  above  the  g^ven  magnitude 
AG  has  a  given  ratio  to  E.  3 


C 


r 


D 


IE 


«.  ft.  D4t. 

b.  19.  5. 

c.  f .  Dat^ 


Co&.  t.  And  if  the  firft  has  a  given  ratio  to  the  fecond,  ;ind 
the  excefs  of  the  firft  above  a  given  magnitude  has  a  given  ratio 
to  the  third ;  the  excefs  of  the  fecond  above  a  given  magnitude 
ihall  kave  a  given  ratio  to  the  third,  for  if  the  fecond  be  called 
the  firft,  and  the  firft  the  fecond,  this  Corollary  will  be  the  fan;^ 
frith  the  Propofitioq. 

A  a  4 
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Coji.  2.  Alfo  if  the  firft  has  a  given  ratio  to  the  kc<mdy  and 

the  cxcefs  of  the  third  above  a  given  magnitude  has  alio  a  given 
j-tiio  to  the  fccond,  the  fame  excefs  fcall  have  a  given  ratio  to  Ac 
firft  i  as  is  evident  from  the  9th  Dat. 

17-  PROP.     IXV. 

IF  there  be  three  magnitudes,  the  exqefs  of  the  firft 
whcr-of  above  a  given  magnitude  has  2.  given  ratio 
to  the  fccond;  and  the  excefs  of  the  third  above  a  given 
iiiagnitude  has  a  given  ratio  to  the  fame  fccond.  the  firft 
Ihall  cither  have  a  given  latio  to  the  third,  or  the  excefs 
of  one  of  them  nbovc  a  given  magnitydc  fliall  have  a 
given  ratio  to  the  other. 

I^t  AB,  C,  DE,  be  three  magnitudes,  and  let  the  exccflcs  of 

each  of  the  two  Ab,  DE  above  given  magnitudes  have  given  ratios 
to  C ;   AB,  DE  cither  have  a  given  rktio  to  one  another,   or  tljc 
cxrcfs  of  one  of  them  above  a  given  magnitude  has  a  given  ratio 
•    to  the  otliLT, 

Let  FB  the  excefs  of  ,AB  above  the  given  magnitude  AF  have  g 
givtn  ratio  to  C  •,  and  let  GE  the  cxccfh  of  a 
DE  above  the  given  magnitude  DG  have^a  gi- 
ven ratio  to  C;  and  becaufc  FB,  GE  have  each  J^  . 
of  thtm  a  given  ratio  to  C,   they  have  a  gi- 
ll. 9.  Dat.  ven  ratio  '  to  one  another,  but  to  FB,  GE  the 
given  magnitudes  AF,  DG  are  added ;  there- 
fc.  18.  Dit.  fore** the  whole  magnitudes  AB,DEhaveeither 

a  given  ratio  to  one  another,  or  the  excefs  of  Jj      \j     JL 
one  of  them  above  a  given  magnitude  has  a  given  ratio 'to  the  other. 

18.  PRO  P.     XXVL 

IF  there  be  three  magnitudes  the  cxceffes  of  one  of 
which  above  given  magnitudes  have  given  ratios 
to  the  other  two  magnitudes  ;  thefe  two  fliall  either 
havc'a  given  ratio  to  one  another,  or  the  excefs  of  one 
of  them  above  a  given  magnitude  fliall  Kave  a  given 
iatio  to  the  other. 
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Let  AB,  CD,  EF  be  three  magnitudes,  and  let  GD  the  excefs 
^f  one  of  them  CD  above  the  ^ven  magnitude  CG  have  a  given 
ratio  to  AB ;  and  alfo  let  KD  the  excefs  of  th«  fame  CD  above 
the  given  magnitude  CK  have  a  given  ratio  to  EF.  eithier  AB  has 
a  ^ven  ratio  to  EF,  or  the  excels  of  one  of  them  above  a  given 
magnitude  has  a  given  ratio  to  the  other. 

Bccaufe  GD  has  a  givfen  ratio  to  AB,  as  GD  to  AB,  fo  make  CG 
to  HAj  therefore  the  ratio  of  CG  to  HA  is  given;  and  CG  is  gi- 
ven, wherefore '  HA  is  given,  and  becaufc  as  GD  to  AB,  fo  is  CG  *•  *•  ^*^? 
to  HA,  and  fo  is «» CD  to  HB;  the  ratio  of  CD  to  KB  is  given,  h,  i».  5. 
alfo  becaufe  KD  has  a  given  ratio  to  EF,  as  KD  JJ 
to  EF,  fo  make  CK  to  LE ;  therefore  the  ratio 
of  CK  to  LE  is  given;  and  CK  is  given,  where- 
fore ■  LE  is  given,    and  becaufe  as  KD  to  EF, 
fo  is  CK  to  LE,  and  fo  ^  is  CD  to  LF;  the  ratio 
of  CD  to  LF  is  given,    but  the  ratio  of  CD  to 

HB  is  given,  wherefore  *^  the  ratio  of  HB  to  LF  c.  9.  Dat. 

is  given,  and  from  HB,  LF  the  given  magnitudes  xi  j)  r 
HA,  LE  being  taken,  the  remainders  AB,  EF  fhall  either  have  a 
given  ratio  to  qne  another,  or  the  excefs  of  one  of  them  above  a 
given  magnituJe  has  a  given  ratio  to  the  other**.  d.  19. Dat. 


A. 


"  Another  Demonftration. 

Let  AB,  C,  DE  be  three  magnitudes,  and  let  the  exceffes  of  one 
of  themCabov^  given  magnitudes  have  given  ratios  to  AB  and  DE. 
either  AB,  DE  have  a  given  ratio  to  one  another,  or  the  excefs  of 
one  of  them  above  a  given  magnitude  has  a  given  ratio  to  the  other. 

Becaufe  the  excefs  of  C  above  a  given  magnitude  has  a  given  ra- 
tio to  AB,  thciefore  •  AB  together  with  a  given  magnitude  has  a  a.  14, Dat. 
given  ratio  to  C.  let  this  given  magnitude  be 
AF,  wherefore  FB  has  a  given  ratio  to  C.  alfo,  Jd 
becaufc  the  excefs  of  C  above  a  given  magni- 
tude has  a  given  ratio  to  DE,  therefore  •  DE 
together  with  a  given  magnitude  has  a  given 
ratio  to  C.    let  this  given  magnitude  be  DG, 
wherefore  GE  has  a  given  ratio  to  C.  and  FB 

has  a  given  ratio  to  C,  therefore  ^  the  ratio  of  "*^.  ^  "*^  b.  9.  Dat. 
FB  to  GE  is  given,  and  from  FB,  GE  the  given  magtiitudes  AF, 
DG  being  takep,  the  remainders  AB,  DE  cither  have  a  given  ratio 
to  one  another,  or  the  excefs  of  one  of  them  above  a  given  mag- 
nitude has  a  given  ratio  to  the  other  *.'*  c.  19.  Dat. 
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,p.  PRO  P.     xxvn. 

TF  there  be  three  magnitudes  the  excefs  of  the  firft  of 
"*  which  above  a  given  magnitude  has  a  given  ratio 
to  the  fecond  ;  and  the  excefs  of  the  fecond  above  2 
given  magnitude  has  alfo  a  given  ratio  to  the  third, 
the  excefs  of  the  firft  above  a  given  magnitude  ihaL' 
have  a  given  ratio  to  the  tliird. 

Let  AB,  CD,  E  be  three  magnitucfes  the  excefs  of  the  firft  of 
which  AB  above  the  given  magnitude  AG,  viz.  ,Gti  has  a  giTca 
ratio  to  CD ;  and  FD  the  excels  of  CD  abpve  the  gi^eo  magni- 
tude CF,  has  a  given  ratio  to  E.  the  excefs  of  AB  above  a  given 
magnitude  has  a  given  ratio  to  E. 

Becaufe  the  ratio  of  GB  to  CD  is  given,  as  GB  to  CD,  Co 
GH  to  CF  ;  therefore  the  ratio  of  GH  to  CF  is 

a.  1.  Dat.    given  5  and  CF  is  given,  wherefore  ■  GH  is  gi-  A. 

ven ;  and  AG  is  given,  wherefore  the  whole 
AH  is  given,  and  becaufc  as  GB  to  CD,  fo  is 

b.  19. 5.     GH  to  CF,  and  fo  is  ^  the  remainder  HB  to  the  --j- 1    x 

remainder  FB ;  the  ratio  of  HB  to  FD  is  given.  -"T  -F" 
%  p.  Dat.    and  the  ratio  of  FD  to  E  is  given,  wherefore  • 

the  ratio  of  HB  to  E  is  given,  and  AH  is  given;  ..^  j  ,^^ 
tlicrefore  HB  tlie  excefs  of  AB  above  the  given  J#  J# 
magnitude  AH  has  a  given  ratio  to  £. 

"  Othcrwife. 

Let  AB,  C,  D  be  three  magnitudes,  the  excefs  EB  of  the 
firft  of  which  AB  above  the  given  magnitude  AE  has  a  given 
ratio  to  C,  and  the  excefs  of  C  above  a  given  magnitude  has  i 
given  ratio  to  D.  the  excefs  of  AB  above  a  gi-  A 
vcn  magnitude  has  a  given  ratio  to  D.  "^ 

Bccauft  EB  has  a  given  ratio  to  C,  and  theE" 
excefs  of  C  above  a  ^ven  magnitude  has  a  given 
d.  14.  Dat.  ratio  to  D  ;  therefore  ^  the  excefs  of  EB  above  a  ]p-  ► 
given  magnitude  has  a  given  ratio  to  D.  let  this 
given  magnitude  be  EF,  therefore  FB  the  ex-       j 
cefs  of  £B  above  £F  has  a  given  ratio  to  D.  -n' 


G 


JE 


I 


given  raiio  10  JLT.  -v%- 

and  AF  is  given,  becaufc  AE,  EF  arc  given.  "^ 


en 
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therefore  FB  the  cxcefs  of  AB  aboTe  the  giren  magaitude  AF  has 
a  given  ratio  to  D." 

PROP.   xxvm.  2j/ 

T  F  two  lines  given  in  pofition  cut  one  another,  the  sct  if. 

point  or  points  in  which  they  cut  one  another  are 
given. 

Let  two  lines  AB,  CD  givcA  in  pofition  cut  one  another  in  the 
point  E  j  the  point  £  is  given.     "  ^     '  | 

Bccaufe  the  lines  AB,  CD  are 
given  in  pofition,  they  have  always 

the  fame  fituatioa  ',  and  therefore   -ttc  N;;;;;  JtJ    a.  4. 1>tU 

the  point,  or  pomts,  in  which  they 
cut  one  another  have  always  the 
fame  fituation.  and  becaufc  the  lines 
AB,  CD  can  be  found",  the  point, 
or  points,  in  which  they  cut  one 
amother,  are  iikewifc  fognd ;  and 
tJiercf ore  arc  given  in  pofition'. 

PROP.      XXIX.  26. 

IF  the  extremities  of  a  ftraight  line  be  given  in  pofi- 
tion ;  the  ftraight  line  is  given  in  pofition  and  mag- 
nitude. 

Bccaufe  the  extremities  of  the  fhaight  line  are  given,  they  caa 
be  found  •;  let  thcfe  be  the  points  A,  B,  between  which  a  llraight  *■  '♦•  ^«f' 
line  AB  can  be  drawn  ^  -,  this  has  an  Ui.Poftu- 

inviiriable    pofition,    bccaufe    between  J^ J^ 

two  given  points  there  can  be  drawn 

but  one  ftraight  line,  and  when  the  flraight  line  AB  is  drawn,  its 
magnitude  is  at  the  fame  time  exhibited,  or  given,  therefore  the 
llraight  line  AB  is  given  in  pofition  aad  magnitude. 
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PROP.     XXX. 

TF  one  of  the  cxtreipities  of  a  ftraight  line  given  is 
pofition  and  magnitude  be  given;  the  other  cxtrs- 
mity  fhall  alfo  be  given. 

IiCt  the  poiat  A  be  given,  to  wit  one  of  the  extremities  of  a 
ftraight  line  given  in  magnitude,   and  which  Jies  in  the  ftr^j 
line  AC  given  in  pofition ;  the  other  extremity  is  alfo  giTcii. 

Becaufe  the  ftraight  line  is  given  in  magnitude,  one  equal  to  . 
a.  il  Dtf.    can  be  found  • ;  let  this  be  the  ftraight  line  D.    from  the  grcir 
ftraight  line  AC  cut  off  AB  equal  to  the  k  •-|>         rj 

Icflcr  D.    therefore  the  other  extremity     ^ — » 

B  of  the  ftraight  Ihie  AB  is  found,   andngv 
the  point  B  has  always  the  fame  firua>     ,■  ^ 

tion,  becaufe  any  other  point  in   AC, 

upon  the  fame  fide  of  A,  cuts  off  between  it  and  the  point  A  i 
grjpatcr  or  lefs  ftraight  line  than  AB,  that  is  than  D,   therefore  the 
fc.  4.  Dcf.    point  B  is  given  ^,  and  it  is  plain  another  fuch  point  can  be  {oiM 
in  AC  produced  upon  the  other  fide  of  the  point  A. 

28.  PROP.     XXXI. 

TF  a  ftraight  line  be  drawn  through  a  given  point 
parallel  to  a  ftraight  line  given  in  pofition ;  th^t 
ftraight  line  is  given  in  pofition. 

Let  A  be  a  given  pcant,  and  BC  a  ftraight  line  given  in  pofition', 
tl;e  ftraight  line  drawn  thro'  A  parallel  to  BC  is  given  in  pofitiofl. 
«.  jr.  I .  Thro'  A  draw  •  the  ftraight  line  DAE -^  A         TT 

'  parallel  to  BC ;  the  ftraight  line  D AE-^ 3p :=' 

has  always  the  fame  poiition,  becauf6-|^  fi 

no  other  ftraight  line  can  be    drawn-^ —  ,        -». 

through  A  parallel  to  BC.  therefore  the 
b.  4.  Dcf.    ftraight  line  DAE  which  has  been  found  is  given  ^  in  poittioOf 


ap- 
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PROP.      XXXII. 

IF  a  ftraight  line  be  drawn  to  a  given  point  in  a  gi-* 
vcn  ftraight  line,  and  makes  a  given  angle  with  it. 
that  ili-aight  line  is  given  in  pofition. 

L.ct  AB  be  a  ftiaight  line  giYcn  in  pofirion,  and  C  a  giTcn  poiot 
in  it,    the  ftraight  line  drawn  to  C 
^vhich  makes  a  given  angle  with  CB, 
is  given  in  pofition. 

liccauic  the  angle  is  given,  one 
equal  to  it  can  be  found  •  5   let  this  \  j(^/^  *•  »•  1^^^ 

be  the  angle  at  D.  at  the  given  point 


C    in   the  given   ftraight   line  AB"^ 

make  ^  the  angle  ECB  equal  to  the  .       /  b.  »j.  x. 

angle  at  D.    therefore  the  ftraight 

littc  EC  has  always  the  fame  fituati- 

on,  becaufe  any  other  ftraight  line 

FC  drawn  to  the  point  C  makes  with  CB  a  greater  or  lefs  angle 

than  the  angle  ECB  or  the  angle  at  D.  therefore  the  ftraight  line 
IC  which  has  been  found  is  given  in  pofition. 

It  is  to  be  obfervcd  fhat  there  are  two  ftraight  lines  EC,  GG 
upon  one  fide  of  AB  that  make  equal  angles  with  it,  and  wliich 
make  equal  angles  with  it  when  produced  to  the  other  fide. 

PROP.     XXXIIL  30- 

TF  a  ftraight  line  be  drawn  from  a  given  point,  to  a 
^  ftraight  line  given  in  pofition,  and  makes  a  given 
angle  with  it  \  that  ftraight  line  is  given  in  pofition. 

From  the  given  point  A  let  the  ftraight  line  AD  be  drawn  to 
the  ftraight  line  BC  given  in  pofirion,  and  make  with  it  a  given 
angle  ADC;   AD  is  given  in  pofition. 

Thro'  the  point  A  draw  ■  the  ftraight  IE  A.  "F  a-  31.  i. 

lint  EAF  parallel  to  BC ;    and  becaufe  \ 

thro'  the  given  point  A  the  ftraight  line  \ 

EAF  is  drawn  parallel  to  BC  which  is  gl- "» =t5 ?» 

vcn  in  pofition,  EAF  is  therefore  given  in  SJ        s^ 

pofition  t>.  an  i  becaufe  the  ftraight  line  AD  meets  the  parallels  BC,  «>•  3»-  Dat. 

EF,  the  angle  EAD  is  equal  «^  to  the  angle  ADC;  and  ADC  is  c.  *p.  1- 
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given,  wherefore  alfo  the  angle  EAD  is  giveri.    therefore  bead:' 
thcftraight  line  DA  is  drawn  to  the  given  point  A  in  the  ftrjig-] 
line  £F  given  in  pofitioa,  and  makes  with  it  a  gircm  angle  EAD; 
d.  3x.  Dit.  AD  is  given  *  in  poiition. 

31.  PROP.     XXXIV. 

See  N.  TF  from  a  given  point  to  a  ftraight  line  given  in  pofi- 
*  tion,  a  ftraight  line  be  drawn  which  is  gjivcn  ib 
magnitude;  the  fame  is  alfo  given  in  poiition. 

Let  A  be  a  given  point,  and  BC  a  ftrVight  line  giren  ia  poii- 
tiod  ;  a  ftraight  line  given  in  magnitude  drawn  from  the  poiat  i 
to  BC  is  given  in  pofition. 

Becaufe  the  ftraight  line  is  given  in  magnitude,  one  equsl  fc^ 
a.  i.Dcf.    can  be  found* ;  let  this  be  the  ftraight  line  D.  from  the  point  A 
draw  AE  perpendicular,  to  BC ;  and  becaufe  a 

AE  is  the  ftiorteft  of  all  the  ftraiaht  lines  ' 

which  can  be  drawn  from  the  point  A  to  BC, 
the  ftraight  line  D,  to  which  one  equal  is  to 


be  drawn  from  the  point  A  to  BC,  cannot  be  B 

lefs  than  AE.  If  therefore  D  be  equal  to  AE,  ^  ' 

AE  is  the  ftraight  line  given  in  magnitude  drawn  from  the  gi^s 

b.  33.  Dtt.  point  A  to  BC.  and  it  is  evident  that  AE  is  given  in  pofition  ^  ^ 

canfe  it  is  drawn  from  the  given  point  A  to  BC  which  is  gi^ii 
in  pofition,  and  makes  with  BC  the  given  angle  AEC. 

But  if  the  ftraight  line  D  be  not  equal  to  AE,  it  mufl  be  gft2tt 
than  it.  produce  AE,  and  make  AF  equal  to  D;  and  fiom  the ct^ 
ter  A,  at  the  diftance  AFdefcribe  the  circle  GFH,  and  join  AC, 

c.  6.  Dcf.    AH.  becaufe  the  circle  GFH  is  given  in  pofition*,  and  the  ftraigbi 

line  BC  is  alfo  given  in  pofition  $ 

therefore  their  interfcftion  G  is  gi- 
4.  it.Dat.  ven  »*5  and  the  point  A  is  given  ;-g 
«.  a9.Dat.  wherefore  AG  is  given  in  pofition  % — 

that  is,  the  ftraight  line  AG  given  in 

magnitude  (for  it  is  equal  to  D)  and 

drawn  from  the  given  point  A  to  the  ftraight  line  BC  given  in  p 

fition,  is  alio  g^ven  in  pofition.  and  in  like  manner  AH  is  given  io 

pofidoQ*  therefore,  in  this  cafe  there  are  two  ftraight  lines  AOt 
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Ml  of  the  fame  given  magnitude  which  can  be  drawt  from  % 
Tiven  puiiu  A  to  a  flraight  line  BC  given  in  pofition. 

PROP-     XXXV.  3  a* 

IF  a  ftrai?;ht  line  be  drawn  between  two  parallel  ftraight 
bn'S  given  in  porition,and  makes  given  angles  with 
thcni  y  t!ie  ftraight  line  Is  given  in  magnitude. 

Let  the  ftr.i  ,^!it  line  EF  be  drrvn  between  the  parallels  AB, 
Cl^  V  hi  b  .u  :  viven  in  poGtlori,  and  make  the  given  angles  BEF, 
irn^  Ef  is  i^'vcn  in  magnitude. 

In  CD  ti  tc  :hc  given  point  G,  and  thro'  G  draw  ■  GH  paral-  a.  31,1. 
1. 1  to  KF.  and  bccauie  CD  meets  the  parallels  Gil,  EF,  the  angle 

El  L)  16  equU  »»  to  the  angle  HGD.  and    *  TT  IT    "B  **  **"'* 

EFO  IS  a  riven  angle,  wherefore  the  angle  r^  -1^X1-^ 

HGD  is  given,  and  bccaufc  IIG  is  drawn 

to  the  given  point  G  in  the  ftraight  line 

CD  given  in  pofition,  and  makes  a  given   ^        1?  tfl        TJ 

angle  HGD  j  the  ftraight  Une  HG  is  gi-*  ^ 

vcn  in  pofition  «.  and  AB  is  given  in  pofition,  therefore  the  point  «•  3*- 

H  is  given ^;  and  the  point  G  is  alfo  given,  wherefore  GH  is  given  ^-  a»-  ^>^ 

in  magnitude  ^   and  EF  is  equal  to  it  -,  therefore  EF  is  given  in*-  *f-  *>^ 

magnittide. 

PROP.     XXXVI.  33- 

IF  a  ftraight  line  given  in  magnitude  be  drawn  between  ^*«  *• 
two  parallel  ftraight  lines  given  in  pofition  j  it  fhall 
make  given  angles  with  the  parallels. 

Ltt  the  ftraight  line  EF  given  in  magnitude  be  drawn  between 
the  parrditl  fir.iight  lines  AB,  CD  which  aie  a  np»  -rr  "o 
given  in  pofition ;  the  angles  AEF,  EFC  fliall 
be  given. 

lUcauie  EF   is   given   in   magnitude,   a 


i.Ik£; 


ftraight  line  equal  to  it  can  be  found  ■ ;  let  ^m         -^  -j^   -.^ 
this  be  G.  in  AB  take  a  given  point  H,  and      ^  "^ 

from  it  draw  *»  HK  perpendicular  to  CD.  ^  '•*  *• 

therefore  the  ftraight  line  G,  that  is  EF,  cannot  be  lefs  than  HK. 
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atid  if  G  be  equal  to  HK,  EF  alfo  is  cqaal  to  it;  wherefore  EF  s 
at  right  angles  to  CD,  for  if  it  be  not,  £P  would  be  greater  xho 
HK,  which  is  abfurd.  therefore  the  angle  EFD  is  a  right  and  coa- 
fequently  a  giTen  angle. 

But  if  the  ftraight  line  G  be  not  equal  to  HK,  it  mnft  be  greater 
than  it.  produce  HK,  and  take  HL  equal  to  G;  and  from  dit 
center  H,  at  the  diftance  HL  defcribe  the  circle  MLN,  and  join 
c.  6.  Def.  HM,  HN.  and  becaufe  the  drcle '  MLN,  and  the  ftraighc  line  CD 
4,  x8.Dat.  are  giren  in  porition,  the  points  M,  N  are  <*  given;  and  the  pamt  H 
is  given,  wherefore  the  ftraight 
lines  HM,  HN  are  given  in  po-J^  "J^  JHL         J8 

e.  ip.  Dat.  fition*.  and  CD  is  given  in  pofi- 

tion,  therefore  the  angles  HMN, 

f.  A.  Dcf.  HNM  are  given  in  poiition  f. 

of  the  ftraight  lines  HM,  HN  C 
let  HN  be  that  which  is  not  pa- 
rallel to  EF,  for  EF  cannot  be 
parallel  to  both  of  them ;   and  draw  EO  parallel  to  HN.     EO 

ff.  34. 1,      therefore  is  equal  «  to  HN,  that  is  to  G;  and  EF  is  equal  to  G, 
wherefore  EO  is  equal  to  EF,  and  the  angle  EFO  to  the  angle 

h.»p.  1.     EOF,  that  is  h  to  the  given  angle  HNM.    and  becaufe  the  angl< 

^       HNM  which  is  equal  to  the  angle  EFO  or  EFD  has  been  found, 

therefore  the  angle  EFD,  that  is  the  angle  AEF^  ii  given  in  mag- 

k.  I.  Dcf.   nitudck,  and  confequcntly  the  angle  EFC. 

E.  PROP.     XXI\^H. 

Sec  N.       TF  a  ftraight  line  given  in  magnitade  be  drawn  from  a 

point  to  a  ftraight  line  given  in  pofition,  in  a  given 
angle ;  the  ftraight  line  drawn  thro'  that  point  parallel 
to  the  ftraight  line  given  in  pofition,  is  given  in  pofition. 

Let  the  ftraight  line  AD  given  in  magnitude  be  drawn  from 
tke  point  A  to  the  ftraight  line  BC  given  in  _, 
pofition,  in  the  given  angle  ADC;  the  ftraight  E  AH!F 

line  EAF  drawn  through  A  parallcj^  to  BC  is 
given  in  pofition. 

In  BC  take  a  given  point  G,  and  draw  GH  g — -p^    q.    ^ 
parallel  to  AD.  and  becaufe  HG  is  drawn  to  a  ' 

given  point  G  in  the  ftraight  line  BC  ^ven  in  pofition,  in  a  given 
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angle  HGC,  for  it  i&  equal  *  to  the  given  angle  ADC ;  tiG  is  fi-^  a.  19,  1. 
ven  in  pofition  ^  ^  l>ut  it  is  given  alio  in  magnitude,  becanie  it  is  e*  b.  3»«  Dati 
qual  to  AD  which  is  given  in  magnitude,  therefore  becanie  G  one 
of  the  extremities  of  the  flraight  line  GH  given  in  pofition  and 
magnitude  is  given,  the  other  extremity  H  is  given  ••  and  the  c.  %o,  Dan 
ftiaight  line  EAF  which  is  drawn  through  the  given  point  H  pa- 
rallel to  BC  given  in  pofition,  is  therefore  given  ^  in  pofition.         4.  31.  Dat/ 

PROP,   xxxvm.  34. 

TF  a  ftraight  line  be  drawn  from  a  given  point  to  two 
parallel  ftraight  lines  given  in  pofition ;  the  ratio  of 
the  fegments  between  the  given  point  and  the  parallels 
fhall  be  given. 

Let  the  ftraight  line  £FG  be  drawn  from  the  given  point  E 
to  the  parallels  AB,  CD  ;  the  ratio  of  EF  to  EG  is  given. 

From  the  point  E  draw  EHK  perpendicular  to  CD.  and  becauie 
from  a  given  point  £  the  ftraight  line  £K  is  drawn  to  CD  which 
it  given  in  po/ition,  in  a  given  angle  EICC  i  £K  is  given  in  pofi^ 


IB 
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tion  ••  and  AP,  CD  are  given  in  pofition  ;  therefore  *  the  points  »•  33.  t>tu 
H,  K  are  given,  and  the  point  E  is  givcn>  wherefore  «  EH,  EK  ^-  *®-  ^•^*- 
arc  given  in  magnitude,  and  the  ratio  *  of  them  is  therefore  given.  ^^  ^  'j^^^  ' 
bot  as  EH  to  EK,  {o  is  EF  to  EG,  becaufc  AB,  CD  are  parallels, 
therefore  the  ratio  of  EF  to  EG  is  given. 

i 

PROP.     TXYra.  35.  36* 

IF  the  ratio  of  the  fegments  of  a  ftraight  line  between  Scc  n. 
a  given  point  in  it  and  two  parallel  ftraight  lineg 
be  given  j  if  one  of  the  parallels  be  given  in  pofition, 

the  other  is  alfo  given  in  pofition* 

B  b 
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From  the  given  pmnt  A  let  the  ftraight  line  AED  be  cfrawn  to 
the  two  paralicl  ftraight  lines  FG,  BC,  and  let  the  ratio  of  the 
fegments  AE,  AD  be  given  ;  if  one  of  the  parallels  BC  be  given 
in  pofition,  the  other  FG  is  alfo  given  in  pofition. 

From  the  point  A  draw  AH  perpendicular  to  BC,  and  let  it 
meet  FG  in  K.  and  becaufe  AH  is  drawn  from  the  given  point  A 
to  the  ftraight  line  BC  given  in  pofition,  and  makes  a  given  angk 


A 


FE  K 


€k 


H 


t.  35.  Dtt.  AHD  5  AH  is  given  ■  in  pofition.  and 

BC  is  likewife  given  in  pofition,  there-     -n 
b.  xM,  Dat.  fore  the  point  H  is  given  ^,  the  point  A- 

is  alfo  given,  wherefore  AH  is  given  in 
c. 29, Dat.  magnitude*^*  and,  becaufe  FG,  BC  are 

parallels,  as  AE  to  AD,  fo  is  AK  to"  ^^ 

AH  ;  and  the  ratio  of  AE  to  AD  is  gi- 

vcnj  wherefore  the  ratio  of  AK  to  AH  is  given;  but  AH  is  given 

d.  %.  Dat.   '^^  magnitude,  therefore  ^  AK  is  given  in  magnitude;  and  it  is  aiib 

e.  30.  Dat.  given  in  pofition,  and  the  point  A  is  given ;  wherefore  «  the  point 

K  is  givtn.  and  becaufe  the  ftraight  line  FG  is  drawn  thro*  the 

f.  ji.  Dat.  gi^cn  point  K  parallel  to  BC  which  is  given  in  pofition,  therefore' 

FG  is  given  in  pofition. 


37- 3^- 

See  N. 


PROP.      XL. 


T  F  the  ratio  of  the  fegments  of  a  ftraight  line  into 
^  which  it  is  cut  by  three  parallel  ftraight  lines,  be 
given  ;  If  two  of  the  parallels  arc  given  in  pofitioQy 
the  third  alfo  is  given  in  pofition. 


Let  AB,  CD,  HK'  be  tlircc  parallel  ftraight  lines,  of  which  AB^ 
CD  are  given  in  pofition ;  and  let  the  ratio  of  the  fegments  G£y 
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OF  into  which  the  ftralght  line  GEFis  cijt  by  the  three  jfaralkb, 
be  given;  the  third  parallel  HlC  is  t^h^en  in  pofitioii. 

In  AB  take  a  glveu  point  L,  and  diw.v  LM  perpendicular  to' 
CD,  meetiniT  Hlv  in  N.  becaufc  LM  is  drawn  irjm  tlie  given 
point  L  to  CD  which  is  rj'^'^'-^  ^^  pofition,  and  ra;:Ic  ?s  a  given  angle 
I/MD;  LM  is  given  in  pDiltion  '.   and  CD  is  given   in  pofKio:!,  a.  51.  Dat. 
»v;'herefore  the  point  M  is  given  •»;  and  tiie  point  L  is  giv\n,  LM  b.  18.  Oat. 
is  therefore  given  ia  magnitude  *.  and  becaufc  the  rario  of  G\l  rj  c  19.  Dat. 


H       G:  -N  -K 
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lyr  3> 


GF  is  given,  and  as  GE  to*  GF,  fo  is  NL  to  NM ;  the  ratio  of 

NL  to  NM  is  given  ;   and  therefore  ^  the  ratio  of  ML  to  LN  is  CCor.*. 

given,  but  LM  is  given  in  magnitude,  wherefore  *  LN  is  givtn  in  ^ '  5 

magnitude  •,  and  it  is  alfo  givtn   in  pofition,  and  the  point  L  is  ^  a.  Dat.' 

given ;  wherefore  f  the  point  N  is  given,  and  becaufe  the  fbaight  f.  j©.  Da. 

line  HK  is  drawn  thro'  the  given  point  N  parallel  to  CD  whit:h  is 

given  in  pofition,  therefore  HK  is  given  in  pofition*.  r-  ji.Dit* 


PROP.     XLL  f . 

TF  a  ftraight  line  meets  three  parallel  ftraio^ht  lines  ^"^* 
*    which  are  given  in  pofition  ;  the  i'cgmcnts  iiv.o 
which  they  cut  it,  have  a  given  ratio. 

Let  the  parallel  ftraight  lines  AB,  CD,  EF  f^iven  in  pofition  be 
cut  by  the  ftraight  line  GHK;  the  ratio  of  GH  to  HK  is  given. 

In  AB  take  a  given  point  L,  and  draw 
LM  perpendicular  to  CD,  meeting  EF  in-A^  Gc  Jj        J3 

N;  therefore  *  LM  is  'given  in  pofition  5 


and  CD,  EF  are  given  in  poiition,  where- 
fore the  points  M,  N  are  given,  and  the 
point  L  is  given,  therefore  ^  the  ftraight. 


>! 


a.  33.  I^at. 


b.  zp.  Diil. 


lines  LM,  MN  are  given  in  mignitude  jE    3C 
stod  the  ratio  of  LM  to  MN  is  therefore 

B  b  a' 


"JV        P 


3" 
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c  1.  Dat.  ^rcn*.  bat  as  UI  to  IfN,  b  is  GU  to  WLi  wfaaefioic  liie 
"  tiaof  GH  to  HK  b  gxrca. 


39 
SccM 


PROP.     XUL 


TF  each  of  the  fides  of  a  triangle  be  gr 
'^  tude ;  the  triangle  is  given  in  fpedcs. 


a.  SI.  f . 


in 


Let  each  of  the  fides  of  the  triangle  ABC  be  g^ven  in  m2gc^ 

tude ;  the  triangle  ABC  is  given  in  (pedes. 

hhkc  a  triangle  *  D£F  the  fides  of  which  are  equal,  each  3> 

each,  to  the  given  ftraight  Hoes  AB,  BC,  CA;  which  can  be  coce, 

becanie  any  two  (^  then  moft  be  greater  than  the  third;  and  kt 

DE  be  equal  to  AB,  EF  to 

BC,  and  FD  to  C A-  and  A  ID 

becanfe  the  two  fides  ED, 

DF  are  eq«al  to  the  two 

BA,  AC,  each  to  each,  and 

the  bafe  EF  equal  to  the-|^ 

bafe  BC;  the  angle  EDF  is^ 

equal  ^  to  the  angle  B  AC  therefore  becade  the  angle  EDF,  which 

is  equal  to  the  angle  BAC,  has  been  found,  the  angle  B  AC  is  gi- 

Ten  ',  in  like  manner  the  angles  at  B,  C  are  giren.  and  becaufe  the 
4. 1.  Dat.  fides  AB,  BC,  CA  arc  g^ren,  thdr  ratios  to  one  another  arc  ^Ten< 
«.  ;.  Dct   therefore  the  triangle  ABC  is  ^ren  ^  in 


k  a.  I. 


c  i.Def. 


40. 


PROP,    xlhl 


a*  %$*  t. 


TF  each  of  the  angles  of  a  triangle  be  given  in  mag- 
nitude ;  the  triangle  is  given  in  ''~    ' 


Let  each  of  the  ang^  of  the  triangle  ABC  be  given  in  magni- 
tude ;  the  triangle  ABC  is  given  in  fpedcs. 

Take  a  ftraight  line  DE  ^ren  in 
pofition  and  magnitude,  and  at  the 
points  D,  E  make  '  the  angle  IDF  e- 
qual  to  the  an^e  BAC,  and  the  angle 

DEF  equal  to  ABC;  therefore  the  #t    x^      -C^ 

other  angles  EFD,  BCA  arc  equal.  -"  C    E      T 

and  each  of  the  angles  at  the  pwnts  A,  B,  C  is  g^ven^  wherefore 


n 
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each  of  thofe  at  the  points  D,  E,  F  is  given,  and  becaufe  the  ftraight 
line  FD  is  dravrn  to  the  given  point  D  in  D£  which  is  given  in 
pofitiony  making  the  given  angle  EDF ;  therefore  DF  is  given  in 
pofition  ^.  in  like  manner  EF  alio  is  given  in  pofidon;  wherefore  h,j%,  Dat; 
ttie  pviint  Fis  given,  and  the  points  D,  £  are  given ;  therefore  each 
of  the  ftraight  lines  DE,  EF,  FD  is  given  *  in  magnitude,  where-  c.  *9.  Dat, 
fore  the  triangle  DEF  is  given  in  fpecies** ;  and  it  is  fimilar  *  to  the  *•  ^*-  ^*** 
triangle  ABC}  which  therefore  is  given  in  fpecies.  ^ 


4.  6, 
i.Def. 


4« 


PROP.     XLIV.       . 

TF  one  of  the  angles  of  a  triangle  be  given,  and  if  the 
.  fides  about  it  have  a  given  ratio  to  one  another ;  the 
triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  one  of  its  angles  BAC  given,  and 
let  the  fides  BA,  AC  about  it  have  a  given  ratio  to  one  another  ^ 
the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  DE  given  in  pofition  and  magnitude,  and 
at  the  point  D  in  the  given  ftraight  line  DE  make  the  angle  EDF 
equal  to  the  given  angle  BAC ;  wherefore  the  angle  EDF  is  given. 
and  becaufe  the  ftraight  line  FD  is  drawn  to  the  given  point  D  in 
£D  which  is  given  in  pofition,  making  the  given  angle  EDF;  there- 
fore FD  is  given  in  pofition  ■..  and  be-  a  ••  3>-  Dat. 
canfc  the  ratio  of  BA  to  AC  is  given,               "*^ 
make  the  ratio  of  ED  to  DF  the  fame 
with  it,  and  join  EF.  and  becaufe  the 
ratio  of  ED  to  DF  is  given,  and  ED  is 
given,  therefore  ^  DF  is  given  in  mag-  -B            \j    JL        a^     b.  ».  Dat. 
nitude ;  and  it  is  given  alfo  in  pofi|ion,  and  the  point  D  is  given, 
wherefore  the  point  F  is  given  *.  and  the  points  D,  E  are  given,  c  30.  Dat. 
wherefore  DE,  EF,  FD  are  given  *  in  magnitude;  and  the  triangle  d.  xg.  Da*. 
DEFis  therefore  given  *  in  fpecies.  and  becaufe  the  triangles  ABC,  e.  4*.  d*c: 
DEF  have  one  angle  BAC  eqnal  to  one  angle  EDF,  and  the  fides 
about  thefe  angles  proportionals ;  the  triangles  are  f  fimilar.  but  f-  ^-  ^» 
the  triangle  DEF  is  given  in  fpecies,  and  therefore  alfo  the  trir 
angle  ABC. 
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42. 


PROP.     XLV; 


SecK. 


T  F  the  fides  of  a  triangle  have  to  one  another  given 

^    ratios  ;  the  triangle  is  given  in  fpecies. 


Jxt  the  fiJ.cs  of  the  triangle  ABC  have  given  ratios  to  one 
another,   th?  tri.::i::le  ABC  is  given  in  fpccics. 

Take  a  Itra'iglt  line  D  given  in  magnitude;  and  beciufe  the 
ratio  of  AB  to  LC  is  g"vin,  nuke  the  ratio  of  D  to  £  the  lame 
t.  ».  Pat  with  it ;  aad-  O  is  r^ivcn,  tiiercforc  •  E  is  given,  and  becauie  the 
i\\[\o  of  BC  to  CA  is  given,  to  this  make  the  ratio  of  E  to  F  the 
i\m<: ;  and  K  is  ffiv^n,  and  therefore  *  F.  and  bcciufe  as  AB  to 
BC,  fo  is  1)  to  E,  i>y  compofiiion  AB  and  BC  together  are  to  BC, 
as  D  aid  E  to  E  ;  but  as  BC  to 
CA,  ivy  \3  E  to  !•'  \  th'v'icfore,  ex 
acqiuli  ••,  a..  AB  ar.d  BC  arc  to 
CA,  io  arc  1")  aivl  E  to  F.  and  AB 


b.  ax.  S- 

c.  !•.   I. 

d.  A.  5. 


1 


BC  wic  :,:..'.t.r  *^  than  CA, 
tl'ciif*  c  I)  .ri  K  av'J  greater** 
ti" m  F.  ill  1 01*  i'.ii.c  rii./'i.icr  any 
twcol*  t'^e    ih:  :?    D,   E,   F   .irc 


C.  XI.  X. 


^     .\.l      it...lj    t    >>.     Ill 

tri'ifi 


■Ic  CiliK  \v!:. 


wl.  i.n\e  ^  the 
>  il.!v\-  arc 


3>  EI* 


yj  .1  to  D,  E,  F,  fo  that  GH  be 

equal  to  D,  HK  to  E,  and  KG  to  F.   and  bccaufe  D,  E,  F  are, 

each  of  them,  given,  therefore  GH,  HK,  KG  are  each  of  them 

f.  41.  D-t    give  n  in  nisgnitude ;   therefore  the   triangle  GHK  is  given  f  10 

fpc(  ies.'but  as  AB  to  BC,  lb  is  (D  to  E,  that  is)  GH  to  HK;  and 

as  BC  to  CA,  fo  is  (E  to  F,  that  is)  HK  to  KG  ;  therefore,  ex 

f.  5.  tf.        acGn:di,  as  AB  to  AC,  fo  is  GH  to  GK.  wherefore  ^  the  triangle 

ABC  is  etiuian$rular  and  fimilar  to  the  triangle  GHK.    nnd  the 

trijn^;lc  GHK  is  given  in  ipecies ;   therefore  alfo  the   triangle 

.    .     ABC  is  givtn  in  fpecies. 

Cor.  If  a  triangle  is  required  to  be  made  the  fides  of  which 
fliall  have  the  fame  ratios  which  three  given  ftraight  lines  D,  E, 
F  have  to  one  another ;  it  is  neceffary  that  every  two  of  them 
be  greater  than  the  third.       , 
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PROP.     XLVL  4  J. 

T  F  the  fides  of  a  right  angled  triangle  about  one  of 
the  acute  angles  have  a  given  ratio  to  one  another; 
the  triangle  is  given  in  fpecies. 

Let  the  fides  AB,  BC  about  the  acute  angle  ABC  of  the  tri- 
angle ABC  which  has  a  right  angle  at  A,  have  a  given  ratio  to 
one  another  j  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  DE  given  in  pofition  and  magnitude  ;  and 
becaufe  the  ratio  of  AB  to  BC  is  given,  make  as  AB  to  BC,  fo 

DE  to  EF ;  and  becaufe  DE  has  a  given  ratio  to  EF,  and  DE  is 

given,  therefore  ■  EF  is  given,  and  becaufe  as  AB  to  BC,  fo  is  ,.  ^^  d^^. 

DE  to  EF,  and  AB  is  lefs  ^  than  BC,  therefore  DE  is  Icfs  «  than  b.  19.  i. 

EF.  from  the  point  D  draw  DG  at  right  angles  to  DE,  and  from  c.  A.  5. 

the  center  E  at  the  diftance  EF  defcribc  a  circle  which  ihall  meet 

DG  in  two  points,  let  G  be 

cither  of  them,  and  join  EG  j 

therefore  the  circumference  of 

the  circle  is  given  ^  in  pofition.  "^  ^^"^'^^         \\  A.c.  Dif. 

and  the  ftraight  line  I)G  is 

given  *  in  pofition,  "becaufe  it  ^    ^  j^  D^^^ 

is  drawn  to  the  given  point  D  in  DE  given  in  pofition,  in  a  given 

angle,  therefore  '  the  point  G  ii  given,  and  the  points  D,  E  are  f.  %%.  Dat. 

given,  wherefore  DE,  EG,  GD  aie  given  «  in  magnitude,  and  the  j.  29.  Dat. 

triangle  DEG  in  fpecies  ^.  and  becaufe  the  triangles  ABC,  DEG  h.  4*.  I>»t. 

have  the  angle  B AC  eqwal  to  the  angle  EDG,  and  the  fides  about 
the  angles  ABC,  DEG  proportionals,  and  each  of  the  other  an- 
gles BCA,  EGD  lefs  than  a  right  angle ;  the  triangle  ABC  is  e- 
quiangular  *  and  fimilar  to  the  triangle  DEG.  but  DEG  is  given  |,  ^.  ^, 
in  fpecies,  therefore  the  triangle  ABC  is  given  in  fpecies.  and  in 
the  fame  manner,  the  tiiangle  made  by  drawing  a  ftraight  line 
from  E  to  the  other  point  in  which  the  circle  meets  DC  is  giveij 
in  fpeclei. 
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44.  PRO    P.      XLVn. 

•fc  K.  TF  a  triangle  has  one  of  its  angles  which  is  not  a  riglii 
'■-  angle  given,  and  if  the  fides  about  another  angk 
have  a  given  ratio  to  one  another ;  the  triangle  is  given 
in  fpccies. 

Lst  the  triangle  ABC  have  one  of  its  angles  ABC  a  givcB,  hm 
not  a  right  angle,  and  let  the  fides  BA,  AC  about  another  angk 
3 AC  have  a  given  rado  to  one  another ;  the  triangle  ABC  is  gi- 
ven in  fpccies. 

Fu  flj  Let  the  given  ratio  be  the  ratio  of  equa- 
lity, that  is,  let  the  fides  BA,  AC  and  confe- 
quently  the  angles  ABC,  ACB  be  equal,  and  bc- 
caufe  the  angle  ABC  is  given,  the  angle  ACB, 

n.  31.  I.      and  alfo  the  remaining  *  angle  BAC  is  given. 

b.  4i.  Dat.  therefore  the  triangle  ABC  is  ^ven  ^  in  fpedes. 
and  it  is  evident  that  in  this  cafe  the  given  angle 
ABC  miift  be  acute. 

Next,  Let  the  given  ratio  be  the  ratio  of  a  left  to  a  greater^  that 

*     is,  let  the  fide  AB  adjacent  to  the  given  angle  be  lefs  than  the  fi<fe 

AC.  take  a  ftraight  line  D£  given  in  pofition  and  magnitade,  and 

make  tlie  angle  DEF  equal  to  the  given  aagle  ABC;  therefore  EF 

f.  3x.  Dat.  is  given  ^  in  pofition.  and  becauie 
the  ratio  of  BA  to  AC  is  given,  as 
BA  to  AC,  fo  make  £D  to  DG;  and 
becaufe  the  ratio  of  £D  to  'DG  is 
given,  and  ED  is  given,  the  ftraight 

a.  X.  Dat.    liiic  DG  is  given  <>.  and  BA  is  left 

e.  A.  ;.      than  AC,  therefore  ED  is  lefs  *  than 

DG.  from  the  center  D,  at  the  dit 
tance  DG  defcribc  the  circle  GF 
meeting  EF  ia  F,  and  join  DF.  and 

f.  f.  Def.    becaufe  the  circle  is  givea  ^  in  pofi- 

tion, as  alfo  the  ftraight  line  EF,  the  {^ 
f.  xi.  Dat.  pomt  F  is  given  «.  and  the  points  D,  E  arc  given,  wherefore  the 
h.  x9.  Dat.  ftraight  lines  DE,  EF,  FD  arc  given  *  in  magnitude,  and  the  tri- 
i.  41  Oat.  angle  DEF  in  fpccies  i.  and  bccaufc  BA  is  lefs  than  AC,  the  angle 
k.  18  I,     ACB  is  lefs  k  than  the  angle  ABC,  and  therefore  ACB  is  lels 
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1  than  a  right  angle,  in  the  fame  manner,  becaufc  ED  is  Icfs  than  1.  n.  i. 
DG  or  DF,  the  angle  DFE  is  lefs  than  a  right  angle,  and  becaufe 
the 'triangles  ABC,  DEF  have  the  angle  ABC  equal  to  the  angle 
DEF,  and  the  fides  about  the  angles  BAC,  EDF  proportionals, 
and  each  of  the  other  angles  ACB,  DFE  lefs  than  a  right  angle } 
the  triangles  ABC,  DEF  are  "  fimilar.  and  DEF  is  given  in  fpe-  m.  7.  *• 
cics,  wherefore  the  triangle  ABC  is  alfo  given  in  fpecies. 

Thirdly,  Let  the  given  ratio  be  the  ratio  of  a  greater  to  a  lefs, 

that  is,  let  the  fide  AB  adjacent  to  the  given  angle  be  greater  than 

AC.  and,  as  in  the  lafl  cafe,  take  a  flraight 

line  DE  given  in  pofition  and  magnitude, 

and  make  the  angle  DEF  equal  to  the  given 

angle  ABC ;  therefore  EF  is  given  *  in  po- 
fition. alfo  draw  DG  perpendicular  to  EF  j 

therefore  if  the  ratio  of  B  A  to  AC  be  the 


c.  |t*I>at» 


fame  with  the  ratio  of  ED   to  the  perpcn-  B 

dicular  DG,  the  triangles  ABC,  DEG  arc 

fimilar  "*,  becaufe  the  angles  ABC,  DEG  are 

equal,  and  DGE  is  a  right  angle,  therefore 

the  angle  ACB  is  a  right  angle,  and  the  tri-  r*     -w? 

angle  ABC  is  given  ^  in  fpecies.   ^  -"  ^     *  b.  43.  Daty 

But  if,  in  this  laft  cafe,  the  given  ratio  of  B A  to  AC  be  not  the 
fame  with  the-  ratio  of  ED  to  DG,  that  is,  with  the  ratio  of  BA  to 
the  perpendicular  AM  drawn  from  A  to  BC ;  the  ratio  of  BA  to 
AC  muft  be  lefs  o  than  the  ratio  of  BA  to  AM,  becaufe  AC  is  o.  t.  $. 
greater  than  AM.  make  as  BA  to  AC,  fo 
ED  to  DH  ;  therefore  the  ratio  of  ED  to 
DH  is  lefs  than  the  ratio  of  (BA  to  AM, 
that  is  than  the  ratio  of)  ED  to  DG;  and 
confcquentlyDHis  greater  P  than  DG;  and 
becaufe  BA  is   greater  than   AC,  ED  is  B 
greater  *  than  DH.  from  the  center  D,  at 
the  diftancc  DH,  drfcribc  the  circle  KHF 
which  necefTarily  meets  the  ftraight  line  EF 
in  two  points,  becaufe  DH  is  greater  than  g    jj^ 
DG,  and  lefs  than  DE.  let  the  circle  meet  H. 

EF  in  the  points  F,  K  which  are  given,  as  was  (hewn  in  the  pre- 
ceding cafe ;  and,  DF,  DK  being  joined,  the  triangles  DEF,  DEK 
are  given  in  fpecies,  as  was  there  fliewn.  from  the  center  A,  at  the 
diftance  AC  defaibc  a  circle  meeting  BC  again  in  L,  and  if  the 
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angle  ACB  be  lefs  than  a  right  angle,  ALB  muft  be  greater  than  a 

right  angle;  and  on  the  contrary,  in  the  fame  manner,  if  the  angle 

DFE  be  lefs  than  a  right  angle,  DKE  muft  be  greater  than  one ; 

and  on  the  contrary,  let  each  of  the  angks 

ACB,  DFE  be  either  lefs  or  greater  than  a  A. 

right  angle ;    and  bccaufe  in  the  triangles 

ABC,  D£F  the  angles  ABC,  DEF  are  e- 

qual,  and  the  fides  BA,  AC,  and  ED,  DF 

about  two  of  the  other  angles  proportion .ils,15 

the  triangle  ABC  is  fimikr  ™  to  the  triangle 

DEF.   in  the  fame  manner,  the  triangle 

ABL  is  fimilar  to  DEK.  and  the  triangles 

DEF,  DEK  arc  given  in  fpecics,  therefore  JJ    JJ^ 

alfo  the  triangles  ABC,  ABL  ijre  given  in  -H 

fpecics.  and  from  this  it  is  evident,  that,  in  this  third  cafe,  theit 

are  always  two  triangles  of  a  different  fpecies  to  which  the  thiogi 

mentioned  as  given  in  the  Propofuion  can  agree. 

PROP.     XL\niI. 

IF  a  triangle  has  one  angle  given,  and  if  both  the  fides 
together  about  th;it  angle  .have  a  given  ratio  to  the 
remaining  fide;  the  tiianglc  is  given  in  fpecics. 


Let  the  triangle  ABC  have  the  angle  BAC  given,  and  let  the 
fides  BA,  AC  together  about  that  angle  have  a  g^vcn  ratio  to  BC; 
the  triangle  ABC  is  given  in  fpecies. 

Bife6l '  the  angle  BAC  by  the  ftraight  line  AD;  therefore  the 
angle  BAD  is  given,  and  bccaVife  as  BA  to  AC,  fb  is  *>  BD  to  DC, 
by  pcnnutation,  as  AB  to  BD,  fo  is  AC  to 
CD;  and  as  BA  and  AC  together  to  BC,  fo 
is  *=  AB  to  BD.  but  the  ratio  of  BA  and  AC 
to:yether  to  BC  is  pjven,  wherefore  the  ratio 
of  AB  to  BD  is  given;  and  the  angle  BAD 
d.  47.  Dat.  is  given,  therefore  *  the  triangle  ABD  is  gi--" 


45 


a.  9.  1. 

b.  3.  6. 


c.  IX.  5. 


D         C 

ven  in  fpecies.  and  the  angle  ABD  is  therefore  given,;  the  angle 

c.  43-  Dat.  BAC  is  alfo  given,  wherefore  the  triangle  ABC  is  given  in  fpecics  *. 

A  triangle  which  fhall  have  the  things  that  are  mentioned  in  the 

Propofition  to  be  given,  can  be  found  in  the  following  manner. 

let  EFG  be  the  given  angle,  and  let  the  ratio  of  H  to  K  be  the 


DATA. 
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given  ratio  which  the  two  fides  about  the  angle  EFG  muft  have 
to  the  third  fide  of  the  triangle,  therefore  bccaufc  two  fides  of  a 
triangle  are  greater  than  the  third  fide,  the  ratio  of  H  to  K  muft 
be  the  ratio  of  a  greater  to  a  lefs.  bifcft  ■  the  angle  EFG  by  the  t.  9.  ,, 
itraigiit  line  FL,  and  by  the  47th  Propofition  find  a  triangle  of 
-which  EFL  is  one  of  the  angles,  and  in  which  the  ratio  of  the 
fides  about  the  angle  oppofitc  to  FL  is  the  fame  with  the  ratio  of 
H  to  K ;  to  do  which,  take  FE  given  in  pofition  and  magnitude, 
and  draw  EL  perpendicular  to  FL.  then,  if  the  ratio  of  H  to  K 
be  the  ilimc  with  the  ratio  of  FE  to  EL,  produce  EL  and  let  it 
meet  FG  in  P ;  the  triangle  FEP  is  that  which  was  to  be  found, 
for  it  has  the  given  angle  EFG, 
and  becaufe  this  angle  is  bifcfted 
by  FL,  the  fides  EF,  FP  together 

are  to  EP,  as  *»  FE  to  EL,  that  is  A^N^Ci  ^'  *•  ^« 

as  H  to  K.  » 

But  if  the  ratio  of  H  to  K  be 
not  the  fame  with  the  ratio  of  FE  £ 
to  EL,  it  muft  be  lefs  than  it,  as 
\vas  fliewn  in  Prop.  4  7.  and  in  this  cafe  there  are  two  triangles 
each  of  which  has  the  given  angle  EFL,  and  the  ratio  of  the  fides 
about  the  angle  oppofite  to  FL  the  fame  with  the  ratio  of  H  to 
K.  by  Prop.  4  7.  find  thcfc  triangles  EFM,  EFN  each  of  which  has 
the  angle  EFL  for  one  of  its  angles,  and  the  ratio  of  the  fide  FE 
to  EM  or  EN  the  f-ime  with  the  ratio  of  H  to  K  5  and  let  the 
angle  EMF  be  gi  eater,  and  ENF  lefs  than  a  right  angle,  and  bc- 
.caufe  H  is  greater  than  K,  EF  is  greater  than  EN,  and  therefore 
the  angle  EFN,  that  is  the  angle  NFG,  is  kfs  ^  than  the  angle  f.  18.  i. 
ENF.  to  each  of  thefc  add  the  angles  NEF,  EFN  j  therefore  the 
angles  NEF,  EFG  are  kfs  than  the  angles  NEF,  El^N,  FNE,  that 
is  than  two  ri;v!»t  angles ;  therefore  the  ftrai^^ht  lines  EN,  FG 
muft  meet  together  when  produced;  kt  them  meet  in  O,  and  pro- 
duce EM  to  G.  each  of  the  triangles  EFG,  EFO  has  die  things 
mentioned  to  be  given  in  the  Propofition.  for  each  of  them  has  the 
given  afigle  EFG,  and  becaufe  this  angle  is  bifefted  by  the  ftraight 
line  FMN,  the  fides  EF,  FG  together  have  to  EG  the  third  fide 
the  ratio  of  FE  to  EM,  that  is  of  H  to  K.  in  like  manner,  the 
fides  EF,  FO  together  have  to  EO  the  ratio  which  H  has  to  K. 
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46.  PRO    P.      XLIX 

IF  a  triangle  has  one  angle  given,  and  if  the  fides  a- 
bout  another  angle,  both  together,  have  a  given  ra- 
tio to  the  third  fide ;  the  triangle  is  given  in  fpccies. 

Let  the  triangle  ABC  have  one  angle  ABC  giTcn,  and  let  the 
two  fides  B A,  AC  about  anothcr.attgle  B AC  have  a  given  ratio  to 
BC;  the  triangle  ABC  is  given  in  fpccies, 

Suppofe  the  angle  BAC  to  be  bifefted  by  the  ftraight  line  AD; 
B  A  and  AC  together  are  to  BC,  as  AB  to  BD,  as  was  (hewa  b 
the  preceding  Propofition.  but  the  ratio  of  BA  and  AC  together 
to  BC  is  given,  therefore  alfo  the  ratio  of  AB  to  BD  is  given,  aid 
a.  44.  Dat.  the  angle  ABD  is  given,  wherefore  •  the  triangle  ABD  is  given  m 
fpccies;  and  confcqucntly  the  angle  BAD, 
and  its  double  the  angle  BAC  are  given; 
and  the  angle  ABC  is  pven.  therefore 
h.  43.  D^t.  the  triangle  ABC  is  given  in  fpecies  *>. 

A  triangle  which  fhall  have  the  things 
mentioned  in  the  Propofition  to  be  given, 
may  be  thus  found.  Let  EFG  be  the  gi- 
ven angle,  and  the  ratio  of  H  to  K  the 
given  ratio  ;  and  by  Prop.  44.  find  the 
triangle  EFL  which  has  the  angle  EFG 
for  one  of  its  angles,  and  the  ratio  of  the  "JT 
fides  £F,  FL  about  this  angle  the  fame 

whh  the  ratio  of  H  to  K;  and  make  the  angle  LEM  equal  to  the 
angle  FEL.  and  becaufe  the  ratio  of  H  to  K  is  the  ratio  which 
two  fides  of  a  triangle  have  to  the  third,  H  muft  be  greater  than 
K;  and  becaufe  EF  is  to  FL,  as  H  to  K,  therefore  EF  is  greater 
than  FL)  and  the  angle  FEL,  that  is  LEM  is  therefore  lels  than 
the  angle  ELF.  wherefore  the  angles  LFE,  FEM  are  lefs  than  two 
right  angles,  as  was  (hewn  in  the  foregoing  Propofition,  and  the 
ftraight  lines  FL,  EM  muft  meet  if  produced ; '  let  them  meet  in 
G.  EFG  is  the  triangle  which  was  to  be  found ;  for  EFG  is  one 
of  its  sinfTlcs,  and  becaufe  the  angle  FEG  is  bife£led  by  £L,  the 
two  fides  FE,  EG  together  have  to  the  third  fide  FG  the  ratio  of 
EF  to  FL,  that  is  the  given  ratio  of  H  to  K. 


DATA.  J97 

P  R  O  P.     L.  76, 

IF  from  the  vertex  of  a  triangle  given  in  fpecies,  a 
ftraight  line  be  drawn  to  the  bafc  in  a  given  angle ; 
it  £hall  have  a  given  ratio  to  the  bafe. 

From  the  rcrtex  A  of*  the  triangle  ABC  which  is  ffven  in  fpe- 
des,  let  AD  be  drawn  to  the  bafe  BC  in  a  given  angle  ADQ^  the 
ratio  of  AD  to  BC  is  givea. 

Bccaufe  the  triangle  ABC  is  given  in  Jl 

fpecies,  the  angle  ABD  is  given,  and  the  ^ 

angle  ADB  is  given ;  therefore  the  triangle 
ABD  is  given  •  in  fpecies ;  wherefore  the        ^  /        \     1. 43,  Dat. 

ratio  of  AD  to  AB  is  given,  and  the  ratio  3  3)         C 

of  AB  to  BC  is  given ;  and  therefore  ^  the  ratio  of  AD  to  BC  b.  9.  D«t. 
is  given. 


R 


PROP.     LI.  ^y, 


E CTI LIN  E  A  L  figures  given  in  fpecies,  arc  di- 
vided into  trianglds  which  are  given  in  fpecies. 


Let  the  reflilineal  figure  ABCDEbe  given  in  fpecies;  ABCDE 
may  be  divided  into  triangles  given  in  fpecies. 

Join  BE,  BD,  and  becauie  ABCDE  is  given  in  fpecies,  the 
angle  BAE  is  given",  and  the  rado  of  BA  .A  **  ^'  ^*'* 

to  BE  is  given " ;  wherefore  the  triangle 

BAE  is  given  m  fpecies  *,  and  the  angle  ^/^  \  *•  44.  Dat^ 

AEB  is  therefore  given  ■•  but  the  whole  -.^ 
angle  AED  is  given,  and  therefore  the  ^ 

remaining  angle  BED  is  given,  and  the  ^ ^ 

ratio  of  AE  to  EB  is  given,  as  alfo  the        C  J) 

ratio  of  AE  to  ED )  therefore  the  ratio  of  BE  to  ED  is  given  •.  «-  >•  ^*^* 

and  the  angle  BED  is  given,  wherefore  the  triangle  BED  is  giveii 

^  in  fpecies.  in  the  fame  manner  the  triangle  BDC  is  given  in 

fpecies.  therefore  rectilineal  figures  which  are  given  in  fpecies  arc 

divided  into  triangles  g^ven  in  fpecies* 
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48.  PROP.     Lll. 

IF  two  triangles  given  in  fpccics  be  dcfcribcd  upon 
the  fame  llraight  line  ;  they  fliall  have  a  given  ra- 
tio to  one  another. 

Let  the  triangles  ABC,  ABD  given  in  fpccies  be  dcfcribcd  upcj 
the  fame  ilraight  line  AB ;  the  ratio  of  die  triangle  ABC  to  6: 
,     iKiangle  ABD  is  given* 

Thro'  the  point  C  draw  CE  parallel  to  AB,  and  let  it  meet  DA 
produced  in  E,  and  join  BE.  becaufethe  triangle  ABC  isgircnin 
fpecies,  the  angle  B  AC,  that  is  the  angle  ACE,  is  given  \  and  be* 
caufe  the  triangle  ABD  is  given  in  fpecies,  the  angle  DAB,  thatis 
the  angle  AEC  is  gi-  -rt 
ven.  therefore  the  tri- 
angle ACE  is  given  in 
fpccics ;  wherefore  the 
ratio  of  EA  to  AC  is 
a.  3.  Def.  given  ",  and  the  ratio 
of  CA  to  AB  is  given, 
as  alfo  the  ratio  of  B A 

to  ADj  therefore  *>  the  ratio  of  EA  to  AD  is  given,  and  the  tri- 
angle ACB  is  equal  ^  to  the  triangle  AEB,  and  as  the  triangk 
AEB,  or  ACB,  is  to  the  triangle  ADB,  fa  is  ^  the  ftraightliie 
EA  to  AD.  but  the  r-itlo  of  EA  to  AD  is  given,  therefore  the 
ratio  of  the  triangle  ACB  to  the  trianr;le  ADB  is  given. 

PROBLEM. 

To  find  the  ratio  of  two  triangles  ABC,  ABD  given  in  fpeci«S 
and  which  are  dcfcribed  upon  the  fame  ftraight  line  AB. 

Take  a  ibalght  line  FG  given  in  pofiticn  and  magnitude,  and 
bccaufe  the  angles  of  the  triangles  ABC,  ABD  are  given,  at  tk 
points  F,  G  of  the  ftraight  line  FG  make  *  ilie  angles  GFH,  GFK 
equal  to  the  angles  BAC,  BAD;  and  the  angles  FGH,  FGKeqcal 
to  the  angles  ABC,  ABD,  each  to  each,  therefore  the  triangle 
ABC,  ABD  are  cquiangulai*  to  the  triangles  FGH,  FGK,  each  » 
each,  through  the  point  II  draw  HL  j^arallel  to  FG  meeting  KF 
produced  in  L.  and  becaule  the  angles  DAC,  BAD  are  eqnal  co 
the  angles  GFH,  GFK,  eoch  to  each;  therefore  the  angles  ACE) 
AEC  are  equal  to  FHL,  FLH,  each  to  each,  and  the  triangle 
AEC  equiangular  to  the  triangle  FLH.  therefore  as  EA  to  AC, 


b.  9.  Dit. 
t.  37.  I. 
d.  1.  <5. 


c.  S|.  I. 
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To  is  LF  to  FH  ;  and  as  C A  to  AB,  fo  HF  to  FG ;  nnd  as  B A  to 
AD,  fo  GF  to  FK;  wherefore,  ex  aequali,  as  EA  to  AD,  fo  is 
LF  to  FK.  but,  as  was  (hewn,  the  triangle  ABC  Is  to  the  triangle 
ABD,  as  the  ftraight  line  EA  to  AD,  that  is  as  LF  to  FK.  the 
ratio  therefore  of  LF  to  FK  has  been  found  which  is  the  (iime 
with  the  ratio  of  the  triangle  ABC  to  the  ti  iunglc  ABD. 

PROP.     LTIL  49. 

IF  two  rectilineal  figures  given  in  fpccies  be  defcribed  Scc  h. 
upon  the  fame  ftraight  iinc ;  they  faall  have  a  given 
ratio  to  one  another. 

Let  any  two  reftilineal  figures  ABCDE,  ABFG  which  are  gi- 
ven  in  fpecics,  be  defcribed  upon  the  fame  ftnught  line  AB  j  the 
ratio  of  them  to  one  another  is  given. 

Join  AC,  AD,  AF ;  each  of  the  triangles  AED,  ADC,  ACB, 
AGF,  ABF  is  given  '.  in  fpecies.  and  bccaufc  the  triangles  ADE,  »•  5».  !>*«• 
ADC  given  in  fpecics  are  defcribed 
upon  the  fame  ftraight  line  AD,  the 
ratio  of  EAD  to  D  AC  is  given  ^ ;  and, 
by  compofition,  the  ratio  of  E ACD  to 
DAC  is  given*^.  and  the  ratio  of  DAC 

to  CAB  is  given**,  becaufe  they  are  de-       A/^^ZT \  *^ 

fcribed  upon   the  fame  ftraight  line    w  /^ -^--ATI^ 

AC  -,  therefore  the  ratio  of  E ACD  to  j^  jj  M JF 

ACB  is  given  •*;  and,  by  compofition,  H:'        * — ^ 1 — * —  Q    d.  f.  Dmt. 

the  ratio  of  ABCDE  to  ABC  is  given. 

in  the  fame  manner,  the  ratio  of  ABFG  to  ABF  is  given,  but  the 
ratio  of  the  triangle  ABC  to  the  triangle  ABF  is  given •> ;  v.hcre- 
fore  becaufe  the  ratio  of  ABCDE  to  ABC  is  given,  as  alfo  the  ra- 
tio of  ABC  to  ABF,  and  the  ratio  of  ABF  to  ABFG  •,  the  ratio 
of  the  rcftiline.il  ADCDE  to  the  reftilineai  ABFG  is  given  <*- 

PROBLEM. 

To  find  the  ratio  of  two  reftilincril  figures  given  in  fpeclt?^ 
and  defcribed  upon  the  fame  ftraight  line. 

Let  ABCDE,  ABFG  be  two  rcftilincal  figures  given  in  fpecit'^, 
and  defcribed  upon  the  fame  ftraight  line  AB,  and  join  AC,  AD, 
AF.  take  a  ftraight  line  IlK  given  in  pofition  and  magnitude,  ar.d 
by  the  5 1.  Dat.  find  the  ratio  of  the  triangle  ADE  to  the  triangle 
ADC,  and  make  the  ratio  of  HK  to  KL  the  fame  with  it.  fii:J  alfo 


/. 
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the  ratio  of  the  triangle  ACD  to  the  triangle  ACB,  and  make  tha 
ratio  of  KL  to  LM  the  fame,  alio,  find  the  ratio  of  the  trlan^ 
ABC  to  the  triangle  ABF,  and  make  the  ratio  of  LM  to  MN  the 
fame,  and  lafUy,  find  the  ratio  of  the  triangle  AFB  to  the  tnang^ 
AFG,  and  make  the  ratio  of  MN  to 
«  NO  the  fame,  theft  the  ratioof  ABCDE 
to  ABFG  is  the  fame  with  the  ratio 
of  HM  to  MO. 

Becauft  the  triangle  E AD  is  to  the 

triangle  D AC,  as  the  ftraight  line  HK        A)^ /  TJ 

to  KL  5  and  as  triangle  D AC  to  CAB,    ^  2__IIlIIr::r:=Xl? 
fo  is  the  ftraight  line  KL  to  LM;    ^      TC  T    TVr>r 

therefore  by  ufing  compofitioo  as  of-  H. i — "i r-i —  Q 

ten  as  the  number  of  triangles  requires, 

the  reftilineal  ABCDE  is  to  the  triangle  ABC,  as  the  ftraight  Eac 
HM  to  ML.  in  like  manner,  becaufc  triangle  GAF  is  to  FAB,  as 
ON  to  NM,  by  compofition,  the  reftilincal  ABFG  is  to  the  tri- 
angle ABF,  as  MO  to  MN ;  and,  by  inverfion,  as  ABF  to  ABFG, 
fo  is  NM  to  MO.  and  the  triangle  ABC  is  to  ABF,  as  LM  to 
MN.  wherefore  becaufe  as  ABCDE  to  ABC,  fo  is  HM  to  ML; 
and  as  ABC  to  ABF,  fo  is  LM  to  MN;  and  as  ABF  to  ABFG, 
fo  is  MN  to  MO;  ex  aeqnali,  as  the  reftilineal  ABCDE  to  ABFG| 
fo  is  the  ftraight  line  HM  to  MO. 

50.  B  R  O  P.     LIV. 

T  F  two  ftraight  lines  have  a  given  ratio  to  one  ano- 
-*•  ther ;  the  fimilar  rectilineal  figures  dcfcribcd  upon 
them  fimilarly,  fhall  have  a  given  ratio  to  one  another. 

Let  the  ftraight  lines  AB,  CD  have  a  given  ratio  to  one  ano- 
ther, and  let  the  fimilar  and  fimilarly  placed  rcftilineal  figures  E, 
F  be  defcribed  upon  them ;  the  ratio  of  E  to  F  is  given. 

To  AB,  CD  let  G  be  a  third  pro- 
portional ;  therefore  as  AB  to  CD,  fo 
is  CD  to  G.  and  the  ratio  of  AB  to       /-E  \         /j^ 
CD  is  given,  wherefore  the  ratio  of    \ 
CD  to  G  is.given ;  and  confequently 

a.  9*  Dit.  the  ratio  of  AB  to  G  is  alfo  given  ■. 

but  as  AB  to  G,  fo  is  the  figure  E  to 

b.  %,  Car.  the  figure  *>  F.  therefore  the  ratio  of  E  to  F  is  g^ven. 


DATA-  40J 

PROBLEM. 

To  find  the  ratio  of  two  fimilar  rectilineal  figures  E,  F  fimlladv 
dcfcribcd  npon  ftraight  iines  AB,  CD  which  havt;  a  givca  ratio 
to  one  another,  let  G  be  a  third  proportional  to  AB,  CI). 

Take  a  ftraight  line  H  given  in  magnitude  ;  and  becaufe  the 
ratio  of  AB  to  CD  is  given,  make  the  ratio  of*  H  to  K  the  fume 
'With  it ;  and  becaufe  H  is  given,  K  is  given,  as  H  is  to  K,  (6  aiAkc 
K  to  L;  then  the  ratio  of  £  to  F  ii  the  fame  with  the  latio  ol  1 1 
to  L.  for  AB  is  to  CD,  as  H  to  K,  wherefore  CD  is  to  G,  as  K 
to  L  ;  and,  ex  aequali,  as  AB  to  G,  fo  is  H  to  L.  but  the  figure 
E  is  to  ^  the  figure  F,  as  AB  to  G,  that  is  as  H  to  L.  b  %.  Con 


Ji'3.  6. 
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PROP.    LV. 

TF  two  ftraight  lines  have  a  given  ratio  to  one  ano- 
-*■  ther ;  the  recWincal  figures  given  in  fpecies  defcribc  J 
upon  them,  fhall  have  to  one  another  a  given  ratio. 

Let  AB,  CD  be  two  ftraight  lines  which  have  a  given  ratio  to 
one  another ;  the  rcftilincal  figures  E,  F  given  in  fpecies  and  dc- 
Icribcd  upon  them,  have  a  given  ratio  to  one  another. 

Upon  the  ftraight  line  AB  defcribc  the  figure  AG  fimilar  and 
fioDilarly  placed  to  the  figure  F  \  and  becaufe  F  is  given  in  fpecic?, 
AG  is  alfo  given  in  fpecies.  there- 
fore fince  the  figures  E,  AG  which  /irX         r*        "K 
are  given  iii  fpecies,  arc  defcribcd  A 
upon  the  fame  ftraight  line  AB, 

the  ratio  of  E  to  AG  is  given  '.  ^Cr  iDat.  93, 

and  becaufe  the  ratio  of  AB  tio  JJj- 
CD  is  given,  and  upon  them  are 

defcribcd  the  fimilar  and  fimilarly'placed.reftirmcal  figures  AG,  F, 
the  ratio  of  AG  to  F  is  given  K  and  the  ratio  of  AG  to  E  is  given ;  ^-  54-  Dat. 
therefore  the  ratio  of  E  to  F  is  given  *^.  c  9.  Dat. 

P.  R  O  B  L  E  M. 

To  find  the  ratio  of  two  rc^ilineal  figurel  E,  T  given  in  fpecies, 
and  defcribcd  upon  the  ftraight  lines  AB,  CD  which  have  a  given 
ratio  to  one  another. 

Take  a  ftraight  line  ll givca  in  magnitude;  and  becaufe  the  re<f^i- 
Kncal  figures  E,  AG  given  in  fpecies  are  delcribed  upon  the  f  lojc 
ftraight  line  AB,  find  their  ratio  by  the  5  3.  Dat.  and  make  the  ntio 
of  H  to  K  the  fame;  K  is  therefore  given,  and  b«caufc  the  fiirilui" 

C  c 
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reftUineal  figures  AG,  F  are  defcribcd  upon  the  ftraight  lines  AB, 
CD  which  have  a  given  ratio,  find  their  ratio  by  the  5  4.  D21. 
,P.nd  make  the  ratio  of  K  to  L  the  fatne.  *  the  figure  £  has  to  F^ 
ill  me  ratio  which  H  has  to  L.  for,  by  the  conftruftiou,  as  E  is  10 
AG,  fo  IS  H  to  K ;  and  as  AG  to  F,  fo  is  K  to  1.  j  thercfoR, 
ex  acquali,  as  E  to  F,  fo  is  H  to  L. 

PROP.    LVI. 

IF  a  reftilineal  figure  given  in  fpecics  be  defcribcd 
upon  a  ftraight  line  given  in  magnitude ;  the  figure 
is  given  in  magnitude. 

Let  the  redlilineal  figure  ABCDE  given  in  fpecies  be  defcribei  | 
Upon  the  'ftraight  line  AB  given  in  magnitude  -,  the  figore  ABCIK 
is  given  in  magnitude. 

Upon  AB  let  the  fquare  AF  be  dcfgribed  j  therefore  AF  is  gj- 
ven  in  fpecics  and  magnitude,  and  bccaufe  the  reAilineal  figure 
ABCDE,  AF  given  in  fpecies  are  defcribcd 
upon  the  fame  ftraight  line  AB,  the  ratio  of 
Dat.  ABCDE  to  AFis  given  ■.  but  the  fquare  AF 
Dat.  is  given  in  magnitude,  therefore  *>  alfo  the  -ij 
figure  ABCDE  is  given  in  magnitude. 

P  R  O  B. 

To  find  the  magnitude  of  a  reftilineal  -^ 
figure  given  in  fpecics  defcribcd  upon  a 
ftraight  jine  given  in  magnitude. 

Take  the  ftraight  line  GH  equal  to  the 
given  ftraight  line  AB,  and  by  the  53.  Dat.  ^*- 
find  the  ratio  which  the  fquare  AF  upon 
AB  has  to  the  figure  ABCDE ;  and  make  the  ratio  of  GH  to  HK 
the  fame ;  and  upon  GH  defcribe  the  fquare  GL,  and  compkte 
the  parallelogram  LHKM;  the  figure  ABCDE  is  equal  to  LHOL 
becaufe  AF  is  to  ABCDE,  as  the  ftraight  line  GH  to  HK,  tha: 
is,  as  the  figure  GL  to  HM  •,  and  AF  is  equal  to  GL,  thercfcit 
c  14  s.     ABCDE  is  equal  to  HM  «. 


*'  53 

b.  A. 


S3 


PROP.    LVIL 
T  F  two  rectilineal  figures  are  given  in  fpecies,  and  if  a 
fide  of  one  of  them  has  a  given  ratio  to  a  fide  of 
the  other  ;  the  ratios  of  the  remaining  fides  to  the  re- 
maining fides  fhall  be  given.         x 
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,   Ltt  AC,  DFbe  two  rcftilincal  figures  given  in  fpcci:?s,  r»nd  let 
ht  ratio  of  the  fide  AB  to  the  (Lie  DE  be  given  ;   the  ratios  of   . 
he  remaining  fides  to  the  remaining  fides  are  alfo  given, 

Bcc^ufe  the  ratio  of  AB  to  DE  is  given,  as  alfo  *  the  ratios  of  a.  3.  Dcf. 
iB  to  BC,  and  of  DE  to  EF  •,  the  ratio  of  BC  to  EF  is  given ^.  in  b  10  Dat.' 
ic  fame  manner,  the  ratios  of  the 

ther  fides  to  the  other  fides  arc      A  —  -^ 

•  •dr- 

iven. 

The  ratio  which  BC  has  to  EP 

lay  be  found  thus ;  take  a  ftraight 

le  G  given  in  magnitude,  and  be- 

mfe  the  ratio  of  BC  to  B  A  is  given, 

ake  the  ratio  of  G  to  H  the  fujiic; 

id  becaufe  the  ratio  of  AB  to  DE 

given,  make  the  ratio  of  H  to  K 

c  fame ;  and  m.ike  the  ratio  of  K  to  L  the  fame  with  the  given, 

tie  of  DE  to  EF.  fince  therefore  as  BC  to  BA,  fo  is  G  to  H;  and* 

BA  toDE,  fo  is  H  to  K;  and  as  DE  to  EF,  fo  is  K  toL;  ex 

iuali,  BC  is  to  EF,  as  Gto  L.  therefore  the  ratio  of  G  to  L 

s  been  found  which  is  the  fame  Y/ith  the  ratio  of  BC  to  EF. 

P  R  OP.      L^Tir. 

F  two  fimilar  rectilineal  figures  have  a  given  ratio  stc  :f, 
to  one  another ;  their  homologous  fides  have  alfo  a 
iren  ratio  to  one  another. 

Let  the  two  flmilaf  rcftilineal  figures  A,  B  have  a  given  ratio 
Me  another ;  their  homologous  fides  have  alfo  a  givjn  ratio. 
Let  the  fide  CD  be  homologous  to  EF,  and  to  CD,  EF  let  the 
ight  line  G  be  a  third  proportiooal.  as  therefore  "  CD  to  Gj 
I  the  figure  A  to  B ;  and  the  ratio 
^  to  B  is  given,  therefore  the  ra- 
of  CD  to  G  is  given-,  and  CD, 
G  lire  proportionals,  wherefore 
e  ratio  of  CD. to  EF  is  given. 
The  ratio  of  CD  to  EF  may  be 
id  thus ;  take  a  ftraight  line  H  gi- 

in  magnitude  i  and  bccaufe^thc  ratio  of  the  figure  A  to  B  is  gi- 
makc  the  ratio  of  H  to  K  tnc  fame  with  it.  and,  as  the  t  3.  Dr.r. 
its  to  be  done,  find  a  mean  proportional  L  between  H  and  K  •,  the 

C  c  2 
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1/      K. 


b.  :  3  Dat. 


40  4 


EUCLID'S 

ratio  of  CD  to  EF  is  the  fame  with  that  of  H  to  L  IctG 
third  proportional  to  CD,  EF  j  therefore  as  CD  to  G,  fo  is  ;AJ 
By  and  fo  is)  H  to  K.  and  as  CD  to  £F,  fo  is  li  to  L,  as  is 
m  the  13.  Dat. 


54 


Sec  N. 


a.  3.  Dcf. 

b.  f.  Dat 


PROP.     LIX. 

TF  two  rectilineal  figures  given  in  fpecics  haveagw 
-^  ratio  to  one  another;  their  fides  fhall  likewifc'p 
given  ratios  to  one  another. 

Let  tht  two  reftilincal  figures  A,  B  given  in  fpecics  have  11 
ratio  to  one  another  j  their  fides  (hall  alfo  have  given  ratios 
another. 

If  the  figure  A  be  fimilar  to  B,  their  homolo^'rous  (M 
have  a  given  ratio  to  one  another,  by  the  preceding  Prof 
and  becaufc  the  figures  are  given  in  fpecics,  the  fides  of 
them  have  given  ratios  •  to  one  another,    therefore  each  Hi 
one  of  them  has  *>  to  each  fide  of  the  other  a  given  ratio. 

But  if  the  figure  A  be  not  fimilar  to  B,  let  CD,  EF  bcanl] 
of  their  fides;  and  upon  EF  conceive  the  figure  EG  to  be  ddd 
fimilar  and  fimilarly  placed  to 
the  figure  A,,  fo  that  CD,  EF 
be  homolorrous  fides ;  therefore 
EG  is  given  in  fpecies.  and  the 
figure  B  is  given  in   fpecies, 
c.  53.  Dat.  wherefore  *  the  ratio  of  B  to 
EG  is  given  ;  and  the  ratio  of 
A  to  B  is  given,  therefore  ^  the 
ratio  of  the  figure  A  to  EG  is 
4.  58.  Dat.  given,  and  A  is  fimilar  to  EG,  therefore  ^  the  ratio  of  the  (i^\ 
to  EF  is  given  ;  and  confequcntly  ^  the  ratios  of  the  rcmi 
fides  to  the  remaining  fides  are  given. 

The  ratio  of  CD  to  EF  may  be  found  thus  ;  take  a  ftraig! 
H  given  in  magnitude,  and  becaufe  the  ratio  of  the  figure  A  « 
given,  make  the  ratio  of  H  to  K  the  fame  with  it.  and  by  tl 
Dat.  find  the  ratio  of  the  fi  j^urc  B  to  EG,  and  make  the  ratioi 
to  L  the  fame;  between  H  and  L  find  a  mean  proportional  Mj 
ratio  of  CD  to  EF  is  the  fame  with  the  ratio  of  H  to  M. 
the  figure  A  is  to  B,  as  H  to  K;  Ad  as  B  to  EG,  fo  is  K to 
acquali,  as  A  to  EG,  fo  is  H  to  L.  and  the  figures  A,  EG  arc 


Xx^ 


s 
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sf  i:-,  and  M  is  a  mean  proportional  between  H  and  L;  therefore,  as 
5  CI  IS  ihewn  in  the  preceding  Propofition,  CD  is  to  EF,  as  H  ^:o  M. 


iill 


M 


PROP.      LX. 
F  a  reftilineal  figure  be  given  in  fpecies  and  magni- 
tude, the  fides  of  it  Ihall  be  given  in  magnitude. 

Let  the  rcftilineal  figure  A  be  given  in  fpecies  and  magnitude  j 

fides  are  given  in  magnitude. 

Take  a  ftraight  line  BC  given  in  pofition  and  magnitude;  and 


55 


r  ,K>ii  BC  defcribe  ■  the  figure  D  fimilar,  and  fimilai-ly  placed,  to  the  a.  18. «. 


L=' 


A 


b.  5^.  Dat. 


c.  j8.  Dat. 


^jure  A,  and  let  EF  be  the 
de  of  the  figure  A  homo- 
?gous  to  BC  the  fide  of  D ; 
^  icrefore  the  figure  D  is  gi- 
\:n  in  fpecies.  and  becaufe 
.^ponthe  given  ftraight  line 
.^.C  the  figure  D  given  in 
:>ecics  is  dcfcribtd,  D  is 
'.  iven  ^  in  magnitu  le.  and 
.le  figure  A  is  given  in  magnitude,  therefore  the  ratio  of  A  to  D 
I  given,  and  the  figure  A  is  fimilar  to  D  ;  therefore  the  ratio  of 
he  fide  EF  to  the  homologous  fide  BC  is  given  *.   and  BC  is  gi- 
^fcn,  wherefore  *•  EF  is  given,   and  the  ratio  of  EF  to  EG  is  gi-  ^'  *•  9*^' 
^  "cn  *^,   therefore  EG  is  given,    and,  in  the  fame  manner,  each  of  **  ^'  ^*'' 
.  he  other  fides  ojF  the  figure  A  can  be  (hewn  to  be  given.  ^ 

PROBLEM. 
To  defcribe  a  reftiliaeal  figure  A  fimilar  to  a  given  figure  D, 
md  equal' to  another  given  figure  H.    It  is  Prop.  15.  B.  6.  Elein. 
l^caufe  each  of  the  figures  D,  H  is  given,  their  ratio  is  given, 
which  may  be  found  by  making  f  upon  the  given  ftraii^ht  line  BC  the  f.Cor.4J.i. 
parallelogram  BK  equal  to  D,  and  upon  its  fide  CK  milking  ^  the 
parallelogram  KL  equal  to  H  in  the  angle  KCL  equal  to  the  angle 
MBC.  therefore  the  ratio  of  D  to  H,  that  is  of  BK  to  KL  is  the 
fame  with  the  ratio  of  BC  to  CL.  and  becaufe  the  figures  D,  A  are 
fimilar,  and  that  the  ratio  of  D  to  A,  or  H,  is  the  fame  with  the 
ratio  of  BC  to  CL;  by  the  58.  Dat.  the  ratio  of  the  homologous 
fides  BC,  EF  is  the  fame  with  the  ratio  of  BC  to  the  mean  propor- 
tional between  BC  andCL.  find  EFthc  mean  proportion.:!;  then 
EF  is  the  fide  of  the  figure  to  be  dcfaibcd,  homologous  to  BC  the 
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fide  of  D,  and  the  figure  itfclf  can  be  defcribcd  by  the  1 8th  Prop. 
B.  6.  which,  by  the  conftruftion,  is  iimllar  to  D.  and  becaufe  D  is 
g.  a.  Cor.   to  A,  as  ^  BC  to  CL3  that  Is  as  the  figure  BK  to  KL;  and  that  D 
is  cquAl  to  BK,  therefore  *»  A  is  equal  to  KL,  that  is  to  H. 


xo.  6, 
h.  14*  S' 

57 


PROP.     LXL 


See  K.       TF  a  parallelogram  given  in  magnitude  has  one  of  its 

-■-   fides  and  one  of  its  angles  given  in  magnitude  5  the 
other  fide  alfo  is  given. 

Let  the  parallelogram  ABCD  given  in  magnitude,  have  the  fik 

AB  and  the  angle  BAC  given  in  magnitude ;  the  other  fide  AC 

is  givrn. 

Take  a  flraight  line  £F  given  in  pofition  and  magnitude ;  asi 

becaufe  the  paraiiciogram  AD  is  given 

in  magnitude,  a  rcftilineal  figure  equal 
9.  1;.  Dcf.    t*^  it  can  be  found '.   and  a  parallelo- 
gram equal  to  this  figure  can  be  ap- 
b.Cor.4;.i.  plied  ^  to  the  given  ftraight  line  EF  in 

an  angle  equal  to  the  given  angle  BAC. 

let  this  be  the  parallelogram  EFGH 

having  the  angle  FEG  equal  to  the 

angle  BAC.  and  becaufe  the  parallclo-^ 

grams  AD,  EH  arc  equal,  and  have  the  angles  at  A  and  E  equal  j 
c.  14.  tf.  the  fides  about  them  are  reciprocally  proportional  ^.  therefore  zs 
'  '^  ABto  EF,  fo  is  EG  to  AC;  and  AB,  EF,  EG  are  given,  therefore 
4.  IX  6,     allb  AC  is  given  <».    V/hence  the  way  of  finding  AC  is  manlfefL 

H.  PROP.     LXIL 

See  N.  T  F  a  parallelogram  has. a  given  angle,  the  reclangic 
•*-  contained  by  the  fides  about  that  angle  has  a  given 
nitio  to  the  parallelogram. 

Let  the  parallelogram  ABCD  have  the  gi- 
ven angle  ABC  -,  the  rectangle  AB,  BC  has  a 
given  ratio  to  the  parallelogram  AC. 

From  the  point  A  draw  AE  perpendicular^ 
to  BC.   bccauie  the  angle  ABC  is  given,  as 
:il:o  the  angle  AEB ;  the  triangle  ABE  is  gi- 
a.  4'.  r^i  5-  '-'^r.  ■  in  fpecics  ;  therefore  the  ratio  of  BA  to 
I,.  1.  6.       AE  It  given,  but  as  BA  to  AE,  fo  is  *»  the       G-  K.         H 
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rcAaogle  AB,  BC  to  the  rcAangle  AE,  BC ;  therefore  the  ratio 

of  the  refl^ngle  AU,  BC  to  A£,  BC,  that  is  ^  to  the  parallelogram  c.  35.  .i. 

AC  is  given. 

Aad  it  is  evident  how  the  ratio  of  the  reftangle  to  the  paral- 
lelogram may  be  founds  by  making  the  angle  FGH  equal  to  the 
given  angle  ABC,  and  drawing,  from  any  point  F  in  one  of  its 
fides,  FK  perpendicular  to  the  other  GH ;  for  OF  is  to  FK,  as  B A 
to  A£,  that  is,  as  the  re£langle  AB,  BC  to  the  parallelogram  AC. 

Cor.  And  if  a  triangle  ABC  has  a  given  angle  ABC,  the  rcc-  66. 
tangle  AB,  BC  contained  by  the  fides  about  that  angle,  ihall  have 
a  given  ratio  to  the  triangle  ABC. 

Complete  the  parallelogram  ABCD ;  therefore,  by  this  Propofl- 
tion,  the  rcftangle  AB,  BC  has  a  given  ratio  to  tiie  parallelogram 
AC  j  and  AC  has  a  given  ratio  to  its  half  the  triangle  •*  ABC.  there-  d.  41.  i. 
fore  the  rcftangle  AB,  BC  has  a  given  ^  ratio  to  the  triangle  ABC.  e.  9.  Dat. 

And  the  ratio  of  the  redlangle  to  the  triangje  is  found  thus  ; 
make  the  triangle  FGK  as  was  Ihewn  in  the  Propofition ;  the  ra- 
tio of  GF  to  the  half  of  the  perpendicular  FK  is  the  fame  with 
the  ratio  of  the  reft.ingle  AB,  BC  to  the  triangle  ABC.  becaufe, 
as  was  ihewn,  GF  is  to  FK,  as  AB,  BC  to  the  parallelogram  AC; 
and  FK  is  to  'its  half,  as  AC  is  to  its  half  which  is  the  triangle 
ABC ;  therefore,  ex  aequali,  GF  is  to  the  half  of  FK,  as  AB, 
BC  reftangle  is  to  the  triangle  AEC. 

PROP.     LXIII.  56, 

TF  two  parallelograms  be  equiangular, 'as  a  fide  of  the 
firft  to  a  fide  of  the  fccond,  fo  is  the  other  fide  of 
the  fecond  to  the  ftraight  line  to  which  the  other  fide 
of  the  firft  has  the  fame  ratio  which  the  fii-ft  parallelo- 
gram has  to  the  fecond.  and  confequently  if  the  ratio 
of  the  firft  parallelogram  to  the  fecond  be  given,  the 
ratio  of  the  other  fide  of  the  firft  to  that  ftraight  line 
is  given ;  and  if  the  ratio  of  the  other  fide  of  the  firft 
to  that  ftraight  line  be  given,  the  ratio  of  the  firft  par 
rallclogram  to  the  fecond  is  given,     . 

Let  AC,  DF  be  two  equiangular  parallelograms,  as  BC  a  fide  of 
the  firft  is  to  EF  a  fide  of  the  fecond,  fo  is  DE  the  other  fide  gf 
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the  fccond  to  the  ftraight  line  to  which  AB  the  other  fide  of  the 
firft  has  the  fame  ratio  which  AC  has  to  DF. 

Produce  the  ftraight  line  AB,  and  make  as  BC  to  EF,  {i>,DE  to 
BG ,  and  complete  the  parallelogram  BGHC.  A 

therefore  bccaufe  BC,  or  GH  is  to  EF,  as  r 7 

DE  to  BG,  the  fides  aboiit  the  equal  angles  /  / 

BGH,  DEF  are  reciprocally  proportion al  j    B/ 7  ^ 

».  14.  tf.     wherefore  ■  the  parallelogram  BH  is  equal   ^L — 'H 

to  DF.  and  AB  is  to  BG,  as  the  paralleio-  -|%^ j 

gram  AC  is  to  BH,   that  is  to  DF.    as       /  / 

tr^?refore  BC  is  to  EF,  fo  is  DE  to  BG    /  /p, 

v'hich  is  the  ftraight  line  to  which  AB  has 
the  fame  ratio  that  AC  has  to  DF. 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be  given,  then 
th  •  ratio  of  the  ftr;^ight  line  AB  to  BG  is  given;  and  if  the  ratio 
of  AB  10  the  ftraight  line  BG  be  given,  the  ratio  of  the  parallelo- 
gram AC  to  DFis  given. 

74.  73.  PROP.     LXIV. 


Sec  N. 


T  F  two  parallelograms  have  unequal,  but  given,  angles, 
^  and  if  as  a  fide  of  the  firft  to  a  fide  of  the  fecond,  fo 
the  other  fide  of  the  fecond  be  made  to  a  certain  ftraight 
line ;  if  the  ratio  of  the  firft  parallelogram  to  the  fecond 
be  given,  the  ratio  of  the  other  fide  of  the  firft  to  that 
ilraight  line  fliall  be  given,  and  if  the  ratio  of  the  other 
lick*  of  the  fii'ft  to  that  ftraight  line  be  given,  the  ratio 
of  the  firft  parallelogram  to  the  fecond  Ihall  be  given. 

Let  ABCD,  EFGH  be  two  parallciograros  which  have  the  en- 
cqivl,  but  given,  angles  ABC,  EFG;  and  as  BC  to  FG,  fo  make 
r.F  to  the  ftraight  line  M.  if  the  ratio  of  the  parallelogram  AC  to 
LG  be  given,  the  ratio  of  AB  to  M  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  anr?Ie  CBK  equal 
to  the  angle  EFG,  and  complete  the  parallelogram  KBCL.  and  bc- 
Ciiufj  the  ratio  of  AC  to  EG  is  given,  and  that  AC  is  equal  ■  to  the 
parallelogram  KC,  therefore  the  ratio  of  KC  to  EG  is  given;  and 
b.  tfj  Dat.  KC,  EG  are  equiangular  ;  therefore  as  BC  to  FG,  fo  is  *»  £F  to 
i,  . ,  the  ftrnight  line  to  which  KB  has  a  given  ratio,  viz.  the  fame 

which  the  parallelogram  KC  has  to  EG.  but  as  BC  to  F'G,  fo  is 
EF  10  the  ftraight  line  M^  thercfor-e  KB  has  a  given  ratio  to  Vk 
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and  the  ratio  of  AB  to  BK  is  given,  becaufc  the  triangle  ABK  is 

given  in  fpecics*.  therefore  the  ratio  of  AB  to  M  is  given **.  c.  41.Dat. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  parallelo-  ^'  9-  !>»'• 
gram  AC  to  EG  is  given,  for  fince  the  ratio  of  KB  to  B  A  is  given, 
as  alfo  the  ratio  of  AB  to  M,  the  ratio  of    yj^    \        y    -|v 
KB  to  M  is  given  <'.   and  bccaufe  the  pa- 
rallelograms KC,  EG  are  equiangular,  as 

BC  to  FG,  fo  is  b  EF  to  the  ftraight  line        J^N Zli^  ^i  b.  tf 3.  Dat. 

to  which  KB  has  the  fame  ratio  which  the 

parallelogram  KC  h;is  to  EG.  but  as  BC  to 

FG,  fo  is  EF  to  M.  therefore  KB  is  to  M, 

as  the  parallelogram  KC  is  to  EG.  and  the 

ratio  of  KB  to  M  is  given,  therefore  the  ratio  of  the  parallelogram 

KC,  that  is  of  AC  to  EG  is  given. 

' '   Cor.   And  if  two  triangles'ABC,  EFG  have  two  equal  angles,   7  J. 

or  two  unequal,  but  given,  angles  ABC,  EFG,  and  if  as  BC  a 

fide  of  the  firft  to  FG  a  fiJc  of  the  fecond,  fo  the  other  fide  of 

the  fecond  EF  be  made  to  a  ftraight  line  M ;  if  the  ratio  of  the 

triangles  be  given,  the  ratio  of  the  other  fiJe  of  the  firil  to  the 

ftraight  line  M  is  given. 

Complete  the  parallelogi'ams  ABCD,  EFGH  ;  and  becaufe  the 
ratio  of  the  triangle  ABC  to  the  triangle  EFG  is  given,  the  ratio 
of  the  parallelogram  AC  to  EG  is  given*,  becaufc  the  parallelo-  «•  «5.  i. 
grams  are  double  f  of  the  triangles,  and  becaule  BC  is  to  FG,  ^  f*  au  1, 
EF  to  M,  the  ratio  of  AB  to  M  is  given  by  the  63.  Dat.  if  the 
angles  ABC,  EFG  aie  equal ;  but  if  they  be  unequal,  but  given 
angles,  the  ratio  of  AB  to  M  is  given  by  this  Propofition. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  parallt- 
logram  AC  to  EG  is  given  by  the  iame  Propofitions ;  and  therci- 
foie  the  ratio  of  the  triangle  ABC  to  EFG  is  given. 

PROP.     LXV.  68, 

TF  two  equiangular  parallelograms  have  a  given  ratio 
to  one  another,  and  if  one  fide  has  to  one  lideagiven 
ratio ;  the  other  fide  fliall  alfo  have  to  the  other  fide  a 
given  ratio. 

Let  the  two  equianguUr  parallelograms  AB,  CD  have  a  given  ra- 
60  to  one  another,  and  let  the  fide  EB  have  a  given  ratio  to  the  fide 
FD ;  the  other  fide  AE  has  alfo  a  given  ratio  to  the  other  fide  CF. 


'^ 


I — ' 


410  EUCLID'S 

Bccaufc  the  two  equiangular  parallelograms  AB,  CD  have  a  ^ 
»   ven  ratio  to  one  another ;  as  EB  a  fide  of  the  firft  is  to  FD  a  fide 

•.  63.  Bat.  of  the  fecond,  fo  is  •  FC  the  other  fide  of  the  fecond  to  the  ftralght 
line  to  which  AE  the  other  fide  of  the  firft  has  the  fame  given  ratio 
which  the  firft  parallelogram  AB  has  to  the  other  CD.  let  this 
ftralght  line  be  EG ;  therefore 

the  ratio  of  AE  to  EG  is  given.       ^  O^ 

and  EB  is  to  FD,  as  FC  to  EG,     . 
therefore  the  ratio  of  FC  to  EG    ^  1  j^  -p 

is  given,  becaufc  the  ratio  of  EB        '  •     '^ 

to  FD  is  given,  and  becaufe  the  ^f 
ratio  of  AE  to  EG,  as  alfo  the 
ratio  of  FC  to  EG  is  given;  the       .    It  XIrf 

b.  9.  Dat.    ratio  of  AE  to  CF  is  gircn  ^. 

The  ratio  of  AE  to  CF  may  be  found  thus ;  take  a  ftraight 
line  H  given  in  magnitude,  and  becaufe  the  ratio  of  the  parallel- 
ogram AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the  lame 
with  it.  and  becaufc  the  ratio  of  FD  to  EB  is  given,  make  the  ratio 
of  K  to  L  the  fame,  the  ratio  of  AE  to  CF  is  the  fame  with  the  ratio 
of  H  to  L.  make  as  EB  to  FD,  fo  FC  to  EG,  therefore,  by  invCT- 
fion,  as  FD  to  EB,  fo  is  EG  to  FC.  and  as  AE  to  EG,  fo  is  » 
(the  parallelogram  AB  to  CD,  and  fo  h)  II  to  K ;  but  as  EG  to 
FC,  fo  is  (FD  to  EB,  and  fo  is)  K  to  L;  therefore,  ex  aequali, 
as  AE  to  FC,  fo  is  H  to  L. 

69.  PRO  P.    LXVI. 

TF  two  parallelograms  have  unequal,  but  given,  angles, 
and  a  given  ratio  to  one  another ;  if  one  fide  has 
to  one  fide  a  given  ratio,  the  other  fide  has  alfo  a  given 
ratio  to  the  other  fide. 

Let  the  two  parallelograms  ABCD,  EFGH  which  have  the 
pyen  unequal  angles  ABC,  EFG,  have  a  given  ratio  to  one  ano- 
ther, and  let  the  ratio  of  BC  to  FG  be  given  ;  the  ratio  alfo  of 
AB  to  EF  is  given. 

At  tke  point  B  of  the  ftralght  line  BC  make  the  angle  CBK  c- 

q imI  to  the  given  angle  EFG,  and  complete  the  parallelogram  BKLC. 

and  becaufe  each  of  the  angles  BAK,  AKB  is  given,  the  triangle 

a.  4?.  Dat.  ABK  is  given  *  m  fpecies ;  therefore  the  ratio  of  AB  to  BK  is  given. 

an  J  becaufe,  by  the  hypotl^eCs,  fhe  ratio  of  the  parallelogram  AC 
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to  EG  is  given,  and  that  AC  is  equal  ^  to  BL ;  therefore  the  ratio  b.  35.  i. 
of  BL  to  EG  is  given,  and  becaufe  BL  is  equiangular  to  EG,  and 
by  the  hypothecs,  the  ratio  of  BC  to  FG  is  given  ;  therefore  ^  the  <=•  «*•  ^^^' 
ratio  of  KB  to  EF  is  given,  and  the  p^  -j^       -jy  -j- 

ratio  of  KB  to  B  A  is  given  ;  the  ra-  ^-t ir^ 

tio  therefore  <"  of  AB  to  EF  is  given.  Js^  \  ^       ^*  ^'  ^'*' 

The  ratio  of  AB  to  EF  may  be 
found  thus;  take  the  ftraight  line MN  E" 
given  in  pofition  and  magnitude  ;  J' 
and  make  the  angle  NMO  equal  to 
the  given  angle  BAK,  and  the  angle 
MNO  equal  to  the  given  angle  EFG 

or  AKB.  and  becaufe  the  parallelogram  BL  is  equiangular  to  EG, 
and  has  a  given  ratio  to  it,  and  that  the  ratio  of  BC  to  FG  is  gi- 
ven ;  find  by  the  65.  Dat.  the  ratio  of  KB  to  EF ;  and  make  the 
ratio  of  NO  to  OP  the  fame  with  it.  then  the  ratio  of  AB  to  EF 
is  the  fame  with  the  ratio  of  MO  to  OP.  for  fincc  the  triangle 
ABK  is  equiangular  to  MON,  as  AB  to  BK,  fo  is  MO  to  ON.5 
and  as  KB  to  EF,  fo  is  NO  to  OP  ;  therefore,  ex  acquali,  as  AB 
to  EF,  fo  is  MO  to  OP. 

PROP.     LXVII.  7^' 

TF.the  fides  of  two  equiangular  parallelograms  have 
^  given  ratios  to  one  another  ;  the  parallelograms 
fhall  have  a  given  ratio  to  one  another. 

Let  ABCD,  EFGH  be  two  equiangular  parallelograms,  and 
Jet  the  ratio  of  AB  to  EF,  as  alfb  the  ratio  of  BC  to  FG  be  given; 
the  ratio  of  the  parallelogram  AC  to  EG  is  given. 

Take  a  ftrdght  line  K  given  in  magnitude,  and  becaufe  the  ratio 
of  AB  to  EF  is  given,  make  the  jf^  -jj    -p^  j£ 

ratio  of  K  to  L  the  fame  with  it  5 

caufe  the  ratio  of  BC  to  FG   is-** 


.VIA 


therefore  L  is  given  ■.  and  be-     \  \      \  \         «•  »•  ^*p- 


given,  make  the  ratio  of  L  to  M  :^ 

the  fame,  therefore  M  is  given '  5  ^s*!^ 

and  K  is  given,  wherefore  *>  the    ■■■ 
ratio  of  K  to  M  is  givea.  but  the  parallelogram  AC  is  to  the  pa- 
rallelogram EG,  as  the  ftraight  line  K  to  the  ftraight  line  M,  as 
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is  dcmonllrated  m  the  23.  Prop,  of  B.  6.  EleoL  therefore  the 
ratio  of  AC  to  EG  is  given. 

From  this  it  is  piaia  how  the  ratio  of  two  equiangular  pardlelo- 
grams  may  be  found  when  the  ratios  of  their  fides  are  given. 


7c. 


N. 


■.  4)  Dat. 
b.  9,  Dat. 


PROP.    Lxvm. 

IF  the  fides  of  two  parallelograms  which  have  unequal, 
but  given,  angles,  have  given  ratios  to  one  anoti.er; 
the  parallelograms  ihall  have  a  given  ratio  to  one  another. 

Let  two  paralLlograms  ABCD,  EFGH  which  have  die  given 
unequal  angles  ABC,  EFG  have  the  ratios  of  their  fiJcs,  viz.  of 
AB  to  EF,  and  of  BC  to  FG  given  5  the  ratio  of  the  paraiielograin 
AC  to  EG  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK  equal 
to  the  given  angle  EFG,  and  complete  the  parallelogram  KBCL- 
anJ  bccaufc  each  of  the  angles  BAK,  BKA  is  given,  the  triangle 
ABIk  lb  given  •  in  fpccics.  therefore  the  ratio  of  AB  to  BK  is 
given  ;  and  the  ratio  of  AB  to  EF  is  given,  wherefore  *»  the  ratio 
of  DK  toEFis  given,  and  thcj^^  j^-p  ^  j^ 
ratio  of  BC  to  !•  G  is  given  ;   '^ — j r— 


and  the  angle  KCC  is  equal 
c  4  J.  Dat.  to  the  angle  EFG  ;  therefore  ^ 

the  ratio  of  the  parallelogram 

KC  to  EG  is  given,  but  KC  is 
d.  IS,  g.     equal  **  to  AC  5   therefore  the 

ratio  of  AC  to  EG  is  given. 


^  ^ 


The  ratio  of  the  parallelogram  AC  to  EG  may  be  found  thus ; 
take  the  Araight  line  MN  given  in  pofition  and  magnitude,  and 
make  the  angle  MNO  equal  to  the  given  angle  K  AB,  and  the  angle 
NMO  equal  to  the  givca  aagle  AKB  or  FEH.  and  bccaufc  the 
ratio  of  AB  to  EF  is  given,  mile  the  ratio  of  NO  to  P  the  fame; 
alfo  make  the  ratio  of  P  to  Q^the  fame  with  the  given  ratio  of  BC 
to  FG.  the  parallelogram  AC  is  to  EG,  as  MO  to  Q^ 

Becaufe  the  angle  K  ABis  equal  to  the  angle  MNO,and  the  angle 
AKB  equal  to  the  angle  NMO;  the  triangle  AKB  is  equiangular  to 
NMO.  therefore  as  KB  to  B A,  fo  is  MO  to  ON ;  and  as  B  A  to  EF, 
lb  is  NO  to  P ;  wherefore,  ex  aequali,  as  KB  to  EF,  fo  is  MO  to  P. 
knd  BC  is  to  FG,  as  P  to  Q^,  and  the  parallelograms  KC,  EG  are 
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•qyiangular ;  therefore,  as  was^fhewn  ia  Prop.  5;.  the  parallelo- 
gram KC,  thut  is  AC,  is  to  EG,  as  MO  to  Q^ 

Cor.  1.  If  two  trianjlcs  A3C,  DlIF  have  two  C']ual  ingles,   7  f . 
or  two  unequLil,  but  given  angles  AliC,  DliF,  and  if  ihc  ratios  of 
the  fiJes  about  thefc  angles,  viz.  the  ra- 
tios of  AB  to  DE,  and  of  BC  to  EF 
be  given ;  the  triangles  fhall  have  a 
given  ratio  to  one  another. 

Complete  the   parallelograms  BO, 
EH  -,  the  ratio  of  BG  to  Eli  is  given  ••,"**  ^      -^      ^     "  j^^^ 

and  therefore  the  triangles  which  are  the  halves  ^  of  them  have  a  5.  ^^^  ,. 
given  *  ratio  to  one  another.  c.  is.  s. 

CoR.  2.  If  the  bafes  BC,  EF  of  two  triangles  ABC,  DEF  have  7  z. 
a  givea  ratio  to  one  another,  and  if  alfo  the  flraight  lines  AG,  DH 
"which  arc  drawn  to  the  bafes  from  the  oppofite  angles,  either  in 
equal  angles,  or  unequal,  but  given,  angles  AGC,  DHF  have  a 
given  ratio  to  one  another;   their    A  t    'jk 

triangles  (ball  have  a  given  ratio 
to  one  another. 

Draw  DK,  EL  parallel  to  AG,  TS^    Ti-  T7 

DH,  .and  complete  the  parallel©- -fi   ^        ^        ±-    H  -E 
grams  KC,  LF.  and  becaufe  the  angles  AGC,  DHF,  or  their  e- 
quals  the  angles  KBC,  LEF  are  either  equal,  or  unequal,  but  gi- 
ven ;  and  that  the  ratio  of  AG  to  DH,  that  is  of  KB  to  LE  is 
given,  as  alfo  the  ratio  of  BC  to  EF  ;  therefore  *  the  ratio  of  the  ^-^yoret, 
parallelogram  KC  to  LF  is  given,  wherefore  alfo  the  ratio  of  the      ^^^^' 
triangle  ABC  to  DEF  is  given  ^  b.  I  y^'^' 

PROP.     LXIX.  61. 

TF  a  parallelogram  which  has  a  given  angle  be  applied 
to  one  fide  of  a  redilineal  figure  given  in  fpecics ;  if 
the  figure  have  a  given  ratio  to  the  parallelogram,  the 
parallelogram  is  given  in  fpecics. 

Let  ABCD  be  a  rcftilineal  figurt  given  in  fpecies,  and  to  one 
fide  of  it  AB  let  the  parallelogram  ABEF  having  the  given  angle 
ABE  be  applitd  ;  if  the  figure  ABCD  has  a  given  ratio  to  the  pa- 
rallelogram BF,  the  parallelogram  CF  is  given  in  fpecies. 

Thro'  the  point  A  draw  AG  parallel  to  BC,  and  thro'  the  point 
C  draw  CG  parallel  to  AB,  and  produce  G  A,  CB  to  the  points  II, 
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bccaufe  therefore  as  AEB  to  FD,  fo  is  H  to  K  5  and  as  FD  to 
AG,  fo  is  K  to  L  ;  ex  acquali,  as  AEB  to  AG,  fo  is  H  to  L ; 
therefore  the  ratio  of  AEB  to  AG  is  given,  and  the  figure  AEB 
is  given  in  fp«cjes,  and  to  its  fide  AB  the  parallelogram  AG  is 
applied  in  the  given  angle  ABG,  therefore  by  tlie  69.  Dat.  a  pa- 
rallelogram may  be  found  fimilar.to  AG.  let  this  be  the  parallelo- 
gram MN  ;  MN  alfo  is  fimilar  to  FD.  for,  by  the  conftniftion, 
MN  is  fimilar  to  AG,  and  AG  is  fimilar  to  FD  •,  therefore  the 
parallelogram  FD  is  fimilar  to  MN. 

gi.  PROP.     LXXI. 

T  F  the  extremes  of  three  proportional  ftraight  lines 
^  have  given  ratios  to  the  extremes  of  other  three  pro- 
portional ftraight  lines ;  the  means  fliall  alfo  have  a  givxn 
ratio  to  one  another,  and  if  one  extreme  has  a  given 
ratio  to  one  extreme,  and  the  mean  to  the  mean ;  likcwife 
the  other  extreme  fliall  have  to  the  other  a  given  ratio. 

Let  A,  B,  C  be  three  proportional  firalght  lines,  and  D,  E,  F 
three  other ;  and  let  the  ratios  of  A  to  D,  and  of  C  to  F  be  gi*- 
ven.  then  the  ratio  of  B  to  E  is  alfo  given. 

Becaufe  the  ratio  of  A  to  D,  as  alfo  of  C  to  F  is  given,  the 

ratio  of  the  reftangle  A,  C  to  the  reftangle  D,  F  is  given  ■.  bat 

1*57.  Dat.  the  fquare  of  B  is  equal  ^  to  the  reftangle  A,  C;  and  the  fi^uare 

b.  17. 6,     of  E  to  the  reftangle  ^  D,  F.   therefore  the  ratio  of  the  fquare 

c.  58.  Dat.  of  B  to  the  fquare  of  E  is  given  ;  wherefore  '  alfo  the 

ratio  of  the  ftraight  line  B  to  E  is  given. 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to  E  be 
given  •,  then  the  ratio  of  C  to  F  is  alfq  given.  A  T>  r* 

Bccaufe  the  ratio  of  B  to  E  is  given,  the  ratio  of  the    ^  "  ^ 
i,  54.  Dat.  fquare  of  B  to  the  fquare  of  E  is  given*,  therefore  *»  the     XlJli  If 
ratioof  the  reftangle  A,  C  to  the  reftangle  D,Fis  given.       I     I 
and  the  ratio  of  the  fide  A  to  the  fide  D  is  given ;  there-  ■ 

c.  «s.  Dat.  fore  the  ratio  of  the  other  fideC  to  the  other  Fisgiven^. 

Cor.  And  if  the  extremes  of  four  proportionals  have  to  the 
extremes  of  four  other  proportionals  given  ratios,  and  one  of  the 
means  a  given  ratio  to  one  of  the  means  ^  the  other  mean  Ihall 
have  a  given  ratio  to  the  other  mean,  as  may  be  ftiewn  in  the 
fame  manner  as  in  the  foregoing  Propofition. 


^ 


D  A  T  A; 
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P    R    6    P.      LXXII.  82. 

TF  four  ilraight  lines  be  proportionals ;  as  the  firft  is 
^  to  the  (baight  line  to  which  the  fecond  has  a  given 
ratio ;  fo  is  the  third  to  the  ftraight  line  to  which  the 
fourth  has  a  given  ratio. 

Let  A,  B,  Cj  D  be  four  proportional  ftraight  lines,  tiz.  as  A" 
to  B,  fo  C  to  D  J  as  A  is  10  the  ftraight  line  to  which  B  has  a  given 
ratio,  fb  is  C  to  the  ftraight  line  to  which  D  has  a  given  ratio. 

Let  £  be  the  ftraight  line  to  which  B  has  a  given  ra- 
tio, and  as  B  to  £,  fo  make  D  to  F.  the  ratio  of  B  to  E 
is  given  ',  and  therefore  the  ratio  of  D  to  F.  and  be-    [  a.  Hy^; 

caufe  as  A  to  B,  fo  is  C  to  D;  and  as  B  to  £,  fo  D  to  ATt  E 
Fj  therefore,  tx  aeqnaD,  as  A  to  E,  fo  is  C  to  F.  and  C  3>  1^ 
E  is  the  ftraight  line  to  which  B  has  a  given  ratio,  I 

and  F  that  to  which  D  has  a  given  ratio ;  therefore  as 
A  is  to  the  ftraight  line  to  which  B  has  a  given  ratio, 
fo  is  C  to  that  to  which  D  has  a^given  ratio. 


P  R  O  P.     LXXUL 
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TF  fotir  ftraight  lines  be  proportionals ;  as  the  firft  is  to  5€€  u* 

the  flxaight  line  to  which  the  fecond  has  a  given 
ratio,  fo  is  the  ftraight  line  to  which  the  third  has  a 
given  ratio  to  the  fourth. 

Let  the  ftraight  line  A  be  to  B,  as  C  to  D ;  as  A  to  the  ftraight 
line  to  which  B  has  a  given  ratio,  fo  is  the  ftraight 
fine  to  which  C  has  a  given  ratio  to  D. 

Let  £  be  the  ftraight  line  to  which  B  has  a  given  ra« 
tio,  and  as  B  to  £,  fo  make  F  to  C ;  becaufe  the  ratio 
of  B  to  £  is  given,  the  rado  of  C  to  F  is  given,  and  he>  a  -n  -k^ 
canfe  A  is  to  B,  as  C  to  D;  and  as  B  to  £,  fo  F  to  C;  ]^  CD 
therefore,  ex  aequali  in  proportione  perturbata  *,  A  is        )  a.  21^  ^ 

to  £,  as  F  to  D;  that  is  A  is  to  £  to  which  B  has  a  gi- 
ven rado,  as  Fj  to  which  C  has  a  given  ratio,  is  to  D. 


D  d 
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<j  PROP.   Lxxrv. 


1 


F  a  triangle  has  a  given  obtufe  angle  ;  the  excels  of 
the  fquare  of  the  fide  which  fubtends  the  obtufe  an- 
gle above  the  fquares  of  the  fides  which  contain  it,  Ihall 
have  a  given  ratio  to  the  triangle. 

.  Let  the  triangle  ABC  have  a  given  obtufe  angle  ABC;  and 
produce  the  ftraight  line  CB,  and  from  the  point  A  draw  AD 
perpendicular  to  BC.  the  cxcefs  of  the  fquare  of  AC  aboTc  the 

a.  i».  i.     fquares  of  AB,  BC,  that  is  '  the  double  of  the  fcftangle  contained 

by  DB,  BC,  has  a  given  ratio  to  the  triangle  ABC. 

Becaufe  the  angle  ABC  is  given,  the  angle  ABD  is  alfo  given; 

b.  43.  Dat.  and  the  angle  ADB  is  giveo,  wherefore  the  triangle  ABD  is  given ^ 

in  fpecies;  and  therefore  the  ratio  of  AD  to  DB  is  given,  and  as 

c.  1. 6.       AD  to  DB,  To  is  ^  the  reftangle  AD,  BC  to  the  refta»glc  DB,  BC ; 

"wherefore  the  ratio  of  the  reftanglc  AD,  BC  to  the  reftanglc  DB, 
BC  is  given,  as 'alfo  the  ratio  of  twice  the  reflangle  DB,  BC  to  the 
rcftangle  AD,  BC.  but  the  ratio  of  the  rec-  . 
tangle  AD,  BC  to  the  triangle  ABC  is  given, -^ 

4.  4>>  I*     becaufe  it  is  double  ^  of  the  triangle.;  there- 
fore the  ratio  of  twice  the  reftanglc  DB,  BC 

f.  ft.  Dit.    to  the  triangle  ABC  is  given*,  and  twice  the 

reftangle  DB,  BC  is  thc'excefs  ■  of  the  fquareTT 
of  AC  above  the  fquares  of  AB,  BC.  there- 
fore this  exccfs  has  a  given  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  cxcefs  to  the  triangle  ABC  may  be  found 
thus ;  take  a  (Iraight  line  £F  given  in  poCtion  and  magnitude;  and 
becaufe  the  angle  ABC  is  given,  at  the  point  F  of  the  ftraightlinc 
EF  make  the  angle  EFG  equal  to  the  angle  ABC;  produce  GF,and 
draw  EH  perpendicular  to  FG.  then  the  ratio  of  the  cxcefs  of  the 
fquare  of  AC  above  the  fquares  of  AB,  BC  to  the  triangle  ABC 
is  the  fame  with  tlie  ratio  of  quadruple  the  ftraight  line  HF  to  HE. 
Becaufe  the  angle  ABD  is  equal  to  the  angle  EFH,  and  the 
angle  ADB  to  EHF,  each  being  a  right  angle ;  the  triangle  ADB  is 

r.  4  <.       equiangular  to  EHF.  tlierefore  f  as  BD  to  DA,  fo  FH  to  HE;  and 

K.Cor.4  5-  as  quadruple  of  BD  to  DA,  fo  is  *  qvadniple  of  FH  to  HE.  bnt 
as  twice  BD  is  to  DA,  fo  is  *  twice  the  reftanglc  DB,  BC  to  the 

*».  C.  5.      reftanglc  AD,  BC ;  and  as  DA  to  the  half  of  it,  fo  is  ^  the  rec- 
tangle AD^  BC  to  its  half  the  triangle  ABC  ;  therefore,  gl  ac- 
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quail,  as  twice  BD  is  to  the  half  of  DA,  that  is,  as  quadruple  of 
BU  is  to  DA,  that  is,  as  quadruple  of  Ffl  to  HE,  fo  is  twice  the 
rcftangle  DB,  BC  to  the  triangle  ABC. 

PROP.     LXXV. 

IF  a  triangle  has  a  given  acute  angle  ;  the  fpace  by 
which  the  fquare  of  the  fide  fubtcnding  the  acute 
angle  is  lefs  than  the  fquares  of  the  fides  which  contain 
it,  (hall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  acute  angle  ABC,  and  draw 
AD  perpendicular  to  BC ;  the  fpace  by  which  the  fquare  of  AC 
is  lefs  than  the  fquares  of  AB,  BC,  that  is  "  the  double  of  the  rec- 
tangle contained  by  CB,  BD,  has  a  given  ratio  to  the  triangle  ABC. 

liecaufe  the  angles  ABD,  ADB  arc  each  of  them  given,  the  tri- 
angle ABD  is  given  in  fpecies ;  and  therefore  the  ratio  of  BD  to 
DA  is  given,  and  as  BD  to  DA,  fo  is  the  rec-  * 

tangle  CB,  BD  to  the  rcftangle  CB,  AD j  there*  -A, 

fore  the  ratio  of  thefe  reft  angles  is  given,as  alfo 
the  ratio  of  twice  the  reftangle  CB,  BD  to  the 
leftangle  CB,  AD.  but  the  reftangle  CB,  AD 
has  a  given  ratio  to  its  half  the  triangle  ABC,-r> 
therefore  ^  the  ratio  of  twice  the  reftangle  CB,-^ 
BD  to  the  triangle  ABC  is  given*  and  twice  the  reftangle  CB,  BD 
is  '  the  fpace  b/  which  the  fquare  of  AC  is  kfs  than  the  fqunres  of 
AB,  BC;  therefore  the  ratio  of  this  fpace  to  the  triangle  ABC  i$ 
given,  and  the  ratio  may  be  found  as  in  the  preceding  Proppfition. 

LEMMA. 

IF  from  the  vertex  A  of  an  Ifofceles  triangle  ABC,  any  ftraight 
line  AD  be  drawn  to  the  bafe  BC ;  the  fquare  of  the  fide  AB 
is  equal  to  the  reftangle  BD,  DC  of  the  fegments  of  ihe  bafe  to-* 
gethcr  with  the  fquare  of  AD.  but  if  AD  be  drawn  to  the  bafe 
produced,  the  fquare  of  AD  is  equal  to  the  reftangle  BD,  DC 
together  with  the  fquare  of  AB. 

Cas.  I.  Bifeft  the  bafe  BC  in  E,  and  join  A. 

AE  which  will  be  perpendicular  'to  BC ; 
'Wherefore  the  fquare  of  AB  is  equal  ^  to  the 
fquares  of  A£,  £B.  but  the  iqnare  of  £B  is 
equal  '  to  the  reftangle  BD,  DC  together  jv    t^txtji 
^ith  the  fquare  of  DE.  therefore  the  fquare 
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b.  47<  >•  of  AB  is  equal  to  the  fquares  of  AE,  ED,  that  is  to  ^  to  the  fquare 
of  ADy  together  with  the  reftangle  BD,  DC.  the  other  cafe  is 
ihewa  in  the  fame  way  hj  6.  2.  Elem. 
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67.  PRO  P.     LXXVI. 

F  a  triangle  have  a  given  angle,  the  excefs  of  the 
fquarc  of  the  ftraight  line  which  is  equal  to  the  two 
.  fides  that  contain  the  given  angle,  above  the  fquare  of 
the  third  fide,  fiiall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  hare  the  given  angle  BAC,  the  excefs  of 
the  Qraight  line  which  is  equal  to  BA,  AC  together  above  the 
fquarc  of  BC,  (hall  hare  a  given  ratio  to  the  triangle  ABC. 

Produce  BA,  and  take  AD  equal  to  AC,  join  DC  and  produce 
it  to  £,  and  thro'  the  point  B  draw  BE  parallel  to  AC;  join  AE, 
and  draw  AF  perpendicular  to  DC.  and  bccaufe  AD  is  equal  to 
AC,  BD  is  equal  to  BE;  and  BC  is  drawn  from  the  vertex  B  of  the 
I&fcelcs  triangle  DBE,  therefore,  by  the  Lemma,  the  fqnare  of  BD, 
that  is  of  B  A  and  AC  together,  is  equal  to  the  reftangle  DC,  CE 
together  with  the  fquare  of  BC;  and  therefore  the  fqnare  of  BA, 
AC  together,  that  is  of  BD  is  greater 
than  the  fquare  of  BC  by  the  reftangle     ' 
DC,  C£;  and  this  reftangle  has  a  given 
ratio  to  the  triangle  ABC.  becaufe  the 
angle  BAC  is  given,  the  adjacent  angle     <-» 
CAD  is  given ;  and  each  of  the  angles  ^^ru 

ADC,  DC  A  is  given,  for  each  of  them  is   (1^— II 
a.  $.&  J  *.  I .  the  half  •  of  the  given  angle  BAC ;  there-        ^^K" 
I).  43.  Dat.  fore  the  triangle  ADC  is  given  ^  in  fpe- 

des ;  and  AF  is  drawn  from  its  vertex  to  the  bafe  in  a  given  angle, 
c.  10.  Dat.  "wherefore  the  ratio  of  AF  to  the  bafe  CD  is  given  *.  and  as  CD 
d. ,.  tf.       to  AF,  fo  is  d  the  reftangle  DC,  CE  to  the  reftangle  AF,  CE;  and 
e.  41. 1.      the  ratio  of  the  reftangle  AF,  CE  to  its  half  *  the  triangle  ACE  is 
given;  therefore  the  ratio  of  the  reftangle  DC,  CE  to  the  triangle 
I.  37. 1.      ACE,  that  is  f  to  the  triangle  ABCis  given*,  and  the  reftangleDC, 
I.  9.  Dat,    CE  is  the  excefs  of  the  fquare  of  B  A,  AC  together  above  the  fquare 
of  BC;  therefore  the  ratio  of  this  excefs  to  the  triangle  ABC  is  given. 
The  ratio  which  the  reftangle  DC,  CE  has  to  the  triangle  ABC 
is  found  thus,  take  the  ftraight  line  GU  given  in  pofition  and  mag- 
nitude, and  at  the  point  G  in  GH  make  the  angle  HGK  equal  to 
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the  given  angle  CAD,  and  take  GK  equal  to  GH»  join  KH,  aid 
draw  GL  perpendicular  to  it.  then  the  ratio  of  HK  to  the  half  of 
GL  is  the  fame  with  the  ratio  of  the  rectangle  DC,  C£  to  the  tri- 
angle ABC.  becaufc  the  angles  HGK,  DAC  at  the  vertices  of 
the  Ifofceles  triangles  GHK,  ADC  are  equal  to  one  another,  thefe 
triangles  are  fimiiar,  and  becauie  GL,  AF  are  perpendicular^o  the 
bafes  HK,  DC,  as  HK  to  GL,  fo  is  ^  (DC  to  AF,  and  lo  is)  the 
reftangle  DC,  CE  to  the  rcftanglc  AF,  CE;  but  as  CL  to  its  half, 
fo  is  the  rcftattglc  AF,  CE  to  its  half  which  is  the  triangle  ACE, 
pr  the  triangle  ABC ;  therefore,  ex  aequali,  HK  is  to  the  half  of 
the  flraight  line.GL,  as  the  redlangle  DC,  CE  is  to  the  triangle 
ABC. 

CoR.  And  if  a  triangle  have  a  given  angle,  the  fpace  by  which 
the  fquare  of  the  ftraight  line  which  is  the  difference  of  the  fides 
-which  contain  the  given  angle  is  lefs  than  the  iquare  of  the  third 
fide,  (hall  have  a  given  ratio  to  the  triangle,  this  is  demonftrated 
the  fame  way  as  the  preceding  Propofition,  by  help  of  the  fecond 
cafe  of  the  Lemn^a. 
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PROP.     LXXVIL  h 

IF  .the  perpendicular  drawn  from  a  given  angle  of  a  sec  n, 
triangle  to  the  oppofite  fide,  or  bafe,  has  a  given  ra- 
tio to  the  bafe  ;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
perpendicular  AD  drawn  to  the  bafe  BC,  have  a  given  ratio  to  it; 
the  triangle  ABC  is  given  in  fpedes. 

If  ABC  be  an  Ifofcelet  triangle,  it  is  evident  '  that  if  any  one  of  i,|.&3».i,. 
its  angles  be  given,  the  refi:  arc  alfb  given;  and  therefore  the  tri- 
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angle  is  given  in  {pedes,  without  the  confideratlon  of  the  ratio  of  thd 

perpendicular  to  the  bafe,  which  in  this  cafe  is  given  by  Prop.  50, 

But  when  ABC  is  not  an  Ilbfceles  triangle,  take  any  ftraight  line 

pF  jpven  in  poiition  and  magnitude,  and  upon  it  defcribe  the  fcgs 
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ment  of  a  circle  EGF  contaiBing  an  angle  equal  to  the  given  ang^e 
BAG;  draw  GH  bifefting  EF  at  right  angles,  and  join  EG,  GF. 
then  fmce  the  angle  EGF  is  equal  to  the  angle  BAC,  and  that 
EGF  is  an  Ifofcelefe  triangle  and  ABC  is  not,  the  angle  FEG  is  not 
equal  to  the  angle  CBA.  draw  EL  makiDg  the  angle  FEL  equal  to 
the  awgle  CBA,  join  FL,  and  draw  LM  perpendicular  to  EF.  then 
becaulc  the  triangles  ELF,  BAC  are  equiangular,  as  alfo  are  the  tri- 
angles MLE,  DAB,  as  ML  to  LE,  fo  is  DA  to  AB;  and  as  LE  to 
EF,  fo  is  AB  to  BC ;  wherefore,  ex  acquaii,  as  LM  to  EF,  fo  is 
AD  to  BC.  and  bccaufc  the  ratio  of  AD  to  BC  is  given,  therefore 

b.  ».  Dat.   the  ratio  of  LM  to  EF  is  given ;  and  EF  is  given,  wherefore  ^  LM 

alfo  is  given,  complete  the  parallelogram  LMFK,  and  faecaufc  LM 
is  given,  FK  is  given  in  magnitnde ;  it  is  alfo  given  in  pofition, 

c.  |o.  Dat.  and  the  point  F  is  given,  and  confeqnently  ^  the  point  K;  and  bc- 

-  caufe  thi  o'  K  the  ftraight  line  KL  is  drawn  parallel  to  EF  which 

d.  31.  Dat.  is' given  in  pofition,  therefore  ^  KLis  given  in  pofition ;  and  the 
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circumference  ELF  is  givem  in  pofition,  therefore  the  point  L  is 
given '^.  aad  becaufe  the  points  L,  E,  F  are  given,  the  ftraight  lines 
LE,  EF,  FL  are  given  f  in  magnitude;  therefore,  the  triangle  LEF 
is  given  in  fpecies  >.  and  the  triangle  ABC  is  fimilar  to  LEF, 
wherefore  alfo  ABC  is  given  in  fpecies.   •    • 

Becaufe  LM  is  lefs  than  GH,  the  ratio  of  LM  to  EF,  that  is 
the  given  ratio  of  AD  to  BC  nuft  be  lefs  than  the  ratio  of  GH 
to  EF  which  the  ftraight  line,  in  a  fegment  of  a  circle  containing 
an  angle  equal  to  the  given  angle,  that  bifefts  the  bafe  of  the  feg- 
ment at  right  angles,  has  unto  the  bafe. 

CoR.  1.  If  two  triangles  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  the  perpendicular  AD  be  to  the 
bafe  BC,  as  the  perpendicular  LM  to  the  bafe  EF ;  the  triangles 
ABC,  LEF  ai-e  fimilar. 

Defcribe  the  aide  EGF  about  the  triangle  ELF,  and  draw  LN 
parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendicular  to  EF. 
becaufe  the  angles  ENF,  ELF  are  equal,  and  that  the  angle  EFN  is 
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equal  to  the  sdternate  angle  FNL,  that  is  to  the  angle  FEL  in  the 
'  feme  icgment,  therefore  the  triangle  NEF  is  fimu.ir  to  L£F.  and 
in  the  fegment  £GF  there  can  be  no  other  triangle  upon  the  -bafe 
£F  which  has  the  ratio  of  its  perpendicular  to  that  bale  the  fame 
with  the  ratio  of  LM  or  NO  to  EF,  becaufe  the  perpendicular 
muft  be  greater  or  lefs  than  LM  or  NO.  but,  as  has  been  (hewn 
in  the  preceding  dcmonftration,  a  triangle  fimUar  to  ABC  can  be 
defcribed  in  the  fegment  EGF  upon  the  bafe  EF,  and  the  ratio  of 
its  perpendicular  to  the  bafe  is  the  fame,  as  was  tl;<?re  Hiewn,  with 
the  ratio  of  AD  to  BC,  that  is  of  LM  to  EF.  therefore  that  tri- 
angle  muft  be  cither  LEF,  or  NEF,  which  therefore  are  fimiliir  to 
the  triangle  ABC. 

CoR.  2.  If  a  triangle  ABC  has  a  given  angle  BAC,  and  if  the 
Ih-aight  Jine  AR  drawn  from  the  given  angle  to  the  oppofite  lidc 
BC,  in  a  given  angle  ARC,  has  a  given  ratio  to  BC ;  the  triangle 
ABC  is  given  in  fpecies. 

Draw  AD  perpendicular  to  BC ;  therefore  the  triangle  ARD  is 
given  In  fpecies ;  wherefore  the  ratio  of  AD  to  AR  is  given  j  and  the 
ratio  of  AR  to  BC  is  given,  and  confequently  b  the  ratio  of  AD  h.  9,  Dat. 
to  BC  is  given ;  and  the  triangle  ABC  is  therefore  given  in  fpecies '.  i.  77.  Dat. 

Cor.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAC  e- 
quai  to  one  angle  ELF,  and  if  ftraight  lines  drawn  from  thefe  an- 
gles to  the  bafes,  making  with  them  given  and  equal  angles,  have 
thfe  fame  ratio  to  the  bales,  each  to  each  ;  then  the  triangles  are 
fimilar.  for,  having  drawn  perpendiculars  to  the  bafes  from  the 
equal  angles,  as  one  perpendicular  is  to  its  ba(e,  fo  is  the  other  tp 
its  bafek.  wherefore,  by  Cor.  i.  the  triangles  are  fimilar.  k.  j^^' 

A  triangle  fimilar  to  ABC  may  be  found  thus  5  ha\dng  defcribed  ***  ^' 
the  fegment  EGF  and  drawn  the  Araight  line  GH  as  was  direfted 
in  the  Propofition,  find  FK  which  has  to  EF  the  given  ratio  of  AD 
to  BC  J  and  place  FK  at  right  angles  to  EF  from  the  point  F. 
then  becaufc,  as  has  been  (hewn,  the  ratio  of  AD  to  BC,  that  is 
of  FK  to  EF,  muft  be  lefs  than  the  ratio  of  GH  to  EFj  therefore 
FK  is  lefs  than  GH  ;  and  confequently  the  parallel  to  EF  drawn 
through  the  point  K  muft  meet  the  circumference  of  the  fegment 
in  two  points,  let  L  be  either  of  them,  and  join  EL,  LF,  and  draw 
LM  perpendicular  to  EF.  then  becaufe  the  angle  BAC  is  equal  tp 
the  angle  ELF,  and  that  AD  is  to  BC,  as  KF,  that  is  LM  to  EF^ 
the  triangle  ABC  is  fioular  to  triangle  LEF.  by  Cor.  i. 
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-    So.  PROP.     LXXVin. 

TF  a  triangle  have  one  angle  given,  and  if  the  ratio  of 
■  the  rcftangle  of  the  fides  which  contain  the  given 
angle  to  the  fquare  of  the  third  fide  be  given ;  the  tri- 
angle is  given  in  fpecies. 

Ler  the  triangle  ABC  have  the  gires  angle  BAC,  and  let  the 
ratio  of  the  re^angle  BA,  AC  to  the  Iquare  of  BC  be  g^ven;  the 
triangle  ABC   ,  given  in  fpecies. 

Fiom  the  point  A  draw  AD  perpendicular  to  BC  ;  the  rec- 

s.  4T.  I.     tangle  AD,  BC  has  a  given  ratio  to  its  half  *  the  triangle  ABC. 

and  becaafe  the  angle  BAC  is  given,  the  ratio  of  the  triangle  ABC 

b.  Cor.  dx.  to  the  reftangle  BA,  AC  is  given  ^ ;  and,  by  the  hjpothefis,  the 

i>at.  ratio  of  the  rcftangle  BA,  AC  to  the  fqnare  of  BC  is  given,  thcre- 

c.  9.  Dat.  fore  *  the  ratio  of  the  reftaagle  AD,  BC  to  the  fquare  of  BC, 
dsi.  6,  that  is  ^  the  ratio  of  the  ftraight  line  AD  to  BC  is  given,  where- 
c.  77.  Oit.  fore  the  triangle  ABC  is  given  ^  in  fpecies. 

A  triangle  fimilar  to  ABC  may  be  fonnd  thus  ^  take  a  ftraight 
line  £P  given  in  pofitton  and  magnitude,  and  make  the  angle  FEG 
equal  to  the  given  angle  BAC,  and  draw  FH  perpen<ficular  to  EG, 
and  BK  perpendicular  to  AC  *,  therefore  the  triangles  ABK,  EFH 
are  fimilar.  and  the  reftan- 
gle  AD,  BC,  or  the  reftan- 
'  gle  BK,  AC,  which  is  eqval 
to  it,  is  to  the  reftangleBA, 
AC,  as  the  ftraight  line  BK 

to  BA,  that  is  as  FH  to  FE;  _^  _  —  ^  ^ 

let  the  given  ratio  of  the^-D    JT  C      T  G 

reftangle  BA,  AC  to  the  fquare  of  BC  be  the  fame  with  the  ra- 
tio of  the  ftraight  line  EF  to  FL  5  therefore,  ex  aequali,  the  ratio 
of  the  reftangle  AD,  BC  to  the  fquare  of  BC,  that  is  the  ratio  of 
the  ftraight  line  AD  to  BC,  is  the  fame  with  the  ratio  of  HF  to 
FL.  and  becanfe  AD  is  not  greater  than  the  ftraight  line  MN  ia 
the  fegment  of  the  circle  defcribed  about  the  triangle  ABC,  which 
bifefts  BC  at  right  angles ;  the  ratio  of  AD  to  BC,  that  is  of  HF  to 
FL,  muft  not  be  greater  than  the  ratio  of  MN  to  BC.  let  it  be  fo, 
and  by  the  77.  Dat.  find  a  triangle  OPQjirhich  has  one  of  its  an- 
gles POQ^equtl  to  the  given  angle  BAC,  and  the  ratio  of  the  per- 
pendicular OR,  drawn  from  that  angle,  to  the  bafe  PQ^the  fame 
v^ich  the  ratio  of  HF  to  FL.  then  the  triangle  ABC  b  fimilar  to 
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OPQ^  bccaufc,  as  has  been  (hewn,  the  ratio  of  AD  to  BG  is  the 
iiffle  with  the  ratio  of  (HF  to  FL,  that  is,  by  the  conftruftion,with 
the  ratio  of)  OR  to  PQj  and  the  angle  BAG  is  equal  to  the  angle 
POQ^  therefore  the  triangle  ABC  is  fimilar  f  to  the  triangle  POC^f.  i.  Cor. 

OtherWife,  77.Dit. 

Let  the  triangle  ABG  have  the  given  angle  BAC,  and  let  the 
ratio  of  the  reftangle  B  A,  AG  to  the  fquarc  of  BC  be  given  j  the 
.triangle  ABG  is  given  in  fpecies. 

Becanfe  the  angle  BAC  is  given,  the  exccfi  of  the  fquare  of 
both  the  fides  BA,  AG  together  above  the  fquare  of  the  third 
fide  BC  has  a  given  ■  ratio  to  the  triangle  ABC.  let  the  figure  D  **  ^^-  ^*- 
be  equal  to  this  excefs ;  therefore  the  ratio  of  D  to  the  triangle 
ABC  is  given  ;  and  the  ratio  of  the  triangle  ABC  to  the  reftanglc 
B A,  AC  is  given  *>,  becanfe  BAC  is  a  given  angle  5  and  the  rcc-  k-  Cor.  6%. 

tangle  BA,  AG  has  a  given  ratio  to  the  /i  ^ •         ^*** 

fquare  of  BC ;  wherefore  *  the  ratio  of         y\  .-^         c.  10.  Dat. 

D  to  the  fquare  of  BC  is  given,  and,  by      y^    \ 

compofition  ^,  the  ratio  of  the  fpace  A^- ^  .   ' '      ^' '''  ^*'* 

together  with  the  fquare  of  BC  to  thc^  ^ 

fquare  of  BC  is  given,  but  D  together  with  the  fquare  of  BC  is 

equal  to  the  fquare  of  both  BA  and  AC  together ;  therefore  the 

ratio  of  the  fquare  of  BA,  AC  together  to  the  fquare  of  BC  is 

given ;  and  the  ratio  of  BA,  AC  together  to  BG  is  therefore  given  ^.  «•  59  Dit. 

and  the  angle  BAC  is  given,  wherefore  ^  the  triangle  ABC  is  gi-  f-  4«.  Dat. 

ven  in  fpecies. 

The  compofition  of  this  which  depends  upon  tbofe  of  the  yd. 
and  48.  Fropofitions  is  more  complex  than  the  preceding  compo- 
fidon  which  depends  upon  that  of  Prop.  77.  which  is  eafy.' 

PROP.     LXXIX.  K. 

IF  a  triangle  have  a  given  angle,  and  if  the  ftraight  sec  m. 
line  drawn  from  that  angle  to  the  bafc,  making  a 
given  angle  with  it,  divides  the  bafc  into  fcgmcnts 
which  have  a  given  ratio  to  one  another ;  the  triangle 
is  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
ftraight  line  AD  drawn  to  the  bafe  BC  making  the  given  angle 
ADB,  divide  BC  into  the  fegments  BD,  DC  which  have  a  given 
ratio  to  one  another  \  the  triangle  ABC  is  given  in  Ipecies. 
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a.  5.  4.  Defcribe  '  the  circle  BAC  about  the  triangle,  and  from  its  gcd- 

ter  E  draw  £A,  £B,  EC,  ED.  becaufe  the  angle  BAC  is  g^Ten,  die 

b.  ao.  3.     angle  BEC  at  the  center,  which  is  the  double  ^  of  it,  is  gires.  and 

the  ratio  of  BE  to  EC  is  ^ven,  becauie  they  are  eqoal  to  one  aao- 
•^44.  Dat.  ther ;  therefore  ^  the  triangle  BEC  is  given  in  fpecies,  and  the  ratio 
d.7.Dat.    of  EB  to  BC  is  given,  alfo  the  ratio  of  CB  to  BD  is  given*,  be- 
caufe the  ratio  of  BD  to  DC  is  given;  therefore  the  ratio  of  EB  to 

c.  9'  I>»t.    BD  is  given  ^.  and  the  angle  EBC  is  given,  wherefore  the  trian^ 

EBD  is  given  '^  in  fpecies,  and  the  ratio  of  EB,  that  is  of  EA  toH) 
is  therefore  given,  and  the  angle  EDA  is  given,  becaufe  each  of  the 

f.  47.  Dat.  angles  BDE,  BDA  is  given,  therefore  the  triangle  AED  is  given' 
in  fpecies,  and  the  angle  AED  given ;  alfo 
the  angle  DEC  is  given,  becaufe  each  of  the 
angles  BED,  BEC  is  given ;  therefore  the 
angle  AEC  is  given,  and  the  ratio  of  EA  to 
EC,  which  are  equal,  is  given;  and  the  tri- 
angle AEC  is  therefore  given  *  in  fpecies, 
and  the  angle  ECA  given,  and  the  angle 
ECB  is  given,  wherefore  the  angle  ACB  is  given,  and  the  ang^ 

J.  43*  Dat.  BAC  is  alio  given  ;  therefore  '  the  triangle  ABC  is  gives  in  fpcdes. 
A  triangle  flnailar  to  ABC  may  be  found,  by  taking  a  fbralght 
line  given  in  pofition  and  magnitude,  and  dividing  it  in  the  given 
ratio  which  the  fegments  BD,  DC  are  required  to  have  to  one  an> 
ther ;  then  if  upon  that  flxaight  line  a  fegment  of  a  circle  be  ie- 
fcribed  containing  an  angle  equal  to  the  given  angle  BAC,  and  a 
ftraight  line  be  drnwn  from  the  point  of  divifion  in  an  angle  equal 
to  the  given  angle  ADB,  and  from  the  point  where  it  meets  the 
circumference,  ftraight  lines  be  drawn  to  the  extremity  of  the  firft 
line,  thcfc  together  with  the  iSrft  line  (hall  contain  a  triangle  fini- 
lar  to  ABC,  as  may  eafily  be  fhewn. 

The  Dcmonftration  may  be  alfo  made  in  the  manner  of  that  of 
the  7  7.  Prop,  and  that  of  the  7  7.  may  be  made  in  the  manner  of 
this. 

L.  PROP.     LXXX. 

i 

TF  the  fides  about  an  angle  of  a  triangle  have  a  ghra 
^  ratio  to  one  another,  and  if  the  perpendicular  drawn 
from  that  angle  to  the  bafe  has  a  given  ratio  to  the 

bafe  J  the  triangle  is  given  in  fpecies. 
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Let  the  fides  BA,  AC,  about  the  angle  BAC  of  the  triangle  ABC 
Jiave  a  given  ratio  to  one  another,  and  let  the  perpendicular  AD  have 
a  given  ratio  to  the  bafe  BC ;  the  triangle  ABC  is  given  in  Ipecies. 

Firft,  let  the  fides  AB,  AC  be  equal  to  one  another,  tfierefore 
the  perpendicular  AD  bifcfts  *  the  bafe  BC.  and  A  *•  *^*  '• 

the  ratio  of  AD  to  BC,  and  therefore  to  iti  half  A< 

DB  is  given  ;  and  the  angle  ADB  is  given,  where-     J- X    \ 
fore  the  triangle  •  ABD  and  confequcntly  the  tri-     /      I       >-     •.43Dat. 


angle  ABC  is  given  ^  in  fpecies.  B    DD       C  b.44.l>at. 

But  let  the  fides  be  unequal,  and  BA  be  greater  than  AC;  and 
make  the  angle  C  AE  equal  to  the  angle  ABC.  becacfe  the  angle 
AEB  is  common  to  the  triangles  AEB,  CEA,  they  are  fimilar  j 
therefore  as  AB  to  BE,  fo  is  CA  to  AE,  and,  by  permutation,  as 
B A  to  AC,  fo  is  BE  to  EA,  and  fo  is  EA  to  EC.  and  the  ratio  of 
BA  to  AC  is  given,  therefore  the  ratio  of  BE  to  EA,  and  the  ratio 
of  E  A  to  EC,  as  alfo  the  ratio  of  BE  to  EC  is  given  ^ ;  wherefore  c.  9.  Dat. 
the  ratio  of  £B  to  BC  is  given  <*.  and  the  ratio  J^  d.  4.  Dat. 

of  AD  to  BC  is  given  by  the  Hypothefis,  there-     n 
fore  ^  the  ratio  of  AD  to  BE  is  given;  and  the 
ratio  of  BE  to  EA  was  (hewn  to  be  given ;  . 

wherefore  the  ratio  of  AD  to  AE  is  given,  and"  Jt    i^    lU    xP 
ADE  is  a  right  angle,  therefore  the  triangle  ADE  is  given  '  in  fpe-  c.  4^.  Dai. 
cies,  and  the  angle  AEB  given;  the  ratio  of  BE  to  EA  is  likewife 
given,  therefore  ^  the  triangle  ABE  is  given  in  fpecies,  and  confe- 
qucntly the  angle  EAB,  as  alfo  the  angle  ABE,  that  is  the  angle 
CAE  is  given  ;  therefore  the  angle  BAC  is  given,  and  the  angle 
ABC  being  alfo  given,  the  triangle  ABC  is  given  f  in  fpecies.       f.  4j.  Dat. 
* "  How  to  find  a  triangle  which  (hall  have  the  things  which  are 
mentioned  to  be  giveh  in  the  Propofition,  is  evident  in  the  firft  cafe. 
and  to  find  it  the  more  eafily  in  the  other  cafe,  it  is  to  be  obfervcd 
that  if  the  ftraight  line  EF  equal  to  EA  be  placed  in  EB  towards  B, 
the  point  F  divides  the  bafe  BC  into  the  fegments  BF,  FC  which 
have  to  one  another  the  ratio  of  the  fides  BA,  AC.  becaufe  BE,EA, 
or  EP,  and  EC  were  (hewn  to  be  proportionals,  therefore  *  BF  is  *•  *9'  5- 
to  FC,  as  BE  to  EF,  or  EA,  that  is  as  B A  to  AC.  and  AE  cannot 
be  lefs  than  the  altitude  of  the  triangle  ABC,  but  it  may  be  equal  to 
it ;  which  if  it  be,  the  triangle,  in  this  cale,  as  alfo  the  ratio  of  the 
iidcs,  may  be  thus  found,  having  given  the  ratio  of  the  perpendi- 
cular to  the  bale,  take  the  firaight  line  GH  given  in  poCtion  and 
magnitude,  for  the  bale  of  the  triangle  to  be  found  5  and  let  the 
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given  ratio  of  the  perpendicular  to  the  bafe  be  th^t  of  the  ftraigbt 
line  K  to  GH,  that  is,  let  K  be  equal  to  the  perpendicular;  and  fiip- 
pofe  GLH  to  be  the  triangle  which  is  to  be  found,  therefore  hav- 
ing made  the  angle  HLM  equal  to  LGH,  it  is  required  that  LM  be 
perpendicular  to  GM  and  equal  to  K.  and  bccaufe  GM  ML,  MH 
are  proportionals,  as  was  Ihewa  of  BE,  E  A,  EC,  the  reflanglcGMH 
U  equal  to  the  fquare  of  ML.  add  the  common  fqnare  of  NH, 
(having  biftftcd  GH  in  N)  and  the  fquare  of  NM  is  equal «  to  the 
fquares  of  the  given  ftraight  lines  NH  and  ML,  or  K.  therefore  the 
fquare  of  NM,  and  its  fide  NM,  is  given,  as  alfo  the  point  M,  viz. 
by  taking  the  ftraight  line  NM  the  {quarc  of  which  is  equal  to  the 
fquares  of  NH,  ML.  draw  ML  equal  to  K,  at  right  angles  to  GM. 
and  becaufe  ML  is  given  ia  pofition  and  magnitude,  therefore  the 
point  L  is  given ;  join  LG,  LH,  then  the  triangle  LGH  is  that 
which  was  to  be  fouad.  for  the  fquare  of  NM  is  equal  to  the 
fquares  of  NH  and  ML,  and  taking  away  the  common  fquare  of 
NH,  the  rcftanglc  GMH  is 
equal  «  to  the  fquare  of 
ML ;  therefore  as  GM  to 
ML,  fo  is  ML  to  MH,  and 
t^ie  triangle  LGM  is  ^  there- 
fore equiangular  to  HLM, 

and  the  angle  HLM  equal  pi    tlt  *  /.>£     -jur  -p 
to  the  angle  LGM,  and  the^  J^      ^  -^-^  -^ 

ftraight  line  LM,  drawn  from  the  vertex  of  the  triangle  making 
the  angle  HLM  equal  to  LGH,  is  perpendicular  to  the  bafe  aad 
equal  to  the  giveu  ftraight  line  K,  as  was  required,  and  the  ratio 
of  the  fides  GL,  LH  is  the  fame  with  the  ratio  of  GM  to  ML, 
that  is  with  the  ratio  of  the  ftraight  line  which  is  made  up  of  GN 
the  half  of  the  given  bafe  and  of  NM  the  fquare  of  which  is  e- 
qual  to  the  fquares  of  GN  and  K,  to  the  ftraight  line  K. 

And  whether  this  ratio  of  GM  to  ML  is  greater  or  lefs  than  the 
ratio  of  the  fides  of  any  other  triangle  upon  the  bafe  GH,  and  of 
which  the  altitude  is  equal  to  the  ftraight  line  K,  that  is,  the  vertex 
of  which  is  in  the  parallel  to  GH  drawn  tliro'  the  point  L,  may  be 
thus  found.  Let  OGH  be  any  fuch  triangle,  and  draw  OP  making 
the  angle  HOP  equal  to  the  aagle  OGH;  therefore,  as  before,  GP, 
PO,PH  are  proportionals,  and  PO  caanot  be  equal  to  LM,  becaufe 
the  reftanglc  GPH,would  be  equal  to  the  reftangle  GMH,which  is 
impofliblc,  for  the  point  P  cannot  fall  upon  M,  becaufe  O  would 
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then  fall  on  L ;  nor  can  PO  be  Icls  than  LM,  therefore  it  is  greater; 
and  confequcntly  the  rcftangle  GPH  is  greater  than  the  rcftangle 
GMH,  and  the  ftraight  Une  GP  greater  than  CM.  therefore  the 
ratio  of  GM  to  MH  is  greater  than  the  ratio  of  GP  to  PH,  and  the 
ratio  of  thcfquare  of  GM  to  the  fquare  of  ML  is  therefore  *  greatei*  j.  ».  cor, 
than  the  ratio  of  the  fquare  of  GP  to  the  fqnare  of  PO,  and  the  ao,  4. 
ratio  of  the  ftraight  line  GM  to  ML,  greater  than  the  ratio  of  GP 
to  PO.  but  as  GM  to  ML,  fo  is  GL  to  LH ;  and  as  GP  to  PO,  fb 
is  GO  to  OH ;  therefore  the  ratio  of  GL  to  LH  is  greater  than  tha 
ratio  of  GO  to  OH ;  wherefore  the  ratio  of  GL  to  LH  is  the 
greateft  of  all  others ;  and  confcquently  the  given  ratio  of  the 
greater  fide  to  the  lefs  muft  not  be  greater  than  this  ratio. 

But  if  the  ratio  of  the  fides  be  not  the  fame  with  this  greateft  ra- 
tio of  GM  to  ML,  it  muft  neceflarily  be  Icfs  than  it.  Let  any  lefs 
ratio  be  given,  and  the  Cune  things  being  fuppo{ed,viz.  that  GH  is 
the  bafe,  and  K  equal  to  the  altitude  of  the  triangle,  it  maybe  found 
as  follows.  Divide  GH  in  the  point  Q^»  fo  that  the  ratio  of  GQjo 
QH  may  be  the  fame  with  the  given  ratio  of  the  fides ;  and  as  GO 
to  QH,  fo  make  GP  to  PQ^,  and  fo  will  f  PQ^be  to  PH;  where-  f.  i,. ,. 
fore  the  fquare  of  GP  is  to  the  fquare  of  PQj  as  » the  ftraight  line 
GP  to  PH.   and  becaufe  GM,  ML,  MH  are  proportionals,  the 
fquare  of  GM  is  to  the  fquare  of  ML,  as  » the  ftraight  line  GM  to 
MH.  but  the  ratio  of  GQ^to  QH,  that  is  the  ratio  of  GP  to  PQ^, 
is  lefs  thaii  tlie  ratio  of  GM  to  ML;  and  therefore  the  ratio  of  the 
fquare  of  GP  to  the  fquare  of  PQJs  lefs  than  the  ratio  of  the  fquare 
of  GM  to  that  of  ML  ;  and  coafequently  the  ratio  of  the  ftraight 
line  GP  to  PH  is  lefs  than  the  ratio  of  GM  to  MH,  and,  by  diviCon, 
the  ratio  of  GH  to  HP  is  lefs  than  that  of  GH  to  HM ;  wherefore  k  It.  10.  s. 
the  ftraight  line  HP  is  greater  than  HM,  and  the  reftangle  GPH, 
that  is  the  fquare  of  PQ^  greater  than  the  rcftangle  GMH,  that  is 
than  the  fquare  of  ML,  and  the  ftraight  line  PQJs  therefore  greater 
than  ML.  draw  LR  parallel  to  GP,  and  from  P  draw  PR  at  right 
angles  to  GP.  becaufe  PQ^is  gre;iter  than  ML,  or  PR,  the  circle 
dcfcribed  from  the  center  P,  at  the  diftance  PQ^,  muft  neceflarily 
cut  LR  in  two  points;  let  thefe  be  O,  S,  and  join  OG,  OH;  SG, 
SH;  each  of  the  triangles  OGH,  SGH  have  the  things  mentioned 
to  be  given  in  the  Propofidon.  join  OP,  feP;  and  becaufe  as  GP  to 
PQo  or  PO,  fo  is  PO  to  PH,  the  triangle  OGP  is  equiangular  to 
HOP;  as,  therefore,  OG  to  GP,  fo  is  HO  to  OP,  and,  by  permu- 
tation, as  GO  to  OH,  fo  is  GP  to  PO,  or  PQ^,  and  fo  is  GQ  to 
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QH.  therefore  the  triangle  OGH  has  the  ratio  of  its  fides  GO, 
OH  the  fame  with  the  given  ratio  of  GQ^to  QH ;  aad  the  per- 
pendicular has  to  the  bafe  tlie  given  ratio  of  K  to  GH,  becaale  the 
perpendicular  is  equal  to  LM,  or  K.  the  like  may  be  fliewa  in  the 
fame  way  of  the  uiangle  SGH. 

This  conflrudUoQ  by  which  the  triangle  OGH  is  found,  is 
ihorter  than  that  which  would  be  deduced  from  the  DemonAra* 
tion  of  the  Dacum ;  by  reaibn  that  the  bafe  GH  is  given  in  po« 
fitioQ  and  magnitude)  which  was  not  fuppofed  in  the  Demonfln* 
tloa.  the  fame  thing  is  to  be  obferved  in  the  next  Propofition. 

M.  PROP.     LXXXI. 

TF  the  fides  about  an  angle  of  a  triangle  be  unequal 
'*■  and  have  a  given  ratio  to  one  another,  and  if  the 
perpendicular  from  that  angle  to  the  bafe  divides  it  into 
fegments  that  have  a  given  ratio  to  one  another ;  the 
triangle  is  given  in  fpecies. 

Let  ABC  be  a  triangle  the  fides  of  which  about  the  angle  BAG 
are  unequal,  and  have  a  given  ratio  to  one  another,  and  let  the 
perpendicular  AD  to  the  bafe  BC  divide  it  into  the  fegments  BD, 
DC  which  have  a  given  ratio  to  one  another ;  the  triangle  ABC 
is  given  in  fpecies. 

Let  AB  be  greater  than  AC,  and  make  the  angle  C  A£  equal  to 
the  angle  ABC;  and  becanie  the  angle  A£B  is  common  to  the  tri- 

a.  4.  ^.       angles  ABE,  CAE,  they  are  *  equiangular  to  one  another,  there* 
fore  as  AB  to  BE,  fo  is  CA  to  AE,  and,  by  A 

permutadon,  as  AB  to  AC,  fo  BE  to  EA,  and  ^^^^iNv 

fo  is  EA  to  EC.  but  the  ratio  of  BA  to  AC     ^y^  IV^v 
is  given,  therefore  the  ratio  of  BE  to  EA,  as  B  "1>C    IB 

alfo  the  ratio  of  EA  to  EC  is  given;  where- 

k.  f .  Dat.   fore  ^  the  ratio  of  BE  to  EC,  as  alfo  ^  the  ra- 

c  Cor.  6.  tio  of  EC  to  CB  is  given,  and  the  rado  of  BC 
^■'-      to  CD  is  given  **,  becaufe  the  rado  of  BD  x.q ^ — -^x-^    --xt 

I.  7.  Dat.  jjj.  j^  ^^^^ .  therefore  «>  the  ratio  of  EC  to^        XLH     JSf 

CD  is  given,  and  confequently  ^  the  rado  of  DE  to  EC.  and  the 

ratio  of  EC  to  EA  was  ftiewn  to  be  given,  therefore  •>  the  ratio 

€.  4(.  Dat.  of  DE  to  EA  is  given,  and  ADE  is  a  right  angle,  wherefore  *  the 

triangle  ADE  is  given  in  Ipecies^  and  the  angle  AED  given,  aad 
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the  ratio  of  CE  to  EA  is  given,  therefore  f  the  triangle  AEC  is  r.  44.  D*t. 
given  in  fpccies,  and  confcquently  the  angle  ACE  is  given,  as  alfo 
the  adjacent  angle  ACB.  in  the  fame  manner,  becaufe  the  ratio  of 
BE  toEA  is  given,  the  triangle  BE  A  is  given  in  fpccies,  and  die 
angle  ABE  is  therefore  given,  and  the  angle  ACB  is  given;  where- 
fore the  triangle  ABC  is  given  «  in  fpecies. 

But  the  ratio  of  the  greater  fide  BA  to  tlie  other  AC  muft  be 
Icfs  than  the  ratio  of  the  greater  fegmcnt  BD  to  DC.  becaufe  the 
fqoare  of  BA  is  to  the  fquarc  of  AC,  as  the  fquares  of  BD,  DA  to 
thefquares  of  DC,  DA ;  and  the  fquares  of  BD,  DA  have  to  the 
fquares  of  DC,  DA  a  lefs  ratio  than  the  fquare  of  BD  has  to  the 
fquare  of  DC  f,  becaufe  the  fqnaie  of  BD  is  greater  than  the 
fquare  of  DC  j  therefore  the  fquare  of  BA  has  to  the  Iquare  of  AC 
a  lefs  ratio  than  the  fquare  of  BD  has  to  that  of  DC.  and  confe- 
quently  the  ratio  of  BA  to  AC  is  lefs  than  the  ratio  of  BD  to  DC. 

This  being  prcmifcd,  a  triangle  which  fliall  have  the  things  men- 
tioned to  be  given  in  the  Propofitioii,  and  to  which  the  triangle 
ABC  IS  fimilar,  may  be  found  thus,  take  a  flraight  line  GH  given 
in  pofition  and  magnitude,  and  divide  it  in  K  fo  that  the  ratio  of 
G£  to  KH  may  be  the  fame  with  the  given  ratio  of  BA  to  AC;  di- 
vide alfoGH  in  Lfo  that  the  ratio  of  GL  to  LH  maybe  thefamewith 
the  given  ratio  of  BD  to  DC,  and  draw  LM  at  right  angles  to  GH. 
and  becaufe  the  ratio  of  the  fides  of  a  triangle  is  lefs  than  the  ratio 
of  the  fcgments  of  the  bafe,  as  has  been  flicwn,  the  ratio  of  GK  to 
KH  is  lefs  than  the  ratio  of  GL  to  LH,  wherefore  the  point  L  muft 
fdU  betwixt  K  and  H.  alfo  make  as  GK  to  KH,  fo  GN  to  NK,  and 
fo  fhall  *>  NK  be  to  NH.  and  from  the  center  N,  at  the  diftance  h.  if.  5. 
NK  dcfcribe  a  circle,  and  let  its  circumference  meet  LM  in  O,  and 
join  OG,  OH ;  then  OGH  is  the  triangle  which  was  to  be  defcribed. 
becaufe  GN  is  to  NK,  or  NO,  as  NO  to  NH,  the  triangle  OGN  is 
equiangular  to  HON;  therefore  as  OG  to  GN,  fo  is  HO  to  ON, 
and,  by  permutation,  as  GO  to  OH,  fo  is  GN  to  NO,  or  NK,  that 
^  as  GK  to  K!H,  that  is  in  the  given  ratio  of  the  fides,  aid,  by  the 


t  If  A  be  greater  than  B,  and  C  any 
third  Biagnitode  ;  then  A  and  C  toge- 
ther have  to  B  and  C  together  a  lefs  la- 
tb  than  A  has  to  B. 

Let  A  be  to  B  as  C  to  D,  and  be- 
caufe A  is  greater  than  B,  C  is  greater 


til  an  D.  but  as  A  is  to  B,  fo  A  and  C 
to  B  and  D  ;  and  A  and  C  htve  to  B 
and  C  a  lefs  ratio  than  A  and  C  hafe 
to  B  and  D,  becaufe  C  is  greater  thaa 
D.  therefore  A  and  C  have  to  B  and  C 
a  lefs  ratio  than  A  to  B. 
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conftruftion,  GL,  LH  have  to  one  aiothcr  the  given  ratio  of  the 
fegments  of  the  bafc. 


tfo. 


PROP.    Lxxxn. 


IF  a  parallelogram  given  in  fpccics  and  magnitude  be 
cncreafcd,  or  diminifhcd  by  a  gnomon  given  in  mag- 
nitude ;  the  fides  of  the  gnomon  are  given  in  magnitude. 

Firft,  let  the  parallelogram  AB  given  in  fpecics  and  magnittide 
be  encreafed  by  the  given  gnomon  ECBDFG;  each  of  the  ftraighc 
lines  CE,  DF  is  given. 
^    Def       Becauie  AB  is  given  in  fpecies  and  magnitude,  and  that  the  gno- 

a.  i  %,  and  okOTL  ECBDFG  is  given,  therefore  the  whole  fpace  AG  is  given  in 
J  X4. 6,  magnitude,  but  AG  is  alio  given  in  fpecies,  bccaufc  it  is  fimilar  ■ 

b.  60,  Dat.  to  AB;  therefore  the  fides  of  AG  are  given**,  each  of  the  ftraight 

E 

c! 


lines  AE,  AF  is  therefore  given  5  and  each  of  f< 
the  ftraight  liacs  CA,  AD  is  given  ^,  therefore     k 


c.  4.  Dat.    each  of  the  remainders  EC,  DF  is  given  ^, 

Next,  let  the  parallelogram  'AG  given  in  fp&- 


S 


d.  xs*  ^" 


C.  %€.  60 


cies  and  magnitude  be  dimini(hed  by  the  given  ^  "J) 
gnomon  ECBDFG  ;  each  of  the  ftraight  lines 
CE,  DF  is  given. 

Becaufe  the  parallelogram  AG  is  given, as  alfo 
its  gnomon  ECBDFG ;  the  remaining  fpace  AB  is  given  in  magoi* 
tude.  but  it  is  alfo  given  in  fpecies  ;  becaufe  it  is  fimilar  ■  to  AG; 
therefore  •>  its  fides  CA,  AD  are  given,  and  each  of  the  ftraight 
lines  EA,  AF  is  given  •,  therefore  EC,  DF  are  each  of  them  given. 

The  gnomon  and  its  fides  CE,  DF  may  be  found  thus  in  the 
firft  cafe,  let  H  be  the  given  fpace  to  which  the  gnomon  muft  be 
made  equal,  and  find  ^  a  parallelogram  fimilar  to  AB  and  equal 
to  the  figures  AB  and  H  together,  and  place  its  fides  AE,  AF 
from  the  point  A,  upon  the  ftraight  lines  AC,  AD,  and  complete 
the  parallelogram  AG,  which  is  about  the  ikme  diameter  ^  with 
AB.  becaufe  therefore  AG  is  equal  to  both  AB  and  H,  take  away 
the  common  part  AB,  the  remaining  gnomon  ECBDFG  is  equal 
to  the  remaining  figure  H.  therefore  a  gnomon  equal  to  H,  and 
its  fides  CE,  DF  are  found,  and  in  like  manner  they  may  be  found 
in  the  other  cafe,  in  which  the  given  figure  H  muft  be  lefs  thait 
the  figure  F£  from  which  it  is  to  be  taken. 


J 
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C 


\ 


DATA.  43J 

PROP.     LXXXm.  58* 

IF  a  parallelogram  equal  to  a  given  fpacc  be  applied  , 

to  a  given  ftraight  line,  deficient  by  a  parallelogram 
given  in  fpecies  j  the  fides  of  the  dcfeft  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  fpace  be  applied  to 
the  given  ftraight  line  AB,  deficient  by  the  parallelogram  BDCL 
given  in  fpecies  j  each  of  the  ftraight  lines  CD,  DB  are  given. 

BifeA  ABin  E5  therefore  EB  is  pven  in-magnitude.  upon  EB 
defcribe  *  the  parallelogram  £F  iimilar  to  DL  and  fimilarlj  placed  \  t.  is.i. 
therefore  EF  is  given  in  fpecies,  and  is  about 

the  fame  diameter  *>  with  DL  ;  let  BCG  ft    Tt  "F     **'  *^'^* 

be  the  diameter,  and  conftrudl  the  figure. 

therefore  bccaufe  the  figure  EF  given  in  JC 

fpecies  is  defcribed  upon  the  given  ftraight 

line  EB,  EF  is  given  *  in  magnitude,  and     . 

the  gnomon  ELH  is  equal  *  to  the  given  A         E  T)  15      ^-  ^^^.^"^ 

figure  AC,  therefore  *  fincc  EF  is  dimioifhcd  by  the  given  gno-  ^  g^  ^^^ 

moQ  ELH,  the  fides  EK,  FH  of  the  gnomon  are  given,  but  £K 

is  equal  to  DC,  and  FH  to  DB ;  wherefore  CD,  DB  are  each  of 

them  given. 

This  Demonftration  is  the  Analyfis  of  the  Problem  in  the  2  S. 
Prop,  of  Book  6.  the  conftruftion  and  Demonftc^tion  of  which 
Propofition  is  the  Compofition  of  the  Analyfis.  and  bccaufe  the  gi- 
ven I'pace  AC  or  its  equal  the  gnomon  ELH  is  to  be  taken  from  the 
figure  EF  defcribed  upon  the  half  of  AB  firailar  to  BC,  therefore 
AC  muft  not  be  greater  than  EF,  as  is  (hewn  in  the  2  7.  Prop.  B.  6. 

PROP.     LXXXIV.  S9^ 

TF  a  parallelogram  equal  to  a  given  fpace  be  applied  to 
a  given  ftraight  line,  exceeding  by  a  parallelogram 
given  in  fpecies;  the  fides  of  the  excefs  arc  given. 

Let  the  parallelogram  AC  eqnal  to  a  given  fpace  be  applied  to 
the  given  ftraight  line  AB,  exceeding  by  the  parallelogram  BDCL 
given  in  fpecies ;  each  of  the  ftraight  lines  CD,  DB  are  given. 

Bifeft  AB  in  E;  therefore  EB  is  given  in  magnitude,  upon  EB 
defcribe  *  the  parallelogram  EF  fimihr  to  LD,  and  fimilarly  placed;  a.  j8.  <. 
therefore  £F  is  given  in  fpecies,  and  is  about  the  fame  diameter  ^  b.  %6,  4. 

E  e 
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With  LD.  let  CBG  be  the  diameter,  and 
conflruft  the  figure,  therefore  becaule  the 
figure  EF  given  in  fpecies  is  defcribed  up- 
on the  given  flraight  line  EB,  EF  is  given   A 

c.  55.  Dat.  in  magnitude  *.  and  the  gnomon  ELH  is 

d.  36.  and  equal  to  the  given  figure  ^  AC ;  where- 
41- «.     fore  fince  EF  is  cncreaftd  by  the  given 

€.'8x.  Dat.  gnomon  ELH,  its  fides  EK,  FH  are  given*,  but  EK  is  equal  to 
CD,  and  FH  to  BD  5  therefore  CD,  DB  arc  each  of  them  given. 

This  Demonftration  is  the  Analyfisof  the  Problem  in  the  29. 
Prop.  Book  6.  the  conftruftion  and  Demonftration  of  -which  is 
the  Compofition  of  the  Analyfis. 

Cor.  If  a  parallelogram  given  in  fpecies  be  applied  to  a  given 
ftraight  line,  exceeding  by  a  parallelogram  equal  to  a  pven  fpace; 
the  fides  of  the  paralklogram  are  given. 

Let  the  parallelogram  ADCE  given  in  fpecies  be  applied  to  the 
given  ftraight  line  AB  exceeding  by  the  parallelogram  BDCG  equal 
to  a  given  fpace;  the  fides  AD,  DC  of  the  parallelogram  are  given. 

Draw  the  diameter  DE  of  the  parallelogram  AC,  and  conltruft 
the  figure,  becaufe  the  parallelogram  AK  is  equal  *  to  BC  which  is 
given,  therefore  AK  is  given,   and  BK  is 
fimilar  •>  to  AC,  therefore  BK  is  given  in    Jli  Cb       C 

fpecies.  and  fince  the  parallelogram  AK 
given  in  magnitude  is  applied  to  the  given 
ftraight  line  AB,  exceeding  by  the  paral-  H 
lelogram  BK  given  in  fpecies,  therefore, 
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by  this  Propofition,  BD,  DK  the  fides  of  -A. 


jB    1> 


the  excefs  are  given,  and  the  ftraight  line  AB  is  given,  therefore 
the  whole  AD,  as  alfo  DC  to  which  it  has  a  given  ratio  is  given. 

P  R  O  B. 

To  apply  a  parallelogram  fimilar  to  a  given  one  to  a  given  ftraight 
line  AB,  exceeding  by  a  parallelogram  eqaal  to  a  given  fpace. 

To  the  given  ftraight  line  AB  apply  ^  the  parallelogram  AK  e- 
qual  to  the  given  fpace,  exceeding  by  the  parallelogram  BK  fimilar 
to  tbc  one  given,  draw  DF  the  diameter  of  BK,  and  thro'  the 
point  A  draw  A£  parallel  to  BF  meeting  DF  produced  in  £,  and 
complete  the  parallelogram  AC. 

The  parallelogram  BC  is  equal  *  to  AK,  that  is  to  the  given 
fpace ;  and  the  parallelogram  AC  is  fimilar  ^  to  BK.  therefore  the 
parallelogram  AC  is  applied  to  die  ftraight  line  AB  fimilar  to  the 
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6ne  given  and  exceeding  hj  the  parallelogram  BC  which  is  equal 
to  the  given  fpace. 

PROP.     LXXXV.  84, 

IF  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude, in  a  given  angle;  if  the difierence of  the 
ftraight  lines  be  given,  they  fhall  each  of  them  be  given. 

Let  AB,  BC  coacain  the  parallelogram  AC  given  in  magaitude, 
in  the  given  angle  ABC,  and  let  the  excefs  of  BC  above  AB  be  gi- 
ven; each  of  the  ftraight  lines  AB,  BC  is  given. 

liCt  DC  be  the  given  exccfs  of  BC  above  B  A, 
therefore  the  remainder  BD  is  equal  to  BA. 
complete  the  parallelogram  AD,   and  becaufe 
AB  is  equal  to  BD,  the  ratio  of  AB  to  BD  is 
given,   and  the  angle  ABD  is  given,  thercforeB         j)     C 
the  parallelogram  AD  is  given  in  fpecies.  and  becaufe  the  given  pa- 
ralleiogram  AC  is  applied  to  the  given  ftraight  line  DC,  exceeding 
by  the  parallelogram  AD  given  in  fpecies,  the  lides  of  the  excels 
are  given*  5  theicfore  BD  is  given,  and  DC  is  given,  wherefore  *•  »-;.  D»c 
the  whole  BC  i^  given,  and  AB  is  given,  therefore  AB,  BC  are 
each  of  them  given. 

PROP.     LXXXVI.  N  ^5- 

TF  two  ftraight  lines  contain  a  parallclognm  given  in 
•*-  magnitude,  in  a  given  angle ;  if  both  of  them  toge- 
ther be  given,  they  Ihall  each  of  them  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  paral:elo,^ram  AC 
given  in  mai',nitude,  in  the  given  angle  ABC,  and  let  AB,  BC  to- 
gether be  given  ^  each  of  the  ftraiglit  lines  AB,  DC  is  given. 

Produce  CB  und  make  BI3  equal  to  BA,  and  complete  the  pa- 
rallelogram ABDE.  becaulc  DB  is  equal  to  BA,  and  the  angle 
ABD  given,  becaulc  the  adjacent  angle  ABC  is     JJ  J^ 

given  J  the  parallelogram  AD  is  given  in  fpecies. 
and  becaufe  AB,  BC  together  arc  given,  and 
AB  is  equal  to  BD  ;   therefore  DC  is   given, 
and  becaufe  the  given  parallelognim  AC  is  ap-  I>         IB- 
plied  to  the  given  ftraight  line  DC,  deficient  byjhe  parailcio  .n^m 
AD  given  in  fpecies,  the  fides  AB,  BD  of  the  dcfcft  are  given  *.  a.  v;  ii>t. 
and  DC  is  given,  wherefore  the  remainder  BC  is  given  ;  and  cuch 
of  the  ftraight  lines  AB,  BC  is  therefore  giVcn. 

£  e  2 
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S7.  PROP.      LXXXVII. 

F  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  ^ven  angle ;  if  the  excels  of  the 
fquare  of  the  greater  above  the  fquare  of  the  lefler  be 
given,  each  of  the  ftraight  lines  Ihall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  paralleJo- 
gram  AC  in  the  given  angle  ABC  ;  if  the  excefs  of  the  fquare  c£ 
BC  above  the  fquare  of  BA  be  given  ^  AB  and  BC  are  each  of 
them  given. 

Let  the  given  excefs  of  the  fquare  of  BC  above  the  fquare  of  BA 
be  the  reftangle  CB,  BD;  take  this  from  the  fquare  of  BC,"  the  re- 

a.  *.  1.  mainder,  which  is  ■  the  reftangle  BC,  CD  is  equal  to  the  fquare  of 
AB.  and  becaufe  the  angle  ABC  of  the  parallelogram  AC  is  given, 
the  ratio  of  the  reftanglc  of  the  fides  AB,  BC  to  the  parallelogram 

►•  ^*-  Dat.  AC  is  given  •>;  and  AC  is  given,  therefore  the  reftang.e  AB,  BC  is 
given*,  and  the  rcdlangle  CB,  BD  is  given;  therefore  the  ratio  of 

c.  I.  «.       (ijg  reftanglc  CB,  BD  to  the  reftangle  AB,  BC,  that  is  ^  the  ratio 

d.  S4'  Dit.  q{  j}jg  flraight  line  DB  to  BA  is  given;  therefore^  the  ratio  of  the 

fquare  of  DB  to  the  fquare  of  BA  is  given.         Jk 

and  the  fquare  of  BA  is  equal  to  the  Ac- 

tangle  BC,  CD  ;  wherefore  the  ratio  of  the 

refttiiglc  BC,  CD  to  the  fquare  of  BD  isB. 

given,  as  alfo  the  r^jtio  of  four  times  the  rec-        ]PD       C 

c.  7. 1)at.  tangle  BC,  CD  to  the  fquare  or  BD ;  and,  by  compofition  •,  the 
ratio  of  four  times  the  rcf^angle  BC,  CD  together  with  the  fquare 
of  BD  to  the  fquare  of  BD  is  given,  but  four  times  the  reftangk 

f^8.  X.  BC,  CD  together  with  the  fquare  of  BD  is  equal  f  to  the  fquare 
of  the  ftraight  lines  BC,  CD  taken  together ;  therefore  the  ratio 
of  the  fquare  of  BC,  CD  together  to  the  fqutre  of  BD  is  givea ; 

p  58.  Dat.  wherefore  *  the  ratio  of  the  ftraight  line  BC  together  with  CD  to 
BD  is  given,  and,  hj  compofition,  the  ratio  of  BC  together  with 
CD  and  DB,  that  is  the  ratio  of  twice  BC  to  BD  is  given;  there- 
fore the  ratio  of  BC  to  BD  is  given,  as  alfo  *  the  ratio  of  t)ie 
fquare  of  BC  to  the  reftanglc  CB,  BD.  but  the  reftangle  CB^  BD 
is  given,  being  the  given  excefs  of  the  fquares  of  BC,  BA;  there- 
fore the  fquare  of  BC,  and  the  ftraight  line  BC  is  given,  and  the 
ratio  of  BC  to  BD,  as  ahb  of  BD  to  B  A  has  been  fiievn  to  be 

k.  9.  Dftt.  given ;  therefore  ^  the  ratio  of  BC  to  B A  is  ^ven ;  ^d  BC  is  |^ 
▼ea,  wherefore  B A  is  giv^n. 
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The  preceding  Demonftration  is  the  Analyfis  of  this  Problem, 

YIZ. 

A  parallelogram  AC  which  has  a  given  angle  AfiC  being  given 
in  magnitude,  and  the  excefs  of  the  fquare  of  BC  one  of  its  fides 
above  the  fquare  of  the  other  BA  being  given ;  to  find  the  fides,  and 

The  CompoAtion  is  as  follows, 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  is  required 
to  be  equal,  and  from  any  point  £  in  ££  draw  EG  perpendicular 
to  FG;  let  the  reftangle  EG,  GH  be 
the  given  fpace  to  which  the  paralle- 
logram AC  is  to  be  made  equal ;  and 
the  rectangle  HG,  GL  be  the  given 
excefs  of  the  fquarcs  of  BC,  BA. 

Take,  in  the  itraight  line  GE,  GK     . , 

equal  to  FE,  arid  make  GM  double  of  E  Gr  1#  O  ¥iN[ 
GK;  join  ML,  and  in  GL  produced  take  LN  equal  to  LM.  bife£l 
GN  in  O,  and  between  GH,  GO  find  a  mean  proportional  BC.  as 
OG  to  GL,  fo  make  CB  to  BD;  and  make  the  angle  CBA  equal  to 
Gl  £,  and  as  LG  to  GK,  fo  make  DB  toBA ;  and  complete  the  pa- 
rallelogram AC.  AC  is  equal  to  the  rcAangle  EG,  GH,  and  the  ex- 
cefs of  the  fquarcs  of  CB,  BA  is  eqXial  to  the  reftangle  HG,  GL. 

Becaufe  as  CB  to  BD,  fo  is  OG  to  GL,  the  fquare  of  CB  is  to 
the  reftangle  CB,  BD,  as  *  the  reftangle  HG,  GO  to  the  reftangle  1. 1.  f 
HG,  GL.  and  the  fquare  of  CB  is  equal  to  the  reftangle  HG,  GO, 
becaufe  GO,  BC,  GH  are  proportionals  *,  therefore  the  reftangle 
CB,  BD  is  equal  ^  to  HG,  GL.  and  becaufe  as  CB.  to  BD,  fo  is  b.  14.  s* 
OG  to  GL,  twice  CB  is  to  BD,  as  twice  OG,  that  is  GN,  to  GL ; 
and,  by  divifion,  as  BC  together  with  CD  is  to  BD,  fo  is  NL,  that 
is  LM,  to  LG.  therefore  *  the  fquare  of  BC  together  with  CD  is  c.  a».  tf. 
to  the  fquare  of  BD,  as  the  Iquare  of  ML  to  the  fquare  of  LG. 
but  the  fquare  of  BC  and  CD  together  is  equal  ^  to  four  times  the  d.  8.  %, 
reftangle  BC,  CD  together  with  the  fquare  of  BD  j  therefore  four 
times  the  reftangle  BC,  CD  together  with  the  fquare  of  BD  is  to 
the  fquare  of  BD,  as  the  fquare  of  ML  to  the  fqnare  of  LG.  and, 
by  divifion,  four  times  the  reftangle  BC,  CD  is  to  the  fquare  of  BD, 
as  the  fquare  of  MG  to  the  fqnare  of  GL;  wherefore  the  reftangle 
BC,  CD  is  to  the  fquare  of  BD,  as  (the  (quarc  of  KG  the  half  of 
MG  to  the  fquare  of  GL,  that  is  as)  the  fquare  of  AB  to  the  fquare 
of  BD,  becaufe  as  LG  to  GK,  fo  DB  was  made  to  BA.  therefore^ 
the  reftangle  BC^  CD  is  equal  to  the  fquare  of  AB ;  to  each  of  thefe 
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add  the  rcftangle  CB,  BD,  and  the  fquarc  of  BC  becomes  equal  to 
tlie  Iquarc  of  AB  together  with  the  rectangle  CB,  BD.  thcrcfoi^ 
this  reftangle,  that  is  the  given  rcftangle  HG,  GL  is  the  cxcefs  of 
the  fquares  of  BC,  AB.  from  the  point  A  draw  AP  perpendicular 
to  BC,  and  becaufe  the  angle  ABP  is  equal  to  the  angle  EFG,  the 
triangle  ABP  is  equiangular  to  EFG.  and  DB  was  made  to  BA,  as 
JL.G  to  GK,  tbertfore  as  the  rtftangle  CB,  BD  to  CB,  B  A,  "fo  is  the 
rechnglc  IIG,  GL  to  HG,  GK  j  and  as  the  rcftangle  CB,  BA  to 
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AP,  BC,  fo  is  (the  ftraight  line  B  A  to  AP,  and  fo  is  FE  or  GK  to 
EG,  and  fo  is)  the  rcaangle  HG,  GK  to  HG,  GE  •,  therefore, 
ex  aequali,  as^he  reftangle  CB,  BD  to  AP,  BC,  {o  is  the  rec* 
tangle  HG,  GL  to  EG,  GH.  and  the  reftangle  CB,  BD  is  equal 
to  HG,  GL,  therefore  the  rcftangle  AP,  BC,  that  is  the  paral- 
lelogram AC  is  equal  to  the  given  redtangle  EG,  GH. 

M  PROP.     LXXXVIIL 

TF  two  flraight  lines  contain  a  paralldograni  given  in 
magnitude,  in  a  given  angle  ;  if  the  ium  of  the 
fquares  of  its  fides  be  given,  the  fides  fliall  each  of  them 
be  <nven. 

Let  the  two  ftraigln  lines  AB,  BC  contain  the  parallelogram 
ABCD  given  in  magnitude  in  the  given  anoit  AIjCJ,  and  let  the 
fuin  of  the  fquares  of  AB,  BC  be  givtn  5  AD,  BC  are  each  of 
them  given. 

Firft,  let  ABC  be  a  right  angle ;  and  bccaufc  rvv  ice  the  re£langlc 
contained  by  two  equal  flraight  lines  is  equaJ  to  both  their  fquaresj 
but  if  two  ftraight  lines  arc  unequ-J,  twice  the  rec- 
tangle contained  by  them  is  lefs  than  the  fumof  their  Ai  1  Xf 

fquares,  as  is  evident  from  the  7.  Prop.  B,  2.  Elem.  ^  

|:hcrefore  twice  the  given  fpace,  to  which  fpace  the 

fcclmglc  of  which  the  fides  are  to /be  found,,  is  equal,  muft  not  be 

.gi  rater  than  the  gircn  fum  of  the  fquares  of  the  fides,  and  if  twice 
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that  fpacc  be  equal  to  the  ^givcn  fum  of  the  fquarcs,  the  fides  of 
the  red^angle  muft  neccffarily  be  equal  to  one  another,  therefore 
in  this  cafc  defcribe  a  fquarc  ARCD  equal  to  the  given  reftanglc, 
and  its  fiJes  AB,  BC  arc  thofe  which  were  to  be  found,  for  the 
reft  mgle  AC  is  equal  to  the  given  fpace,  and  the  fum  of  the 
fquarcs  of  its  ^des  AB,  BC  is  equal  to  twice  the  reftangle  AC, 
•  that  is,  by  the  hypothcfis,  to  the  given  fpace  to  which  the  fum  of 
the  fquares  was  required  to  be  equal. 

But  if  twice  the  given  reftangle  be  not  equal  to  the  given  fum 
of  the  fquares  of  the  fides,  it  muft  be  lefs  than  it,  as  has  been 
fliewn.  Let  ABCD  be  the  reftangle,  join  AC  and  draw  BE  per- 
pendicular to  it,  and  complete  the  redlangle  AEBF,  and  defcribe 
the  circle  ABC  about  the  triangle  ABC;   AC  is  its  diameter  *.  a.Cor.;.^ 
and  becaufe  the  triangle  ABC  is  fimilar  *>  to  AEB,  as  AC  to  CB,  fc.  8.  6. 
fo  is  AB  to  BE  ;  therefore  the  re<^angle  AC,  BE  is  equal  to  AB, 
BC  5  and  the  rcdlangle  AB,  BC  is  given,  wherefore  AC,  BE  is 
given,   and  becaufe  the  fora  of  the  fquares  of  AB,  BC  is  given, 
the  fquare  of  AC  which  is  equal  •  to  that  fum  is  given  ;  and  AC  c.  47.  f . 
itfclf  is  therefore  given  in  magnitude,  let  AC  be  likewife  given 
in  pofitlon,  and  the  point  A  ;  therefore  AF         a  ^ 

k  given  ^  in  pofition.  and  the  reftangle  AC,         ^^_^ — ^    d.  31.  Dtt. 

BE  is  given,  as  has  been  (hewn,  and  AC 


is  given,  wherefore  *  BE  is  given  in  niag-    <^\J/  ^x^  |     e.  tfi.Dftt. 

nitude,  as  alfo  AF  which  is  equal  to  it ; 
and  AF  is  alfo  given  in  pofition,  and  the 

point  A  is  given  ;  wherefore  f  the  point  F  ' "—    f  so-  l>*t« 

is  given,  and  the  ftraight  line  FB  in  pofi-  ^       -'^  -"-'^ 

tion».  and  the  circumference  ABC  is  given  in  pofition,  wherefore  g.  31.  Dat. 
^  the  point  B  is  given,  and  the  points  A,  C  are  given  •,  therefore  h.  xs.  Dat. 
the  ftraight  lines  AB,  BC  are  given  *  in  pofition  and  magni-  i-  a^-  Dat. 
tude. 

The  fides  AB,  BC  of  the  reftangle  may  be  found  thus;  let  the 
reftangle  GH,  GK  be  the  given  fpace  to  which  the  reftangle  AB, 
BC  is  equal;  and  let  GH,  GL  be  the  given  reftangle  to  which  the 
fum  of  the  fquares  of  AB,  BC  is  equal,  find  k  a  fquare  equal  to  k.  14.  %. 
the  reftangle  GH,  GL,  and  let  its  fide  AC  be  given  in  pofition; 
upon  AC  as  a  diameter  defcribe  the  femicircle  ABC,  and  as  AC  to 
GH,  fo  make  GK  to  AF,  and  from  the  point  A  place  AF  at  right 
angles  to  AC.  therefore  the  reftangle  CA,  AF  is  equal  \  to  GH,  1. 15.5, 
GK ;  aud,  by  the  hypothefis,  twice  the  reftangle  GH,  GK  is  lefs 
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than  GH,  GL,  that  is  than  the  fquare  of  AC;  wherefore  twice  Ac 
redlangle  CA,  AF  is  lefs  than  the  fquare  of  AC,  and  the  reftangk 
C  A,  AF  itfelf  lefs  than  half  the  fquare  of  AC,  that  is  "than  the 
redtao^le  cpntained  by  the  diameter  AC  and        a  ^ 

its  half  -,  wherefore  AF  is  lefs  than  the  fe-  ^ 

inidianieter  of  the  circle,  and  confequcntly 
the  llriiij^ht  line  drawn  through  the  point  F-^^ 
parallel  to  AC  muA  meet  the  circumference 
in  two  points.  let  B  be  either  of  them,  and 
join  AB,  BC  and  complete  the  rectangle 


A  BCD  i'  ABCD  is  the  reftangle  which  was  ^      X-  J±M 

to  be  found,  draw  BE  perpendicular  to  AC  ;  therefore  BE  is  e- 

m.  34  I.    V^^  "  ^^  AP>  ^"^  becaufe-the  angle  ABC  in  a  femidrde  is  a 

\.  8. 4.       >'ig^^  angle,  the  re Aangle  AB,  BC  is  equal  ^  to  AC,  BE,  that  is 
to  the  rcftanglc  CA,  AF  which  is  equal  to  the  given  reftangle 

«.  47<  <•      GH,  GK.  and  the  fquares  of  AB,  BC  are  together  equal  ^  to  the 
fquare  of  AC,  that  is  to  the  given  reftangle  GH,  GL. 

But  if  the  given  angle  ABC  of  the  parallelogram  AC  be  not  i 
right  angle,  in  this  cafe  bccaufe  ABC  is  a  given  angle,  the  ratio  of 
the  reft  angle  contained  by  the  fides  'AB,  BC  to  the  parallelogram 

p.  ii.  Dtt.  AC  is  given  •> ;  and  AC  is  given,  therefore  rhe  rc6lauglc  AB,  BC 
. .    is  given,  and  the  fum  of  the  fquares  of  AB,  BC  is  given ;  there* 
fore  the  fiJcs  AB,  BC  are  given  by  the  preccdin;^  cr.ft.    • 

The  fiJes  AB,BC  and  the  parallclograsn  AC  may  be  fv>iind  thus. 
4ct  EFG  be  the  giv^n  angle  of  the  parallelogram,  and  in^m  any 
point  E  in  FE  draw  EG  perpendicular  to  FG.  aivJ  :«.r  t*ic  rc^t ^iigle 
EG,  FII  be  the  given  fpace  to  which  the  parajiclogram  is  tu  be 
«ade  equal,  and  let  EF,  FK  be  the  given  rec-         \  -^ 

tangle  to  which  the  fum  of  the  fquares  of  the 
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fides  is  to  be  equal,  and,  by  the  preceding  cafe, 

fend  the  fides  of  a  reftanglc  which  is  equal  to 

the  given  rc(51angle  EF,  FH,  and  the  fquares 

of  the  fides  of  which  are  together  equal  to  the 

given  rectangle  EF,  FK.  therefore,  as  was  (hewn 

in  that  cafe,  twice  the  reftangle  EF,  FH  muft 

not  be  greater  than  the  re6i:angle  EF,  FK;  let 

it  be  ioy  and  let  AB,  BC  be  the  fides  of  the     _^  ^ 

rcftangle  joined  in  the  angle  ABC  equal  to  the     ^       *""         • 

given  autxle  EFG  ;  and  complete  the  parallelogram  ABCD,  which 

will  be  that  which  was  to  be  found,  draw  AL  perpeadicolar  to 


\^ 
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3C,  aad  becaufe  the  aagle  ABL  is  equal  to  EFG,  the  triangk 
ABL  is  equiangular  to  EFG.  and  the  parallelogram  AC,  that  is 
the  rcftangle  AL,  EC  is  to  the  rcftangle  AB,  BC  as  (the  ftraight 
*line  AL  to  AB,  that  is  as  EG  to  EF,  that  is  as)  the  reftaagle  EG, 
FH  to  EF,  FH.  and,  by  the  conftruftion,  the  reftangle  AB,  BC  is 
equal  to  EF,  FH,  therefore  the  rectangle  AL,  BC,  or,  its  equal,  the 
parallelogram  AC  is  equal  to  the  given  rectangle  EG,  FH.  and 
the  fquares  of  AB,  BC  are  together  equal,  by  conftruAion,  to  the 
given  reftangle  EF,  FK.  ' 

PROP.     LXXXIX.  85. 

TF  two  ftraight  lines  contain  a  given  parallelogram  in  a 
^  given  angle,  and  if  the  excefs  of  the  fquare  of  one  of 
them  above  a  given  fpace  has  a  given  ratio  to  the  fquare 
of  the  other  j  each  of  the  ftraight  lines  (hall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  parallelo- 
gram AC  in  the  given  angle  ABC,  and  let  the  excefs  of  the  fquare 
of  BC  above  a  given  fpace  have  a  given  ratio  to  the  fquare  of  AB; 
each  of  the  ftraight  lines  AB,  BC  is  given. 

Becaufe  the  excefs  of  the  fquare  of  BC  above  a  given  fpace  has  a 
given  ratio  to  the  fquare  of  BA,  let  the  re<n:angle  CB,  BD  be  the 
•given  fpace;  take  this  from  the  fquare  of  BC,  the  remainder,  to  wit, 
the  reftangle '  BC,  CD  has  a  given  ratio  to  the  fquare  of  B  A.  draw  1. ».  %. 
AE  perpendicular  to  BC,  and  let  the  fquare  of  BF  be  equal  to  the 
rcftangle  BC,  CD.   then  becaufe  the  angle       ;jy 

ABC,  as  alfo  BEA  is  given,  ttie  triangle  ABE  is    J^/ 

given  «>  in  fpecies,  and  the  ratio  of  AE  to  AB      7  V    ^'  ^^'  ^**- 

given,  and  becaufe  the  ratio  of  the  reftangle    /    '  * / 

BC,  CD,  that  is  of  the  fquare  of  BF  to  the  BUD  C 
fquare  of  B  A  is  given,  the  ratio  of  the  ftraight  line  BF  to  BA  is  gi- 
ven*, and  the  ratio  of  AE  to  AB  is  given,  wherefore  «*  the  ratio  of  c.  51.  Dit. 
AE  to  BF  is  given,  as  alfo  the  ratio  of  the  reftangle  AE,  BC,  that  d.  9.  Dau- 
is  *  of  the  parallelogram  AC  to  the  reftangle  FB,  BC ;  and  AC  is  e.  35. 1.  • 
given,  wherefore  the  reftangle  FB,  BC  is  given,  and  the  excefs  of 

the  fquare  of  BC  above  the  fquare  of  BF,  that  is  above  the  rec- 
tangle BC,  CD  is  given,  for  it  is  equal  •  to  the  given  reftangle  CB, 

BD.  therefore  becaufe  the  reftangle  contained  by  the  ftraight  lines 
FB,  BC  is  given,  and  alfo  the  excefs  of  the  fquare  of  BC  above  the 
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f.  87.  Dat.  fquarc  of  BF  j  FB,  BC  are  each  of  them  given  f.  and  the  ratio  of 

FB  to  BA  is  given ;  therefore  AB,  BC  are  given. 

The  Compofition  is  as  follows. 

Let  GHK  be  the  given  angle  to  >vhich  the  angle  of  the  paral- 
lelogram is  to  be  made  equal,  and  from  any  point  G  in  HG  draw 
GK  perpendicular  to  HK;  let  GK,  HL  be  the  -jr- 
rcftangle  to  which  the  parullclogrAm  is  to  be  Q/ 
made  equal,  and  let  LH,  HM  be  the  reftanglc 
cqnai  to  the  ^iven  fpace  which  is  to  be  taken 
from  the  fquare  of  one  of  the  fides;  and  let  theJIKM  Ti 

ratio  of  the  remainder  to  the  fquare  of  the  other  fide  be  the  fame 
■with  the  ratio  of  the  fquare  of  the  given  ftraight  line  NH  to  the 
fquare  of  the  given  flraight  line  HG. 

By  help  of  the  87.  Dat.  find  two  ftraight  lines  BC,  BF -which 
contain  a  rectangle  equal  to  the  given  rc6t^angle  NH,  HL,  and 
fuch  that  the  excefs  of  the  fquarc  of  BC  above        *]gy 

tlie  fquare  of  BF  be  equal  to  the  given  rec-    ^  / 

tangle  LH,  HM;  and  join  CB,  BF  in  the  an-      7  / 

gle  FBC  equal  to  the  given  angle  GHK.  and   /    '   » / 

as  NH  to  HG,  fo  make  FB  to  BA,  and  com-  B  lED  C 

plete  the  parallelogram  AC,  and  draw  AE  perpendicular  to  EG. 
then  AC  is  equal  to  the  rcdlangle  GK,  HL  ;  and  if  from  the 
fquare  of  BC,  the  given  rectangle  LH,  HM  be  taken,  the  remain- 
der fliall  have  to  the  fquarc  of  BA  the  fame  ratio  which  the 
fquare  of  NH  has  to  the  fquare  of  HG. 

Becaufc,  by  the  conftruftion,  the  fquare  of  BC  is  equal  to  the 
fquarc  of  BF  together  with  the  rectangle  LH,  HM ;  if  from  the 
fquarc  of  BC  there  be  taken  the  reftangle  LH,  HM,  there  remains 

g.  XX.  6.     the  fquare  of  BF  which  has  *  to  the  fquarc  of  BA  the  fame  ratio 

which  the  fquare  of  NH  has  to  the  fquare  of  HG,  becaufe  as  NH 
to  HG,  fo  FB  was  made  to  BA ;  but  as  HG  to  GK,  fo  is  BA 
to  AE,  becaufe  the  triangle  GHK  is  equiangular  to  ABE ;  there- 

h.  1.  c.  fore,  ex  aequali,  as  NH  to  GK,  fo  is  FB  to  AE.  wherefore  •»  the 
redlangle  NH,  HL  is  to  the  rectangle  GK,  HL,  as  the  rectangle 
FB,  BC  to  AE,  BC.  but,  by  the  conftru^tion,  the  reftangle  NH, 

k,  14.  5.  HL  is  equal  to  FB,  BC;  therefore  k  the  reftangle  GK,  HL  is  equal 
to  the  re<n:ingle  AE,  BC,  that  is  to  the  parallelogram  AC. 

The  Analyfis  of  this  Problem  might  have  been  made  as  in  the 
86.  Prop,  in  the  Greek,  and  the  compofition  of  it  may  be  made 
as  that  which  is  in  Prop.  8  7.  of  this  Edition. 
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PROP..     XC.  O. 

TF  two  ftraight  lines  contain  a  given  parallelogram  in 
.  a  given  angle,  and  if  the  fquare  of  one  of  them  be 
given  together  with  the  fpacc  which  has  a  given  ratio 
to  the  fquare  of  the  other  ;  each  of  the  ftraight  lines 
fliall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  parallelo- 
gram AC  in  the  given  angle  ABC,  and  let  the  fquare  of  BC  be 
given  together  with  the  fpace  which  has  a  given  ratio  to  thp  fquare 
of  AB  i  AB,  BC  are  each  of  them  given. 

Let  the  fquare  of  BD  be  the  fpace  which  has  the  given  ratio  to 
the  fquare  of  AB;  therefore,  by  the  hypothefis,  the  fquare  of  BC 
together  with  the  fquare  of  BD  is  given,  from  the  point  A  draw 
AE  perpendicular  to  BC,  and  becaufe  the  angles  ABE,  BE  A  arc 
given,  the  triangle  ABE  is  given  •  in  fpecies ;  therefore  the  ratio  a.  4}.  Dat. 
of  B  A  to  AE  is  given,  and  becaufe  the  ratio  of  the  fquare  of  BD 
to  the  fquare  of  B  A  is  given,  the  ratio  of  the  ftraight  line  BD  to 
to  B A  is  given  *» ;  and  the  ratio  of  BA  to  AE  is  given,  therefore  b.  58.  Dit. 
*  the  ratio  of  AE  to  BD  is  given,  as  alfo  the  ratio  of  the  rcdangle  c.  9.  Dat. 
AE,  BC,  that  ij  of  the  parallelogram  AC  to  the  re(Elangle  DB,  BC. 
and  AC  is  given,  therefore  the  reftanglc  DB,  BC  is  given ;  and 


•27 


J     I 


C  &H  3C    i 

the  fquare  of  BC  together  with  the  fquare  of  BD  is  given,  there- 
fore ^  becaufe  the  re<5langle  contained  by  the  two  ftraight  lines  ^-  *®'  ^*^* 
DB,  BC  is  given,   and  the  fiim  of  their  fquarcs  is  given  ;   the 
ftraight  lines  D3,  BC  are  each  of  them  given,  and  the  ratio  of  DB 
to  BA  is  given  ;  therefore  AB,  BC  are  given. 

The  Compofition  is  as  follows. 
Let  FGH  be  the  given  angle  to  which  the  angle  of  the  parallelo- 
gram is  to  be  made  equal,  and  from  any  point  F  in  GF  draw  FH 
perpendicular  to  GH  5  and  let  the  redlangle  FH,  GK  be  that  to 
in'hich  the  parallelogram  is  to  be  made  equal  5  and  let  the  re<5langle 
KG,  GL  be  the  fpace  to  which  the  fquare  of  one  of  the  fides  of  the 
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paraUdogram  together  with  the  (pace  whkk  has  a  girem  ratio  to 
the  fquare  of  the  other  fide,  is  to  be  nude  equal ;  and  let  this 
giTen  ratio  be  the  fame  which  the  fquare  of  the  ffwca  firaighc 
line  MG  has  to  the  fquare  of  GF. 

By  the  8  S.  D^u  find  two  ftraight  lines  DB,  BC  which  contaa 
a  rectangle  equal  to  the  ^ven  reAanglc  MG,  GK,  and  fbch  ttut 
the  f«m  of  their  fquares  is  equal  to  the  given  reAangIc  KG,  GL^ 
therefore,  by  the  determination  of  the  Problem  in  that  PropofidoB, 
twice  the  re^aagle  MG,  GK  maft  not  be  greater  than  the  rec- 
tangle KG,  GL.  let  it  be  fo,  and  join  the  ftraight  lines  DB,  fiC 
in  the  angle  DBC  equal  to  the  given  angle  FGH.  and  as  MG  to 


A/ 


3K  C         OH  X.    i 


OF,  fo  make  DB  to  B  A,  and  complete  the  parallelogram  AC  AC 
is  equal  to  the  reAangle  FH,  GK;  and  the  (quare  of  BC  together 
with  the  fquare  of  BD  which  by  the  conftrudion  has  to  the  fquare 
of  B A  the  given  rado  which  the  fquare  of  MG  has  to  the  fquare 
of  GF,  is  equ^l,  by  the  ccmfbuAion,  to  the  given  re^aogle  KG, 
GL.     Draw  AE  perpendicular  to  BC. 

Becaufe  as  DB  to  BA,  fo  is  MGto  GF;  andasBA  to  AE,fo 
GF  to  FH ;  ex  aequali,  as  DB  to  AE,  fo  is  MG  to  FH.  there- 
fore as  the  reftangle  DB,  BC  to  AE,  BC,  fo  is  the  reftanglc  MG, 
GK  to  FH,  GK.  aad  the  redangle  DB,  BC  is  equal  to  the  rec- 
tangle MG,  GK ;  therefore  the  reftangle  AE,  BC,  that  is  the  pa- 
rallelogram AC,  is  equal  to  the  refhm^e  FH,  GK. 

gS.  PRO  P.     XCI. 

IF  a  ftraight  line  drawn  within  a  circle  given  in  mag- 
nitude cuts  off  a  fegment  which  contains  a  given 
angle ;  the  ftraight  line  is  given  in  magnitude. 

In  the  circle  ABC  given  in  magnitude,  let  the  ftraight  line  AC 
be  drawn  cutting  off  the  iegment  AEC  which  contains  the  g^Tcn 
angle  AEC  ;  the  ftraight  line  AC  b  ffvcn  in  magnitude. 
A.  I.  g.  Take  D  the  center  of  the  drck  *,  join  AD  and  prodnoe  it  to 


DATA. 

£,  and  join  £C.  the  angle  ACE  being  a 
right  *♦  angle  is  ^ven  5  and  the  angle  AEC 
is  given  5  therefore  *  the  triangle  ACE  is 
given  in  fpecies,  and  the  ratio  of  EA  to  AC 
is  therefore  given,  and  E  A  is  given  ^  in  niag-  A 
nitude,  becaufe  the  circle  is  ^ven  in  mag-  ^^ 
iiiitude ;  AC  is  therefore  g^ven'  in  magnitiide. 

PROP.  XCIL 
T  F  a  ftraight  line  given  in  magnitude  be  drawn  with- 
^  in  a  circle  given  in  magnitude  ;  it  fliall  cut  oflF  a 
fegmcnt  containing  a  given  angle. 

Let  the  ftraight  line  AC  given  in  magnitude  be  drawn  within 
the  circle  ABC  given*!  magnitude  j  it  (hall  cut  off  a  fcgment 
containing  a  given  angle. 

Take  D  the  center  of  the  circle,  join  AD     -g  x^    ^S* 
and  produce  it  to  E,  and  join  EC.  and  be-       /  3kK 

caufe  each  of  the  ftraight  lines  EA,  AC  is      [      ID^^^^^^^'^h 
given,  their  ratio  is  given  ' ;  and  the  angle    l\^'^'^'^^  yp 

ACE  is  a  right  angle,  therefore  the  trian-        \.  ^/ 

glc  ACE  is  given  ^  in  fpecies,  and  conlc* 
quently  the  angle  AEC  is  given. 

PROP.    xcin. 

IF  from  any  point  in  the  circumference  of  a  circle  given 
in  pofition  two  ftraight  lines  be  drawn  meeting  the 
circumference  and  containing  a  given  angle ;  if  the  point 
in  which  one  of  them  meets  the  circumference  again  be 
given,  thcpoint  in  which  the  other  meets  it  is  alfo  given. 

From  any  point  A  in  the  circumference  of  a  circle  ABC  given 
in  poiition,  let  AB,  AC  be  drawn  to  the  circumference  making 
the  given  angle  BAC;  if  the  point  B  be  gi- 
ven, the  point  C  is  alfo  given. 

Take  D  the  center  of  the  circle,  and  join 
BD,  DC.  and  becaufe  each  of  the  points  B, 
D  b  given,  BD  is  given  •  in  pofition.  and  be-  B 
caufe  the  angle  BAC  is  ^ven,  the  angle  BDC 
is  givtn*>.  therefore  becaufe  the  ftraight  line 
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b.  a».  3. 


I 


446  EUCLID'S 

DC  IS  drawn  to  the  given  point  D  in  the  flraight  line  BD  ^rcn 

c.  32.Dat.  in  pofltion  in  the  given  angle  BDC,  DC  is  given  '  in  pofition.  and 

d.  a8.  Dat.  the  circuoifercncc  ABC  is  given  in  pofition,  therefore  ^  the  point 

C  is  given. 

91.  PROP.      XCIV. 

F  from  a  given  point  a  ftraight  line  be  drawn  touch- 
ing a  circle  given  in  pofition  ;    the  llraight  line  is 
given  in  pofition  and  magnitude. 

Let  the  ftraight  line  AB  be  drawn  from  the  given  point  A 
touching  the  circle  BC  given  in  pofition  j  AB  is  given  in  pofition 
and  magnitude. 

Take  D  the  center  of  the  circle,  and  join  DA,  DB.  bccaufc  each 
of  the  points  D,  A  is  given,  the  ftraight 
•.  »f .  D»t.  line  AD  is  given  ■  in  pofition  and  magni- 

b.  tt.  3.     tude.  and  DBA  is  a  right  *  angle,  wherc- 

c.  Cor.  5. 4.  fore  DA  is  a  diameter  ^  of  the  circle  DBA 

dcfcribcd  about  the  triangle  DBA;   and 

d.  tf.  Dcf.    that  circle  is  therefore  given  ^  in  pofition. 

and  the  circle  BC  is  given  in  pofition,  there- 
«•  »8.  Dat.  fore  the  point  B  is  given  ^.  the  point  A  is  alfo  given  ;  therefore 
the  ftraight  line  AB  is  given  '  in  pofition  and  magnitude. 

92.  PRO  P.      XCV. 

TF  a  flraight  line  be  drawn  from  a  given  point  with- 
out  a  circle  given  in  pofition  ;   the  reftangle  con- 
tained by  the  fcgments  betwixt  the  point  and  the  cir- 
cumference of  the  circle  is  given. 

Let  the  ftraight  line  ABC  be  drav/n  from  the  given  point  A 
without  the  circle  BCD  given  in  pofition, 
cutting  it  in  B,  C  ;  the  re(5langle  BA,  AC 
is  given. 

a.  17. 3.  From  the  point  A  draw  ■  AD  touching  (jj 

b.  94.  Dat  the  circle ;  therefore  AD  is  given  *>  in  po- 

fition and  magnitude,  and  becaufe  AD  i^ 
c  $€,  Dat.  given,  the  fqvare  of  AD  is  given  *  which 
^  3«.  !•     is  equal  *  to  the  reAangle  BA,  AC.  therefore  the  rcftangic  BA, 

AC  is  ^ven. 
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PROP.      XCVI.  ^^ 

TF  a  ftraight  line  be  drawn  thro*  a  given  point  within 
^  a  circle  given  in  pofition,  the  rcclangle  contained  by 
the  fegtBents  betwixt  the  point  knd  the  circumference 
of  the  circle  is  given. 

Let  the  ftraight  line  BAC  be  drawn  thro'  the  given  point  A  with- 
in the  circle  DCE  given  in  pofirion ;  the  re<StangIe  BA,  AC  is  given. 

Take  1)  the  center  of  the  circle,  join  AD 
and  produce  it  to  the  points  E,  F.  bccaufc 
the  points  A,  D  are  given,  the  ftraight  line 
AD  is  given  •  in  pofition  •,  and  the  circle  BEC 
is  given  in  pofirion  j  therefore  the  points  E,  B 
F  are  given  ^.    and  the  point  A  is  given,     "g* 
therefore  EA,  AF  arc  each  of  them  given  ■; 
and  the  reiflangle  E A,  AF  is  therefore  given  ;  and  it  is  equal  ^  to  «•  js.  j 
the  redlanglc  BA,  AC  which  confcquently  is  given. 


a.  ip.  Dat. 


b.  a8.  Dat* 


PROP.     XCVIL 

TF  a  ftraight  line  be  drawn  within  a  circle  given  in 
"*■  magnitude  cutting  oflf  a  fegment  containing  a  given 
angle  ;  if  the  angle  in  the  fegment  be  bifedled  by  a 
ftraight  line  produced  till  it  meets  the  circumference, 
the  ftraight  lines  which  contain  the  given  angle  fliall 
both  of  them  together  have  a  given  ratio  to  the  ftraight 
line  which  bifecis  the  angle,  and  the  redangle  contain- 
ed by  both  thefe  lines  together  which  contain  the  given 
angle,  and  the  part  of  the  bifecling  line  cut  oflf  below 
the  bafe  of  the  fegment,  fhall  be  given. 

Let  the  ftr-iight  line  EC  be  drawn  within  the  circle  ABC  given 
in  magnitude  cutting  off  a  ferment  containing  the  given  angle  BAC. 
and  let  the  angle  BAC  be  bifedted  by  "T' 
the  ftraight  line  ADj  BA  together  with 
AC  has  a  given  ratio  to  AD  j  and  the 
re^langle  contained  by  BA  and  AC  to- 
gether, and  the  ftraight  line  ED  cut  off 
from  AD  below  BC  the  bafe  of  the  fcg- 
Acnt^  is  given. 
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Join  BD  ;  and  becaufe  BC  is  drawn  within  the  circle  ABC  gtrcii 
lA  magnitude  cutting  off  the  ftgment  BAC  containing  the  given 
t.  fi.Dit.  angle  BAC  ;  BC  is  given  *  in  magnitude,  by  the  fame  reafon  BD 
b.  X.  Dat.    is  given;  therefore  *>  the  ratio  of  BC  to  BD  is  given,  and  becavfe 
c;  3.  <•       the  angle  BAC  is  tifefted  by  AD,  as  BA  to  AC,  fo  is  *  BE  to  EC  j 
4t  IX.  5.     and,  by  permutation,  as  AB  to  BE,  fo  is  AC  to  CE ;  wherefore^ 
as  BA  and  AC  together  to  BC,  fo  is  AC  to  CE.  and  becaufe  the 
angle  BAE  is  equal  to  EAC,  and  theip' 
t.  ax.  3.      angle  ACE  to  *  AJDB  ;  the  triangle  ACE 
is  equiangular  to  the  triangle  ADB; 
therefore  as  AC  to  CE,  fo  is  AD  to  DB, 
but  as"  AC  to  CE,  fo  is  B  A  together  with 
AC  to  BC;  as  therefore  BA  and  AC  ta 
BC,  fo  is  AD  to  DB  j  and,  by  permu-  I) 

tation,  as  BA  and  AC  to  AD,  fo  is  BC  to  BD.  and  the  ratio  of 
BC  to  BD  is  given,  therefore  the  ratio  of  BA  together  with  AC 
to  AD  is  given. 

Alfo  the  reftangle  contained  by  BA  and  AC  together,  and  DE 
is  given. 

Becaufe  the  triangle  BDE  is  equiangular  to  the  triangle  ACE, 
as  BD  to  DE,  fo  is  AC  to  CE  5  and  as  AC  to  CE,  fo  is  BA  and 
AC  to  BC  5  therefore  as  BA  and  AC  to'  BC,  fo  is  BD  to  DE. 
wherefore  the  reftangle  contained  by  B A  and  AC  together,  and  DE 
is  equal  to  the  reftangle  CB,  BD.  but  CB,  BD  is  given;  therefore 
the  reftangle  contained  By  BA  and  AC  together,  and  DE  is  given. 

Otherwifc. 

Produce  C A  and  make  AF  eqtial  to  AB,  and  join  BF.  and  be* 

k,s,  ind3i.  caufe  the  angle  BAC  is  double  *  of  each  of  the  angles  BFA,  BAD, 

*•         the  angle  BFC  is  equal  to  BAD;  and  the  angle  BCA  is  equal  to 

BD  A,  therefore  the  triangle  FCB  is  equiangular  to  "ADB.  as  therc- 

.    fore  FC  to  CB,  fo  is  AD  to  DB,  and,  by  permutatioii,  as  FC,  that 

is  BA  and  AC  together  to  AD,  fo  is  CB  to  BD.  and  the  ratio  of  CB 

to  BD  is  given,  therefore  the  ratio  of  B  A  and  AC  to  AD  is  given, 

And  becaufe  the  angle  BFC  is  equal  to  the  angle  DAC,  that 

is  to  the  angle  DBC,  and  the  angle  ACB  equal  to  the  angle  ADBy 

the  triangle  FCB  is  equiangular  to  BDE,  as  therefore  FC  to  CB, 

fo  is  BD  to  DE ;  therefore  the  reftangle  contained  by  FC,  that 

is  BA  and  AC  together,  and  DE  is  equal  to  the  reftangle  CB, 

BD  which  is  given,  and  therefore  the  reftangle  contained  by  BA^ 

AC  together,  and  D£  is  given. 
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PROP,    xcvin.  p. 

F  a  {lri'.c:lit  line  be  drawn  within  a  circle  <A\ei\  in 


mao:nitiidccuttini^ofl'a£c£rment  containiny^airivcii 
angle ;  it  the  angle  adjacent  to  the  r.ngle  in  tl:c  iegment 
be  bifeflcd  by  a  llraight  line  produced  till  it  meet  the 
circumference  arain  and  the  bafe  of  the  fcornent :  th^ 
cxcefs  of  the  ftraiixht  hnes  which  contain  the  riven  :uior]e 
fhall  have  a  given  ratio  to  the  fjgmeTjf  of  t!ie  bifeainp- 
line  which  is  within  the  circle  ;  and  the  rcdan:i!'j  con- 
tained  by  the  fame  exccfs  and  the  fegmcnt  of  the  bi- 
fecling  line  betwixt  the  bafe  produced  and  the  T\')int 
where  it  again  meets  the  circumference,  lliall  be  given. 

Let  the  ftraight  line  BC  be  drawn  witlun  the  circle  A£C  given 
"in  magnitude  cutting  ofFa  fegment  containing  the  given  ing'c  HAC, 
and  let  the  angle  CAF  adjacent  to  BAC  be  biil(fled  by  the  ftr;ii:rht 
line  DAE  meeting  the  circomference  again  in  D,  and  BC  the  baj'e 
of  the  fegment  produced  in  E ;  the  cxcefs  of  B A,  AC  has  a  given 
ratio  to  AD  -,  and  the  re<5>anglc  ^vhich  is  contained  by  the  i^mc 
cxcefs  and  the  ftrai^^ht  line  ED,  is  given. 

Join  BD,  and  thro"^  B  draw  BG  parallel  to  DE  meet! n 2;  AC  pro- 
doced  in  G.  and  becaufe  BC  cuts  off  from  the  circle  ABC  riv-a  iir 
magnitude  the  fegment  BAC  contain- 
ing a  given  angle,  BC  is  therefore  gi- 
ven ■  in  magnitude,  by  the  fame  rca- 
ibn  BD  is  given,'  bccauft  the  angle 
BAD  is  equal  to  the  given  angle  E AF  j 

therefore  the  ratio  of  BC  to  BD  is  gi-  Bl'^r^ Z^r* 

▼en.  and  becaufe  the  angle  CAE  is  e-  "^^^C^"^  I 

equal  to  EAF,  of  which  CAE  is  equal  ^N  (i 

to  the  alternate  angle  AGB,  and  EAF  to  the  interior  an  J  oppo- 
fite  angle  ABG  ;  therefore  the  angle  AGB  is  equal  to  ABG,  and 
the  ilraighc  line  AB  equal  to  AG ;  fo  that  GC  is  the  exccis  of 
BA,  AC.  and  becaufe  the  angle  BGC  is  equal  to  GAE,  that 
is  to  EAF,  or  the  angle  BAD  •,  and  that  the  angle  BCG  is  equal 
to  the  oppofite  interior  angle  BDA  of  the  qua;:irilateriil  BCAD' 
m  the  cii'cle  ^  therefore  the  triangle  BGC  is  equiangular  to  BDA- 
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tliercfore  as  CC  to  CB,  fo  is  AD  to  DB,  and,  by  permntatioBi,  it 
GC,  which  is  the  cxccft  of  BA,  AC  to  AD,  fo  is  CB  to  BD. 
and  the  ratio  of  CB  to  BD  is  given  ; 
therefore  the  ratio  of  the  exccfs  of  BA, 
AC  to  AD  it  given. 

And  becaufe  the  angle  CBC  is  e- 
qual  to  the  alternate  angle  DEB,  and 
the  angle  BCG  equal  to  BDE;  the  tri-  B^^T      ^^C 
angle  BCG  is  equiangular  to  BDE.         ^^^^nT  / 
therefore  as  GC  to  CB,  fo  is  BD  to  ^  Cl 

DE,  and  confequently  the  reftanglc  GC,  DE  is  equal  to  the  rec- 
tangle CB,  BD  which  is  ^ren,  becaufc  its  fnits  CB,  BD  are  givcn- 
thercfore  the  reftangle  contained  by  the  excels  of  BA,  AC  and 
the  ftraight  liac  DE  is  given. 

9S.  PRO  P.   icir. 

IF  from  a  given  point  in  the  diameter  of  a  circle  given 
■  in  poiition,  or  in  the  diameter  produced,  a  ftraight 
line  be  drawn  ta  any  point  in  the  circumference,  and 
from  that  point  a  ftraight  line  be  drawn  at  right  angles 
to  the  firft,  and  from  the  point  in  which  this  meets  the 
circumference  again,  a  ftraight  line  be  drawn  parallel 
to  the  firft  J  the  point  in  which  this  parallel  meets  the 
diameter  is  given ;  and  the  rectangle  contained  by  the 
two  parallels  is  given. 

In  BC  the  diameter  of  the  circle  ABC  given  in  pofition,  or  ill 
BC  produced,  let  the  given  point  D  be  taken,  and  from  D  let  t 
ftraight  line  DA  be  drawn  to  any  point  A  in  the  circumference, 
and  let  A£  be  drawn  at  right  angles  to  DA,  and  from  the  pdnf 
E  where  it  meets  the  circumference  again  let  EF  be  drawn  parallel 
to  DA  meeting  BC  in  F  ;  the  point  F  is  given,  as  alfo  the  rcc* 
angle  AD,  EF. 

Produce  EF  to  the  circumference  in  G,  and  join  AG.  becanfe 

#.Cor.5.4.  GEA  is  a  right  angle,  the  ftraight  line  AG  is  •  the  diameter  of 

the  circle  ABC;  and  BC  is  alfo  a  diameter  of  it;  therefore  the 

point  H  where  they  meet  is  the  center  of  the  circle,  and  confc- 

^yjcntly  H  is  given,  and  the  point  D  is  pven,  wherefore  DH  U  giv€«» 


6  A  T  A. 
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lb  nugnittidc.  and  becaofe  AD  is  parallel  to  FG,  and  GH  equal 

to  HA}  DH  is  equal  *>  to  HF*  and  AD  equal  to  OF.  and  Dli  b  b.  4.  «^ 


givcn»  therefore  HF  is  given  In  magnltttde ;  and  it  is  alfo  given  id 
pofition^  and  the  point  H  is  given,  therefore  ^  the  point  F  is  given,  c.  |«.  Tiiii 

And  becauie  the  ftraight  line  £FG  is  drawn  from  a  given  point 
F  without  or  within  the  circle  ABC  given  in  pbfition,  therefore*  <i.  pr.*©/ 
the  rcftangle  EF,  FG  is  given,  and  GF  is  equal  to  AD,  wherefore    J^-^"^ 
the  re(5taDgle  AD,  EF  is  given*  * 


PROP,    a 

IF  from  a  given  point  in  a  ftraight  line  given  in  poution, 
a  ftraight  line  be  drawn  to  any  point  in  the  circumfe- 
rence of  a  circle  given  in  pofition ;  and  from  this  point  al 
ftraight  line  be  drawn  making  with  the  firft  an  angle  e- 
qual  to  the  difference  of  a  right  angle  and  the  angle  con- 
tained by  the  ftraight  line  given  in  pofitron,  and  thtf 
ftraight  line  which  joins  the  given  point  and  the  center  o£ 
the  circle;  ;ind  from  the  point  in  which  the  fccond  line 
meets  the  circumference  again,  a  third  ftraight  line  be 
drawn  making  with  the  fecond  an  angle  equal  to  that 
which  the  firft  makes  with  the  fecond.  the  point  in  which 
this  third  line  meets  the  ftraight  line  given  in  pofition  is 
given ;  as  alfo  the  rectangle  contained  by  the  firft  ftraight 
line  and  the  fegment  of  the  third  betwixt  the  circum- 
ference and  the  ftraight  Kne  given  in  pofition,  is  given* 

Let  the  ftraight  line  CD  be  drawn  from  the  given  point  C  in  the 
ftraight  line  AB  given  in  pofition,  to  Ihe  circumference  of  the  circle 
D£F  given  in  pofition  of  which  G  is  the  center ;  join  CG,  aoct 
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from  the  point  D  let  DF  be  drawn  makiag  the  angle  CDF  cquil 
to  the  difFcrencc  of  a  right  angle  and  the  angle  BCG,  and  fion 
the  point  ¥  kt  F  E  be  drawn  making  the  angle  D  F  E  equal  to 
CDF,  meeting  AB  in  H.  the  point  H  is  given  ;  a>  aifo  the  rec- 
Unuiz  CD,  FH. 

Let  CD,  FlI  meet  one  another  in  the 
f  OiUt  Jv.  from  which  draw  ICL  perpcndi*  ^1 
<  ular  to  DF  ;  and  let  DC  meet  the  cir- 
cumference again  in  M,  and  let  FH  meet 
the  fame  in  E,  and  join  MG,  OF,  GH.  A\ 

Becaufe  the  angles  MDF,  DFE  are  y^ 
equal  to  one  another,  the  circumferences 
MF,  DE  are  equal  *  ;  and  adding  or 
taking  away  the  common  part  ME,  the 
fircumlercnceDM  is  equal  toEF;  there- 
fore the  ftralght  line  DLI  is  equal  to  the 
ftraight  line  EF,  and  the  angle  GMD  to 
the  an^^le  •>  GFE;  and  the  angles  GMC,  ip 
GFH  are  equal  to  one  another,  becaufe 
they  are  either  the  fame  with  the  angles 
GMD,  GFE,  or  adjacent  to  them,  and 
becaufe  the  angles  KDL,  LKD  are  to- 
jgcthtr  equal  *^  to  a  right  angle^that  is, 
by  the  hypoihefii,  to  the  angles  KDL,  \  A 
GCB  •,  the  anjjje  GCB  or  GCH  is  equal  ^ 
to  the  angle  (LKD,  that  is  to  the  angle)  LKF  or  GKH.  therefore 
the  points  C,  K,  H,  G  are  in  the  circumference  of  a  circle ;  and 
the  angle  GCK  is  therefore  equal  to  the  angle  GHF  ;  and  the- 
angle  C1\IC  is  equal  to  GFH,  and  the  ftraight  line  GM  to  GF; 
therefore  ^  CG  is  equal  to  Q\\^  and  CM  to  HF.  and  becaufe  CG 
is  equal  to  GH,  the  angle  GCH  is  equal  to  GHC ;  but  the  angle 
GCIi  is  given,  therefore  GHC  is  given;  and  confcquently  the 
anf::le  CGH  is  given,  and  CG  is  given  in  pofitlon,  and  the  point 
c.  j».  Dtt.  G ;  therefore  *  GH  is  given  in  pofition ;  and  CB  is  alfo  given  in 
poficion,  wherefore  the  point  H  is  given. 

And  becaufe  HF  is  equal  to  CM,  the  reftanglc  DC,  FH  is 
«.p5.or95.  equal  to  DC,  CM.  but  DC,  CM  is  given  f,  becaufe  the  point  C 
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is  given  ;  therefore  the  reftangle  DC,  FH  is  given. 
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DEFINITION     11. 

THIS  is  made  more  explicit  than  in  the  Gre?k  text,  to  pre* 
vtnt  a  mlicake  which  the  Author  of  the  lecond  Demonfira- 
tioa  of  the  24th  Propolition  in  the  Greek  Edition  has  fallen  into, 
of  thinking  that  a.  ratio  is  given  to  which  another  ratio  is  (licwn  to 
be  equal,  tho'  this  other  be  not  exhibited  in  given  maa:nitudcr.  Sec 
the  Notes  on  that  Propofition  which  is  the  13  th  in  this  Kditicn. 
bt fides  by  this  Dclinition,  as  it  is  now  given,  fome  Proportion s  are 
demonftratcd,  which  in  the  Greek  arc  not  lb  well  done  by  l^clp  of 

D  E  F.     IV. 

In  the  Greek  text  Def.  4.  is  thus   "  Points,  linss,  fpares  and 
*•  angles  are  faid  to  be  given  in  pofition  which  have  always  the  fame 
**  fituation."  but  this  is  impcrfeft  and  nfelcfj ,  bccaufe  there  are  in^ 
numerable  cafes  in  which  things  may  be  given  acccrdinrr  to  this  De- 
finition, and  yet  their  pofition  cannot  be  found,  for  inAance,  let 
the  triangle  ABC  be  given  in  pofition,  and  let  it  be  propoicd  to 
draw  a  ftraight  line  BD  from  the  anrle  at 
B  to  the  oppofite  fide  AC  which  fliall  cut 
off  the  angle  DBC  which  fhall  be  the  le- 
venth  part  of  the  angle  ABC.  fuppofe  this 
is  done,  therefore  the  Ibaight  line  BD  is  -'^  C 

Jinvariablc  in  its  pofition,  that  is,  has  always  the  fame  fituacion;  for 
any  other  ftraight  line  drawn  from  the  point  B  on  either  fide  of  BD 
cuts  off  an  angle  greater  or  lelfcr  than  the  itventh  part  of  the  angle 
ABC",  therefore,  according  to  this  Definition,  tlie  Ihaip/iit  line  BD 
is  given  in  pofition,  as  alfo  *  the  point  D  in  which  it  meets  the  »•  *3-  ^'*U 
Itraight  line  AC  which  is  given  in  pofition.  but  from  the  thin;^,9 
b^V?  giyen,  neither  the  ftraight  line  BD  nor  the  point  D  c<m  b^ 

f  f   3 
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found  by  the  htip  of  Euclid's  Elements  only,  by  which  every  thing 
in  his  Data  is  fuppofcd  may  be  found,  this  Definition  is  therefore  of 
no  ufe.  we  have  amended  it  by  adding  '*  and  which  are  either  ac- 
*•  tuiilly  exhibitci  or  can  be  found  ;*'  for  nothing  is  to  be  reckoned 
gWcn,  which  cannot  be  found,  or  is  not  aflually  exhibited. 

The  Defidition  of  an  angle  given  by  pofition  is  taken  out  of  the 
4th,  and  given  more  diilindlly  by  itfclf  io  the  Dcfinitioa  marked  A. 

D  E  F.     XL  XII.  XIII.  XIV.  XV. 

7  he  1 1  th  and  i  2th  are  omitted  becaufe  they  cannot  be  given  ia 
pnglifh  fo  as  to  have  any  tolerable  fenie,  and  therefore  wherever  the 
terms  defined  occur,  tlie  words  which  exprefs  their  mcaaiug  arc 
made  ufe  of  in  their  place. 

The  13.  14.  15.  are  omitted  as  being  of  no  ufe. 

It  is  to  be  obferved  in  general  of  the  Data  in  this  book,  that  they 
aie  to  be  underAood  to  be  given  Geometrically,  not  always  Arith- 
metically, that  is,  they  cannot  always  be  e^hibit^d  in  numbers  ;  for 
ihQance,  if  the  fide  of  a  fquare  be  given,  the  ratio  of  it  to  its  dia^ 
%,  44.  DaL  meter  is  given  ^  geometiically,  but  not  in  numbers  ;  and  the  diame- 
e.  ^  Dat.  tcr  is  given  *=,  but  tho'  the  number  of  any  equal  parts  in  the  fi  Je  be 
given,  for  example  10,  the  number  of  them  in  the  diameter  cannot 
be  given,  and  the  like  holds  in  many  other  cafes. 

PROPOSITION     1. 
In  this  it  is  (hewn  thit  A  is  to  B,  as  C  to  D,  from  this  that  A  is 
to  C,  as  B  to  D,  and  then  by  permutation ;  but  it  follows  dire&ly« 
lyiihout  thcfe  two  Aeps^  from  7.  5. 

PROP.     II. 

The  limitation  added  at  the  end  of  this  PropoHtioQ  between  the 
inverted  commas  is  quite  neceffary,  bccaufe  without  it  the  Propofi- 
tion  cannot  always  be  demon Arated.  fur  the  Author  having  laid  ^ 

If  I.  Dcf.  **  bccaufe  A  is  given,  a  magnitude  equal  to  it  can  be  found  %  let 
*'  this  be  C ;  and  bccaufc  the  ratio  of  A  to  B  is  given,  a  ratio , 

%.  1.  Dcf.  "  which  is  the  fame  to  it  can  be  found  ^"  adds,  "  let  it  be  found, 
"  and  le:  it  be  the  ratio  of  C  to  A."  Now  from  the  fecond  Defini- 
tion nothing  more  follows  than  that  fome  ratio,  fuppofe  the  ratio  <^ 
£  to  Z,  csui  be  found,  wliich  is  the  fame  with  the  ratio  of  A  to  B ; 
a«. J  waea  tlic  Author  fuppofcs  that  the  ratio  of  C  to  A^  which  is 

*  3ec  Dr.  Gregory*!  Ediuooof  the  Data. 
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^fo  the  fame  with  the  ratio  of  A  to  B,  can  be  found,  he  necefla- 
riiy  iuppofts  that  to  the  three  magnitudes  £,  Z,  C  a  fourth  pro- 
portional A  may  he  found  ;  but  this  cannot  always  be  done  by 
the  Elements  of  Euclid ;  from  which  it  is  plain  Euclid  null  have 
unr^eii^ood  the  Propofition  under  the  limitation  which  is  now 
addeii  to  his  text.  An  example  will 
make  this  clear ;  let  A  be  a  given 
ani^ie,  and  B  another  angle  to  which 
A  has  a  given  ratio,  for  inftance, 
the  ratio  of  the  gi\'en  ftraigbt  line 
E  to  the  given  one  Z,  then,  having- 
found  an  angle  C  equal  to  A,  how 
can  the  an'le  1  be  found  to  which 
C  has  the  fame  ratio  that  £  has  to 

Z  ?  certainly  no  way,  until  it  be  (hewn  how  to  find  an  angle  to 
which  a  given  angle  has  a  given  ratio^  which  cannot  be  done  by 
Euclid's  Elements,  nor  probably  by  any  Geometry  known  in  his 
time.  Therefore  in  all  the  Propofitiont  of  this  book  which  de- 
pend upcn  this  fecond,  the  above-mentioned  limitation  muA  be 
nnderflood,  tho'  it  be  not  explicitly  mentioned, 

P  R  O  P.     V. 

,  The  order  of  the  Propofitions  in  the  Greek  text  between  Prop. 
4.  and  Prop.  25.  is  now  changed  into  another  which  is  more 
natural,  by  placing  thofe  which  are  more  fimple  before  thofe  which 
are  more  complex  j  and  by  placing  together  thofe  which  are  of 
the  fame  kind,  fome  of  which  were  mixfcd  among  others  of  a  dif- 
ferent kind,  thus  Prop.  12.  in  the  Greek  is  now  made  the  5. 
and  thofe  which  were  the  22.  and  23.  are  made  the  11.  and  1 2. 
as  they  are  more  fimple  than  the  Propofitions  concerning  mag« 
nltudes  the  excefs  of  one  of  which  above  a  given  magnitude  has 
a  given  ratio  to  the  other,  after  which  thefe  two  were  placed  i 
afid  the  24.  in  the  Greek  text  is,  for  the  fame  reafon,  made  th« 

PROP.   yi.  vir. 

Thefe  are  tiniv^ally  true,  tho'  in  the  Greek  text  they  are  d^ 
monftrated  by  Prop.  a.  which  has  a  limitatioo  \  they  arc  thc(Q« 
fore  oov  Ibcwa  without  it. 
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PROP.     XU. 

In  the  33.  Prop,  la  the  Greek  text,  which  here  b  the  1  a.  th^ 
words  "  ,u^.  rii  auuTvc  Sf"  are  wrong  tranflated  by  Claud.  Hardy  in 
his  Julition  of  Euclid*s  Data  printed  at  Paris  Ann.i  1625,  which 
was  the  n.  ll  fcJitioQ  of  the  Greek  text;  and  Dr.  Gregory  follows 
him  in  tr^nflating  iheni  by  the  words  "  etfi  non  cafdem,"  as  if  the 
Cjivek  had  been  ti  k,  ur  jii^  rjJr«f  as  in  Prop.  y.  of  the  Greek  ter^ 
Lu  uJ's  meaniog  is  that  the  ratios  mentioacd  in  the  Propofition 
mud  not  be  the  i'  me  ;  for  if  they  were,  the  Propofition  would  not 
b?  nue.  whatever  ratio  the  whole  has  to  the  whole,  if  the  ratios 
of  the  parts  of  the  firft  to  the  parts  of  the  other  be  the  faoie  with 
this  ritio,  one  pait  of  the  firft  may  be  double,  triple,  &c.  of  the 
other  part  of  it,  or  have  any  other  ratio  to  it,  and  coniequently 
cann.)t  have  a  given  ratio  to  it.  wherefore  thefe  words  muft  be 
rendered  by  "  non  aucem  eafJem,"  bat  not  tlie  fame  ratios,  a| 
Z^:nbcrtus  has  traailutcJ  ihcm  in  his  ILditlon. 

PROP.     XIII. 

Some  very  ignorant  Editor  has  given  a  fecond  Dcmonftration  ni 
%\\\s  iVopolirioii  in  the  Greek  text,  which  lias  been  as  igaorantiy 
kept  in  it  by  Claud.  Haiuv  and  Dr.  Grc;;orv,  and  has  been  retained, 
ill  the  tranllations  of  Zam'oertus  and  orhers  \  Carolus  Renaldinus 
|.^ives  it  only,  the  aurh(T<:r  it  t\:\h  thought  th.»t  a  ratio  was  given 
if  another  ratio  could  be  ftiewn  to  be  the  fa'ne  to  it,  tho'  this  laft 
ratio  be  not  found,  but  th  s  is  -Vv)  (ether  abfurJ,  becauie  from  it 
■^vould  be  deduced  that  the  ratio  ot  the  fides  of  any  two  fquarcs 
is  given,  and  the  ratio  o^  the  diameters  of  any  two  circles,  &c.  and 
it  is  to  be  oblerved  that  the  modems  frequently  take  given  ratios, 
and  iat^)6  that  a^e  always  the  fame  for  one  and  the  fame  thingi 
an  J  Sir  [fuc  Newton  has  failen  into  this  miftake  in  the  i  7th  Lem- 
ma oF  his  Frincipia,  Ed.  1713.  and  in  other  places,  bm  this  ihould 
be  carefully  a\  otded,  as  it  may  lead  into  other  errors, 

PROP.     XIV.  XV. 

Kuclid  in  this  book  has  feveral  Propofitions  cotfceming  magni- 
tudes, the  ex'  efs  of  one  of  which  above  a  giVen  magnitude  has  t 
j»ivf  n  ratio  to  the  other;  but  he  has  given  none  concerning  magnl- 
tuoes  whereof  one  toi^cther  with  a  given  magnitude  has  a  given  ra- 
tio to  the  oilier;  tho'  thefe  laA  occur  as  frequently  in  the  folmioii 
c^:  1*1  oolcmi  as  the  iiid.  the  rtafon  of  wliich  is^  that  the  iaft  may  be 
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all  demonftrated  by  help  of  the  firft  ;  for  if  a  magoitude  together 
with  a  given  magnitude  has  a  given  ratio  to  another  magnitude;  the 
excels  of  tliis  other  above  a  given  magnitude  (hail  have  a  given  ratio 
to  the  firft,  and  on  the  contrary;  as  we  have  demonftrated  in  Prop. 
1 4.  and  for  a  like  reafon  Prop,  i  5.  has  been  added  to  the  Dd.ta. 
one  example  wilj  make  the  thing  clear  ;  fuppoie  it  were  to  be  de- 
monftrated,That  if  a  magnitude  A  together  with  a  given  magnitude 
has  a  given  ratio  to  another  magnitude  15,  that  the  two  magnitudes 
A  and  B,  together  with  a  given  magnitude  have  a  given  ratio  to 
that  other  magnitude  B;  which  is  the  fame  Propofition  with  refpc«5l 
to  the  laft  kind  of  magnitudes  above-mentioned,  (hat  the  firft  part 
of  Prop.  1  6.  in  this  Edition  is  in  rcfpedl  of  the  firft  kind,  this  is 
ihcwn  thus;  from  the  hypothtfis,  and  by  the  firft  part  of  Prop.  1 4* 
thw  exccfs  of  B  above  a  given  magnitude  has  unto  A  a  given  ratio; 
and  therLfore,  by  the  firft  part  of  Prop,  i  7.  the  exccfs  of  B  above  a 
given  magnitude  has  unto  B  and  A  to^etiier  a  given  ratio  ;  and  by 
the  fecoad  part  of  Prop.  1 4.  A  and  i^  together  with  a  given  niag- 
nitade  has  unto  B  a  given  ratio  ;  which  is  the  thing  that  was  to 
be  demonftrated.  in  like  manner  tlic  other  Propofitior::  co.iccrning- 
the  hl\  kind  of  m.^gnltudes  may  be  Cicv/n. 

PROP.     XVI.   XVIT. 

In  the  third  part  of  Prop,  i  ©.  in  the  Greek  text,  which  is  the 
I  6.  in  this  Editio.i,  after  the  ratio  of  EC  to  CB  has  been  flicwn  to 
be  given;  from  this,  by  invcrfion  and  converfion,  the  ratio  of  BC 
to  BE  is  demonftrated  to  be  given ;  but,  without  thcle  two  ft^rps, 
the  conclufion  Ihould  have  been  made  only  by  citing  the  6.  PrOf? 
pofition.  and  in  like  manner^  in  the  firft  part  of  Prop.  11.  in  the 
Creek,  which  in  this  Edition  is  the  17.  from  the  ratio  of  DB  to 
BC  being  given,  the  ratio  of  DC  to  DB  is  ihewn  to  be  given,  by 
inverfion  aad  Compofition,  inftcad  of  citing  Prop.  7,  and  the  fante 
fault  occurs  in  the  fecond  part  of  the  fame  Prop.  1 1. 

PROP.     XXL    XXII.      , 

Thcfe  are  now  added,  as  being  wanting  to  complete  the  fub* 
jcft  treated  of  in  the  four  preceding  Propofitions. 

PROP.      XXIIL 

This  which  is  Prop.  20.  in  the  Greek  text,  was  ftparated  f:om 
Pi  op.  14.  15.  16.  in  ihat  textj  after  which  it  Ihould  have  bccs^ 


^n 
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immediately  placed,  as  being  of  the  fame  kind,  it  is  now  put  into 
its  proper  place,  but  Prop.  2  1 .  in  the  Greek  is  left  out,  as  being 
the  fame  with  Prop.  1 4.  in  that  text,  which  is  here  Prop.  1 8. 

PROP.     XXIV. 

This,  which  is  Prop.  13.  in  the  Greek,  is  now  put  into  iu 
proper  place,  having  been  disjoined  from  the  three  following  it 
in  this  Edition,  which  are  of  tlie  fame  kind. 

PROP.     XXVUL 

This  which  in  the  Greek  text  is  Prop.  25.  and  feveral  of  the 
following  Propofitions,  arc  there  deduced  from  Def.  4.  which  is 
not  fuAident,  as  has  been  mentioned  in  the  Note  on  that  Oefini* 
tlon ;  they  are  therefore  now  (hewn  more  explicitly, 

PROP.     XXXIV.   XXXVI. 

Each  of  thefe  has  a  Determination,  which  is  now  added,  which 
occafions  a  chasge  in  their  DemonArations. 

PROP.     XXXVII.  XXXIX.  XL.  XLI. 

The  35,  and  36.  Propofitions  in  the  Greek  text  are  joined  into 
one,  which  makes  the  39.  in  this  Edition,  becaufc  the  fame  Enun- 
tiation  and  Demonftration  fcrves  both,  and  for  the  fame  rcaion 
Prop.  37.  33.  in  the  Greek  are  joined  into  one  which  here  ia 
the  40. 

^^^P'  37'  is  added  to  the  Data,  as  it  frequently  occurs  in  the 
folution  of  Problems,  and  Prop.  4 1 .  is  added  to  complete  the  rclt, 

PROP.     XUI. 

This  is  Prop.  3  9.  in  the  Greek  text,  where  the  whole  con* 
ftruftionof  Prop.  22.  of  Book  i.  of  the  Elements  is  pot  withoat 
need  into  the  Demonflration,  but  is  now  only  cited. 

P  R  O  T,     XLV. 

This  is  Prop.  42,  in  the  Greek,  where  the  three  Araight  lines 
nade  ufe  of  in  the  cpnAruftion  are  faid,  byt  not  (hewn,  to  bt 
liich  that  any  two  of  them  is  greater  than  the  third,  which  is  now 
done. 

PROP,     XLVn. 
This  is  Prop,  44.  in  the  Greek  text,  but  the  Demonftration  of 
it  is  changed  into  another  wherein  the  fcvcral  ca(cs  of  it  arc  (bewn. 
which,  tho'  necel&ry,  is  not  done  in  the  Greek. 

PROP.      XLVm. 
There  are  two  cafes  in  this  Propofition,  arifing  from  the  two 
«cafesof  the  3d  part  of  Prop.  47.  on  which  the  48.  depends.  an4 
in  the  Compofition  thcfe  two  cafes  are  explicidy  given^ 
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PROP.     LII. 

The  Condru^lion  aad  DemonAratioa  of  this  which  is  Prop.  48. 
in  the  Greek,  are  made  fomeching  ftiorter  than  la  that  text. 

PROP.     LIU. 

Prop.  63 .  in  the  Greek  text  is  omitteJ,  being  only  a  cafe  of  Prop, 
4p.  in  that  text,  which  is  Prop.  5  3.  in  this  Edition. 

PROP.     LVIIL 

This  is  not  in  the  Greek  text,  but  its  DemonAration  is  con* 
fained  in  that  of  the  firfl  part  of  Prop.  54.  in  that  text;  which 
Propofitipo  is  concerning  figures  that  are  given  in  fpecies ;  tliis 
5  8.  is  true  of  fimilar  figures,  tho'  they  be  not  given  in  ipecies>  and 
as  it  frequently  occurs,  it  was  ncccflary  to  add  it. 

PROP.     LIX.  LXI. 

This  is  the  54.  in  the  Greek;  and  the  7  7 .  in  the  Greek,  being 
the  very  fame  with  it,  is  left  out.  aad  a  fliorter  Demonllratioa  is 
given  of  Prop.  6 1 . 

PROP.     LXir. 

This  which  is  mod  frequently  ufeful  is  not  in  the  Greek,  and  is 
neceflary  to  Prop.  87.  88.  in  this  Edition,  as  alio,  tho'  not  men- 
tioned, to  Prop.  86.  87.  in  the  former  £diti<^ns/  Prop.  66.  in  ihc 
Greek  text  is  made  a  Corollary  to  it. 

PROP.     LXIV.  ' 

This  contains  both  Prop.  74,  aaJ  73.  in  the  Greek  text;  the 
firftcafe  of  the  74.  is  a  repetition  of  Prop.  56.  from  which  it  is 
fcparated  in  that  text  by  many  Propofitions  ;  and  as  theie  is  no  order 
iu  thefe  Propofitions,  as  they  fland  in  the  Greek,  they  are  now  put 
into  the  order  which  Teemed  mod  convenient  and  natural. 

The  Demon flration  of  the  firft  part  of  Prop.  7  3.  in  the  Greek 
is  grofsly  vitiated.  Dr.  Gregory  fays  that  the  fentences  he  has 
inclofed  betwixt  two  flars  are  fuperfluous  and  ought  to  be  can- 
celled  ;  but  he  has  not  obierved  that  what  follows  them  is  abfurd, 
being  to  prove  that  the  ratio  [fee  his  figure]  of  AT  to  PK  is  giyen, 
which  by  the  Hypothefis  at  the  beginning  of  the  Propofition  is  ex- 
prefsly  given ;  fo  that  the  whole  of  this  part  was  to  be  altered^  which 
is  done  in  this  Prop.  64. 

PROP.      LXVII.  LXVIir. 

Prop.  70.  in  the  Greek  text  is  divided  into  thefe  two,  for  the 
fykt  of  diftinftnefs  ;  and  the  Demonfiration  of  the  67.  is  rendered  ' 
ftiorter  than  that  of  the  firft  part  of  Prop.  70.  in  the  Greek  by 
^eans  of  Prop.  23 .  of  Book  6.  of  the  Elements. 
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PROP.     LXX. 

This  ii  PiOp.  61.  In  the  Greek  text ;  Prop.  78.  in  that  text  U 
oaly  a  particular  cafe  of  it,  and  is  therelv/rc  omitted. 

Dr.  Grvfgory  in  the  Demonlliauon  of  Prop.  62.  cites  the  49. 
Prop.  Dtt.  to  prove  that  the  ratio  of  the  figure  AEB  to  the  parai- 
Icl'jgram  AH  is  given,  whereas  this  wai  ihcwn  a  few  lines  before  ; 
and  befides  the  49.  Prop,  is  not  applicable  to  thelc  two  figures, 
bccaufc  AH  is  not  given  in  fpecics,  buc  is,  by  the  ftep  for  which 
the  citation  ii  brought,  proved  to  be  given  in  Ipccics. 

PROP.      LXXIII. 

Prop.  83.  in  the  Greek  text  is  neither  well  enuntiated  nor  dc- 
monftrated.  the  73.  which  in  this  Edition  is  put  in  place  of  it,  is 
really  the  fame,  as  will  appear  by  confidering  [fee  Dr.  Gregory's 
Edition]  that  A,  B,  r,  K  in  the  Greek  text  are  four  proportionals, 
and  that  the  Propofition  is  to  thcw  that  A,  which  has  a  given  ratio 
to  E,  is  10  r,  as  B  is  to  the'ftraight  line  to  which  A  has  a  given 
y^zio  ;  or,  by  inverfion,  that  V  is  to  A,  as  the  ftraight  line  to  which 
A  has  a  given  ratio  is  to  B;  that  j|,  if  the  proportionals  be  placed 
v\  this  Older,  viz.  T,  K,  A,  B,  that  the  firft  V  is  to  A  to  which  the 
Iccond  E  has  a  given  ratio,  as  the  ftraight  line  to  which  the  third 
A  hAs  a  given  ratio  is  to  the  fourth  B;  which  is  the  Enuntiation  of 
iliis  73.  and  '^as  thus  changed  that  it  might  be  made  like  to  that 
or  Prop.  72.  in  this  Edition,  which  is  the  82.  in  the  Greek  text, 
and  the  Dcmonftration  of  Prop.  73.  is  the  fame  with  that  of  Prop, 
7  a.  only  miking  ufe  of  Prop.  23.  inflead  of  Prop.  22.  of  Book 
J.  of  the  Elements, 

PROP.     LXXVII. 

This  13  put  in  place  of  Prop.  79.  in  the  Greek  text  which  is  not 
a  Datum,  but  a  Theorem  premifed  as  a  Lemma  to  Prop.  80.  in  that 
text,  and  Prop.  79.  is  made  Cor.  i.  to  Prop.  77*  in  this  Edition. 
CI.  Hardy  in  his  Edition  of  the  Data  takes  notice,  that,  in  Prop. 
80.  of  the  Greek  text,  the  parallel  KL  in  the  figure  of  Prop.  77. 
in  this  Edition  muft  meet  the  circumference,  but  docs  not  demoa- 
ftratc  it,  which  is  done  here  at  the  end  of  Cor.  3.  of  Prop.  7  7.  in 
the  conftruftion  for  finding  a  triangle  flmilar  to  ABC. 

PROP.     LXXVIIL 
The  Demoaftration  of  this  which  is  Prop.  8  o.  in  the  Greek  i| 
rcndo-cd  a  good  deal  fhorter  by  help  of  Prop.  7  'j. 
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PROP.     LXXIX.  LXXX.  LXXXr. 
Thefe  are  added  to  Euclid's  Data,  as  Propofitioos  which  are 
often  ufeftti  in  the  folution  of  Problems. 

PROP.     LXXXII. 

This  which  is  Prop.  60.  in  the  Greek  text  is  placed  before  the 
83.  and  84.  which  in  the  Greek  are  the  58.  and  59.  bccaufe  the 
Demonflration  of  thefe  two  in  this  Edition  is  deduced  from  that  of 
Prop.  8  2.  from  which  they  naturally  follow. 

PROP.     LXXX VI II.  XC. 

Dr.  Gregory  in  his  preface  to  EucHd\  Works  which  he  publiflicd 
at  Oxford  in  1703,  after  having  told  that  he  had  fupplied  the  de- 
fers of  the  Greek  text  of  the  Data  in  innummerable  places  from 
fcvcral  Manufcripts,  and  corredcd  CI.  Hardy's  tranflation  by  Mr. 
Bernard's,  adds,  that  the  86.  Theorem  "  or  Propofition,"  feemed 
to  be  remarkably  vitiated,  but  which  could  not  be  reftored  by  help 
of  the  Manuicripts  j  then  he  gives  three  diiFerent  tranllations  of  it 
in  Latin,  according  to  which  he  thinks  it  may  be  read  ;  the  two 
firft  have  no  diftinft  meaning,  and  the  third  which  he  fays  is  the 
bed,  tho'  it  contains  a  true  Propofition  which  is  the  90.  in  thit 
Edition,  has  no  connexion  in  the  leafl  with  the  Greek  text,  and  it 
is  ftrange  that  Dr.  Gregory  did  not  obfcrve,  that  if  Prop.  86.  was 
changed  into  this,  the  Demon flration  of  the  86.  mufl  be  cancelled, 
and  another  put  ia  its  place,  but,  the  truth  is,  both  chc  Enuntlatioa 
and  the  DemonRration  of  Prop.  86.  are  quite  entire  and  right, 
only  Prop.  87.  which  is  more  fimple,  ought  to  have  been  placed 
befurc  it ;  and  t};e  deficiency  which  the  Do<51or  juftly  obferves  to 
be  in  this  part  of  Euclrd'.s  Data,  and  which  no  doubt  is  owing  to 
the  careleflhcfs  and  ignorance  of  the  Creek  Editors  fhould  have 
been  fupplied,  not  by  changing  Prop.  86.  which  is  both  entire  and 
Aeceflary,  but  by  adding  the  two  Propofitions  which  arc  the  88. 
and  90.  in  this  Edition. 

PROP.     XCVIIL  C. 

Thefe  were  communicated  to  me  by  two  excellent  Geometers, 
the  firft  of  them  by  the  Right  Honourable  the  Earl  Stanhope,  and 
the  o'htT  by  Dr.  Matthew  Stewart;  to  which  I  have  added  the 
Dtmoiirtrations. 

Tho'  the  order  of  the  Propofitions  has  been  in  many  places 
changed  from  that  in  former  Editions,  yet  this  will  be  of  little  dif- 
advantagc,  as  the  antient  Geometers  never  cite  the  Data,  and  the 
Moderns  very  rarely. 
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AS  thdt  part  of  the  Compoiirion  of  a  Problem  ydhich  b  hi 
CooftruiSlion  may  not  be  fo  readily  deduced  from  the  Ana- 
lyfib  by  beginners ;  for  their  fake  the  following  Example  is  giveoi 
in  which  the  dcnvation  of  the  federal  parts  of  the  Coaftrn^ioa 
from  the  Analyfis  is  particularly  (hewn,  that  they  may  be  aiufted  to 
do  the  like  in  other  Problems. 

PROBLEM. 

Having  given  the  magnitude  of  a  parallelogram,  the  angle  of 
which  A3C  is  given«  and  alio  the  excefs  of  the  fquare  of  its  fide 
BC  abore  the  fquare  of  the  fide  AB ;  To  find  its  fides  and  delcribe 
it. 

The  Analyfis  of  tliis  is  the  fame  with  the  Demonftmtion  of  the 
87.  Prop,  of  the  Data,  and  the  ConflruAion  that  is  given  of  the 
Problem  at  the  end  of  that  Propofition^  is  thus  derived  frcxn  the 
Analyfis. 

Let  EFG  be  equal  to  the  given  angle  ABC,  and  becaufe  in  the 
Analyfis  it  is  faid  that  the  ratio  of  the  rcftangle  AB,  BC  to  the  pa- 
rallelogram AC  is  given  by  the  62.  Prop.  Dat.  therefore  from  a 
point  in  FE,  the  perpendicular  EG  is  drawn  to  EG,  as  the  ratio  of 
F£  to  EG  is  the  ratio  of  the  reAangle  AB,  BC  to  the  parallelogram 
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AC  by  what  is  (hewn  at  the  ciid  of  Prop.  62.  Next  the  magnitude 
of  AC  is  exhibited  by  making  the  recbinglc  EG,  GH  equal  to  if, 
and  the  given  exceis  of  the  Iquare  of  BC  above  the  fquare  of  BA, 
to  which  excefs  the  reftangle  CB,  BD  is  equal,  is  exhibited  by  the 
reftangle  HG,  CJL.  then  in  the  Analyfis  the  re^Slangle  AR,  BC  it 
(aid  to  be  given,  and  this  is  equal  to  the  reftangle  FE,  GH,  becaufe 
the  ref^angle  AB,  BC  is  to  the  parallelogram  AC,  as  (FE  to  EG, 
that  is  as  the  reftangle)  FE,  GH  to  EG,  GH  ;  and  the  parallelo- 
gram AC  is  equal  to  the  reftangle  EG,  GH,  therefore  the  re^hmgle 
AB,  BC  is  equal  to  FE,  GH.  and  confequently  the  ratio  of  the  rec- 
tangle CB,  BD,  that  is  of  the  reAangle  HG,  GL,  to  AB,  BC»  that 
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is  of  the  Ilraight  lice  DB  to  BA,  is  the  {ame  vlth  the  ratio  (of 
the  rcftanglc  GL,  GH  to  FE,  GH,  that  is)  of  the  ftraight  line 
GL  to  FE,  which  ratio  of  DB  to  BA  is  the  next  thing  faid  to  be 
given  in  the  Analyfis.  from  this  it  is  plain  that  the  fqu.ire  of  FE 
is  to  the  fquare  of  GL,  as  the  fquare  of  BA  which  is  equal  to  the 
reftangle  BC,  CD  is  to  the  fquare  of  BD,  the  ratio  of  which  fpaces 
is  the  next  thing  faid  to  be  given,   and  from  this  it  follows  that 
fonr  times  the  fquare  of  FE  is  to  the  fquare  of  pL,  as  four  times 
the  reftanglc  BC,  CD  is  to  the  fquare  of  BDj  and,  by  Compo- 
fition,  four  times  the  fquare  of  J*E  together  with  the  fqur.re  of 
GL  is  to  the  fquare  of  GL,  as  four  times  the  rcftangle  BC,  CD 
together  with  the  fquare  of  BD,  is  to  the  fquare  of  BD,  that  it 
[8.  6.]  as  the  fquare  of  the  flraight  lines  BC,  CD  taken  together 
is  to  the  fquare  of  BD,  which  ratio  is  the  next  thing  faid  to  be 
^vea  in  the  Analyfis.   and  becaufe  ft^r  times  the  fquare  of  FE 
and  the  fquare  of  GL  are  to  be  added  together,  therefore  in  the 
perpendicolar  EG  there  is  taken  KG  equal  to  FE,  and  MG  equal 
to  the  double  of  it,  becaufe  thereby  the  fquares  of  MG,  GL,  that 
is,  joining  ML,  the  fquare  of  ML  is  equal  to  four  times  the  fquare 
of  FE  and  to  the  fquare  of  GL.   and  becaufe  the  fquare  of  ML  is 
to  the  fquare  of  GL,  as  the  fquare  of  the  ftraight  line  made  tfp  of 
BC  and  CD  is  to  the  fquare  of  BD,  therefore  It  2.  6.^  ML  is  to 
LG,  as  BC  together  with  CD  is  to  BD,  add,  by  Compofition,  ML 
and  LG  together,  that  is,  producing  GL  to  N,  fo  that  ML  be 
equal  to  LN,  the  ftraight  line  NG  is  to  GL^  as  twice  BC  is  to 
BD  J  and  by  taking  GO  equal  to  the  half  of  NG,  GO  is  to  GL, 
as  BC  to  BD  the  r^tio  of  which  is  faid  to  be  gii'cn  in  the  Ana-^ 
lyfis.  and  from  this  it  follows,  that  the  rectangle  HG,  GO  is  to 
HG,  GL,  as  the  fquare  of  BC  is  to  the  reftangle  CB,  BD  which 
is  equal  to  the  reftangle  HG,  GL,  and  therefore  the  fquare  of  BC 
is  equal  to  the  reftangle  HG,  GO,  and  BC  is  confequcntly  found 
by  taking  a  mean  proportional  betwixt  HG  and  GO,  as  is  faid  ia 
the  Conftruftion.  and  becaufe  it  was  (hewn  that  GO  is  to  GL, 
as  BC  to  BD,  and  that  now  the  three  firft  iire  found,  the  fourth 
BD  is  found  by  12.6.  it  was  likewifs  (hewn  that  LG  is  to  FE,  or 
GK,  as  DB  to  BA,  and  the  three  firft  are  now  found,  and  there* 
by  the  fourth  BA.  make  the  angle  ABC  equal  to  EFCi,  and  com- 
plete the  parallelogram  of  which  the  fides  are  AB,  BC,  and  the 
conftruflion  is  finiihed  \  the  reft  of  the  Compofition  ccntains  the 
Oemonftraticp' 
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AS  tliC  PiorcHtions  from  ihc  13.  to  the  28.  may  be  tliough't 
by  beginners  to  be  Ms  ufcful  than  the  reft,  bccaufe  they 
canriot  fo  readily  fee  how  they  arc  to  be  made  ule  of  in  the  foli> 
t'on  of  Problem?;  on  this  account  the  two  following  ProMems  arc 
jiddtidy  to  (hew  that  they  arii  equally  ufeftrl  with  the  other  Pro^ 
poiitions,  and  from  which  it  may  eafi.y  be  judged  that  many  otba 
Problems  depend  upon  thcfc  Propofitions. 
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PROBLEM      I. 

O  find  three  flraight  lines  fuch,  that  fhc  ratio  cf 
the  firft  to  the  fccond  is  given  ;  and  if  a  given 
ftraighc  line  be  taken  from  the  fecond,  the  ratio  of  the 
remainder  to  the  third  is  given  ;  alfo  the  rectangle  con- 
tained by  the  firft  and  third  is  given. 

Let  AB  be  the  firft  ftraight  line,  CD  the  fecond,  and  EF  the 
third,  and  bccaufc  the  ratio ^of  AB  to  CD  is  given,  and  that  if  a 
givtn  ftraight  line  be  taken  from  CD,  the  ratio  of  the  remainder  t9 

g.  14.  Dtr.  EF  is  given  ;  therefore  *  the  excefs  of  the  firft  AB  above  a  given 
ftraight  line  has  a  g'r/en  ratio  to  the  third  EF.  Let  BH  be  that  gi- 
ven ftraight  line,  therefore  AH  the  excefs  of  A  TJ  jx, 
AB  above  it  has  a  given  ratio  to  EF ;  and     , 

b.  I.  tf.        confequently  *»  the  rectangle  BA,  AH  has  a    (^       C      T^ 

given  ratio  to  the  redlanglc  AB,  EF,  which    < — 1 

laft  rcftaugle  is  given  by  the  Hypothefis ;    "p     ip 

e.  *.  Dat.    therefore  ^  the  re(fbanglc  BA,  AH  is  given,    

and  BH  the  excefs  of  its  fides  is  given  ;    X.     NML  O 

4.  9s.  Dat.  wherefore  the  fides  AB,  AH  are  given  J.  and 
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becaufe  the  ratios  of  AB  to  CD,  and  of  AH  to  EF  are  given;  CD 
and  EF  are  ^  given. 

The  Compofition. 
Let  the  gix'cn  ratio  of  KL  to  KM  be  that  which  AB  is  required 
to  have  to  CD;  and  let  DG  be  the  given  ftraight  line  which  is  to 
be  taken  from  CD,  and  let  the  given  ratio  of  KM  to  KN  be  that 
•which  the  remainder  mnft  have  to  EF;  alfo,  let  the  given  reftangic 
NK,  KG  be  that  to  which  the  rc6langle  AB,  EF  is  required  to 
be  equal,  find  the  given  ftraight  line  BH  which  is  to  be  taken 
from  AB,  which  is  done,  as  plainly  appears  from  Prop.  24.  Daw 
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by  making  as  KM  to  KL,  fo  GD  to  HB.  to  the  giren  ftraight  line 

BH  apply  *  a  reflangle  equal  to  LK,  KO  exceeding  by  a  fquare,  e.  19. «. 

and  let  BA,  AH  be  its  fides,  then  is  AB  the  lirft  of  the  ftraight 

lines  required  to  be  found,  and  by  making  a;  LIC  to  KM,  fo  AB 

to  DC,  DC  will  be  the  fecond.  and  laftly,  make  as  KM  to  KN, 

fo  CG  to  EF,  and  EF  is  the  third. 

For  as  AB  to  CD,  fo  is  HB  to  GD,  each  of  thcfe  ratios  being 
the  fame  with  the  ratio  of  LK  to  KM;  therefore  f  AH  is  to  CG,  f  ip.  5. 
as  (AB  to  CD,  that  is,  as)  LK  to  KM ;  and  as  CG  to  EF,  fo  is 
KM  to  KN  J  wherefore,  ex  aequali,  as  AH  to  Er\  fo  is  LK  to  KX, 
and  as  the  reflangle  BA,  AH  to  the  reftangle  BA,  EF,  Co  is  *  the  r'l.  tf. 
reftangle  LK,  KO  to  the  reftangle  KN,  KO.  and,  by  the  Con- 
ftruftion,  the  reftangle  BA,  AH  is  equal  to  LK,  KO,  therefore  h  h.  uj.  $.- 
the  reftangle  AB,  EF  is  equal  to  the  given  reftangle  NK,  KO. 
and  AB  has  to  CD  the  giren  ratio  of  KL  to  KM;  and  from  CD 
the  given  ftraight  line  GD  being  taken,  the  remainder  CG  has  to 
EF  the  given  ratio  of  KM  to  ICN.     Q^  E.  D. 

p  R  o  B.   ir. 

^TpO  find  three  ftraight  lines  fuch,  that  the  ratio  of 

•*-     the  firft  to  the  fecond  is*  given  ;  and  if  a  given 

ftraight  line  be  taken  from  the  fecond,  the  ratio  of  the 

remainder  to  the  third  is  given  ;  alfo  the  fum  of  the 

fquarcs  of  the  firft  and  third  is  given. 

Let  AB  be  the  firft  ftraight  line,  BC  the  fecond,  and  BD*  the 
third,  and  becaufe  the  ratio  oi  AB  to  BC  is  given,  and  that  if  a  gl- 
ven'ftraight  line  be  taken  from  BC,  the  ratio  of  the  remainder  to 
BD is  given;  therefore  ■  the  excefs  of  the  firft  AB  above  a  given  a.  24.  ^af. 
ftraight  line  has  a  given  ratio  to  the  third  BD.  let  AE  be  that  gi- 
ven ftrzdght  line,  therefore  the  remainder  EH  has  a  given  ratio  to 
BD. '  let  BD  be  placed  at  right  angles  to  EB,  and  join  D£,  then 
the  triangle  EBD is  ^pven  in  fpecies ;  wherefore  the  angle  BED  fc.  44-  r)at. 
is  given,  let  AE  which  is  given  in  magnitude  be  given  alfo  in  pofi- 
tlon,  and  the  ftraight  line  ED  will  be  given  *  in  pofition.  join  AD,  c.  tz.  Tat. 
alid  becaufe  the  fum  of  the  fquares  of  AB,  BD,  that  is<*,  the  fqaare  d-  47.  i. 
of  AD  is  given,  therefore  the  ftraight  line  AD  is  giveii  in  magni- 
tude 5  and  it  is  alio  given  *  in  pofition,  becaufe  from  the  given  c  »4- 1  ap- 
point A  it  is  drawn  to  the  ftraight  line  ED  given  in  pofition.  there- 
fore the  p^t  D  in  which  the  two  ftraight  lines  AD,  ED  given  \or 
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f.  a8  Dat.  pofition  cut  OQC  another  is  given  ^  and  the  ftraightline  DB  whick 
{.  33.  Dat.  is  at  right  angles  to  AB  is  given  <  in  politioo,  and  AB  is  giren  in 
pofition,  therefore  f  the  point  B  is  given,  and  the  points  A,  D  arc 
h.  tp.  Dat.  given,  wherefore  ^  the  ftr-iight  lines  AB,  BD  are  given,  and'the 
1.  *  Dat.     ratio  of  AB  to  BC  is  given,  and  the^fore  ^  BC  is  given. 

The  Compofition. 
Let  the  pjlven  ratio  of  FG  to  GH  be  that  which  AB  is  required 
to  have  to  BC,  and  let  MK  be  the  given  ftraight  line  which  is  to 
be  taken  fiom  DC,  and  let  the 'ratio  which  the  remaindcr/is  re-, 
quired  to  h;iTe  to  BD  be  the  given  ratio  of  HG  to  GL,  and  place 
GL  at  riglit  angles  to  FH,  and  join  LF,  LH.    Next,  as  HG  is  to 
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d.  47.  I. 
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GF,  fo  make  HK  to  AE  ;  produce  AE  to  N  fo  that  AN  be  the 
ftraight  line  to  the  fquare  of  which  the  fum  of  the  fquares  of  AB, 
BD  is  required  to  be  equal  j  and  make  the  angle  NED  equal  to 
the  anMc  GFL.  from  the  center  A  at  the  diftance  AN  dcfcribe  a 
circle,  iind  let  it3  circumference  meet  ED  in  D,  and  draw  DB 
perpenJicular  to  AN,  and  DM  miking  the  angle  BDM  equal  to 
the  liTif^lc  Cil.TI.  jaftly,  produce  BM  toC  fo  that  MC  be  equal  to 
JIK.  li^n  h  AB  the  fiill,  BC  the  facond  and  BD  the  third  of  the 
ftu.i:.hr  lines  that  verc  to  be  found. 

l\.r  th.  trimglcr,  EBD,  FCL,  as  alfo  DBM,LGH  being  cqui- 
flr.!;u':^.r,  a;  I'D  to  lU),  io  is  I'G  to  GL ;  and  as  DI^  to  BM,  lb  is 
LG  [o  CM  *,  ihcrLfcie,  ex  L.au-!i,  as  EB  to  BM,  fo  is  (VG  to 
G]  I,  n::d  fo  is)  AK  {o  IIlv  or  iMC  ;  wherefore  ^  AB  is  to  BC,  as 
AL  to  IIKjthat  is,  as  FG  to  GH,  that  is,  in  the  given  ratio,  and 
from  thj  ih  lieht  line  BC  takiaci  MC  which  is  equal  to  the  given 
ftraijht  line  lilv,  the  remainder  BM  has  to  BD  the  given  ratio  of 
HG  to  GL.  nnd  tl:e  fLim  of  the  fquares  of  AB,  BD  is  equal  ^  to 
the  fquarc  of  AD  or  AN  which  li  the  given  fp:icc.      Q^  E.   D. 

1  hciiere  it  would  be  in  vain  to  tiy  to  deduce  the  preceding 
Cc::ft:  ucllcn  f:c:n  an  Alr;t.braic?J  Soluti<»n  of  the  Pioblcm. 

F^   I     N     I     S. 
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GLASGOW: 

FKIMTED  AND  SOLD   BT  ANDKEW   FOULIS  }    SOLD  ALSO  fir 
ROBERT  CROSS,  NEAR  THE  COLLEGE. 
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LEMMA    L     Fig.   i; 

LE  T  ABC  be  a  reftilineal  aiigle,  if  about  the  point  B  as  rf 
center,  and  vifh  any  diilance  BA,  a  circle  be  defcribedj 
Ineeting  BA,  BC^  the  firaight  lines  including  the  angle  ABC  in 
Ay  C  i  the  angle  ABC  will  be  to  four  right  angks^  as  the  arch 
AC  to  the  whole  drcumferehce* 

Produce  AB  till  it  meet  the  circle  again  in  F,  and  through  B 
dh-aw  D£  pefpendicular  to  AB,  meeting  the  circle  in  D,  £• 

^y  3  3*  ^*  Elem*  the  angle  ABC  is  to  a  right  angle  ABD,  as 
the  arch  AC  to  the  sKrch  AD ;  and  quadrupling  the  coniequents^ 
the  angle  ABC  will  be  to  four  right  afigles,  as  the  arch  AC  to' 
lour  times  the  arch  AD«  or  to  the  whol^  drcumference. 

LEMMA    m     Fig.  a; 

t  ET  ABC  be  a  plane  feMmeal  angle  ts  before  :  about  B  W 
a  center  with  any  two  diAances  BD,  BA,  let  two  circles' 
be  dcfcribed  meeting  B  A,  BC  in  D,  E,  A,  G  j  the  arch  AC  will 
be  to  the  whole  circumference  of  which  it  b  'an  arch,  as  the  arclt 
DE  is  to  the  whole  circumferehce  of  which  it  is  an  arch^ 

By  Lemma  i.  the  arch  AC  is  to  the  ^hole  circufnfei*ence  of 
%hich  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  angles  i 
tnd  by  the  fame  Lemina  i.  the  arch  DE  is  to  the  whole  cir-^' 
eumference  6f  which  it  ii  an  arch,  is  theiacigle  ABC  is  to  four 
right  angles ;  therefore  the  arch  AC  is  to  the  whole  drcumfe^ 
fence  of  which  it  is  an  arch,  as  the  arch  DE  K>  the  whole  cir^/ 
fCimferehce  of  which  it  is  an  arch^' 

bEPrNlTIONS.     FiGi  y 

L 

T  ET  ABC  be  a  plane  reftiUneal  ang^e ;  if  about  B  as  a  center/ 
with  BA  any  diftance,  a  circle  AGF  be  defcribed  meeting^ 
BA,  BC,  in  A,  C  f  the  arch  AC  is  called  die  meafurc  of  th€ 
^gle  ABC. 

H 
The  circumference  of  a  circle  is  iiippoied  to  be  divided  ifito  360 
tqnal  parts  called  degrees,  and  each  degree  into  60  equtf^ 

t 
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,  parts  called  minutes,  and  each  minute  into  60  eqnal  pafU 
called  ieconds,  &c.  And  as  many  degrees,  minutes,  feconSs, 
&c.  as  are  contsuned  in  any  arch,  of  lb  many  degrees,  mi* 
nutes,  ieconds,  &c.  is  the  angle,  of  which  that  arch  is  the 
meafure,  faid  to  be. 
Cor.  Whatever  be  the  radius  of  the  circle  of  which  the  mo- 
fure  of  a  given  angle  is  an  arch,  that  arch  will  contsdn  the 
lame  number  of  degrees,  minutes,  feconds,  &c.  as  is  manlfeft 
from  Lemma  2^ 

m. 

'  Let  AB  be  produced  till  it  meet  the  drclc  again  in  F,  the  angle 
CBF,  which,  together  with  ABC,  is  equal  to*  two  rig^  ang^ 
is  called  the  Supplement  of  the  angle  ABC. 

IV. 

A  ftraight  line  CI>  drawb  through  C,  one  of  the  cxtremifies  of 
the  arch  AC,  perpendicular  upotl  the  diameter  pai&ng  throng 
the  other  extremity  A,  is  called  the  Sine  of  the  arch  AC,  or 
of  the  angle  ABC,  of  which  it  is  the  meafure. 

CoR.  The  Sine  of  a  quadrant,,  or  of*  a  right  ang^e,  is  equal  to 
the  radius. 

v: 

The  iegment  DA  of  the  diameter  pa/Iing  through  A,  one  extre- 
mity of  the  arch  AC  between  the  fme  CD,  and  that  extremity 
is  called  the  Verfei  Sine  of  the  arch  AC,  or  angle  ABC 

VL 

A  ftraight  line  A£  tocfeUng  the  drck  at  A,  one  extremity  of 
the  arch  AC,  and  meedng  the  diameter  BC  pafling  through 
the  other  extremity  C  in  £,  is  called  the  Tangent  of  the  arch 
AC,  or  of  the  angle  ABC. 

vn. 

The  ftraight  line  BE  between  the  center  and  the  extremity  of  the 

tangent  A£,  is  called  the  Secantof  the  arch  AC,  or  angle 

ABC. 
CoR.  to  def.  4.  6.  7.     The  fine,  tangent,  and  fecant  of  any 

angle  ABC,  are  likewiie  the  fme,  tangent,  and  fecant  of  %s 

fupplement  CBF. 
It  is  manifeft  from  def.  4.  that  CD  is  the  fine  of  the  angle  CBF. 

Lee  CB  be  produced  till  it  meet  the  circle  again  in  G  $  anfl 

it  is  manifeft  that  AE  is  the  tangent,  and  BE  the  fecant,  of  the 

angle  ABG  or  EBF,  from  def.  6.  7. 
Flg.4«  CoR.  to  def.  4.  5. '6.  7.     The  fine,  verfed  fine,  tangent, ^and  • 
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lecant,  of  any  arch  which  is  the  meafure  of  any  given  angla 
ABC,  is  to  the  fine,  verfed  fine,  tangent,  and  fecant,  of  any 

.  other  arch  which  is  the  meafure  of  the  fame  angle,  as  the  ra*- 
dius  of  the  firft  is  to  the  radius  of  the  fecond. 

Let  AC,  MN  be  meafures  of  the  angles  ABC,  according  to 
def.  I.  CD  the  fine,  DA  the  verfed  fine,  AE  the  tangent,  and 
BE  the  fecant  of  the  arch  AC,  according  to  deft  4.  5.  6.  74 
and  NO  the  fine,  OM  the  verfed  fmc,  MP  the  tangent,  and 
BP  the  fecant  of  the  arch  MN,  according  to  the  fame  defi* 
nitions.  Since  CD,  NO,  AE,  MP  are  parallel,  CD  is  to  NO 
as  the  fadiui  CB  t6  iht  r§di(is  NB,  and  AE,  to  MP  as  AB  to 
BM,  and  BC  or  BA  to  BD  as  BN  or  BM  to  BO  j  and,  by 
converfion,  DA  to  MO  a^  AE  to  MB.  Hence  the  corollary 
18  manifeft ;  therefore,  if  the  radius  be  fuppofed  to  be  divided 
into  any  given  number  of  equal  parts,  the  fine,  verfed  fine^ 
tangent,  and  fecant  of  any  given  angle,  will  each  contain  a 
^ven  nuteb^  of  thefe  parts )  and,  by  ti'igonometrical  tables^ 
the  length  of  the  fine,  verfed  fine,  tangent,  and  fecant  of  any 
angle  may  be  found  in  parts  of  which  the  radius  contains  a 
given  number :  and,  vice  verfe,  a  number  exprefling  the  length 
of  ]the  fine,  verfed  fine,  tangent,  and  fecant  being  given,  the 
angle  of  which  it  is  the  fine,  verfed  fine,  tangent,  and  fecant 
may  be  foulid. 

Vm.  •  Fif .  a* 

TThe  difference  of  an  angle  from  a  right  angle  is  called  the  Com^ 
plement  of  that  angle*  Thus,  if  BH  be  drawn  perpendicular 
to  AB,  the  angle  CBH  will  be  the  complement  of  the  angle 
ABC,  or  of  CBF. 

IX. 

Iict  HK  be  the  tangent,  CL  or  DB,  which  is  equal  to  it,  the  fine, 
and  BK  the  fecant  of  CBH,  the  complement  of  ABC,  ac** 
cording  to  def.  4.  6.  7,  HK  is  called  the  co-tangint^  BD  the 
€0*Jin€y  and  BK  the  cty-fecant  of  the  angle  ABC. 

Cor.  I.  The  radius  is  a  mean  proportional  between  the  tangent 
and  co-tangent. 

iPor,  fince  HK,  BA  are  parallel,  the  angles  HKB,  ABC  will  be 
equal,  and  the  angles  KHB,  B  AE  arc  right  \  tl>erefore  the  tri- 
angles BAE,  KHB  are  funilar,  and  therefore  AE  is  to  AB,  as 
BHorBAtoHK.. 

CoR*  2.  The  radius  is  a  mean  proportional  between  the  co-fine 
and  fecant  of  any  angle  ABC. 

Siace  CD,  AK  are  parallel,  BD  13  to  BC  or  BA,  as  BA  to  EK. 


« 
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PROP.    I-     Fig.  5* 

N  a  right  angkd  plain  triangle,  if  the  hypothcnufc  J 
be  made  radius,  the  fides  become  the  fines  of  the 
angles  oppofite  to  them ;  and  if  either  fide  be  made 
radius,  the  remaining  fide  is  the  tangent  of  the  angk 
oppofite  to  it,  and  the  hyppthenufc  the  fecant  of  the 
feme  angle. 

Let  ABC  be  a  ri^ht  angled  triangle  ;  if  Ac  hypotbeaitfe  BC 
be  made  radius,  either  of  the  fides  AC  wVi  be  the  fine  of  tbe 
angle  ABC  oppofite  to  it ;  and  if  either  fide  BA  be  made  radEav 
rtie  other  fide  AC  will  be  the  tangent  c^  the  ang^e  ABC  oppofir 
to  it,  and  the  hypothenufe  BC  the  fecant  of  the  (ame  ang^ 

About  B  as  a  center,  with  BC,  BA  for  diftances,  let  vt9 
circles  CD,  EA  be  defcribed„  meeting  B  A,  BC  in  D,  E :  fiacD 
CAB  is  a  right  angle,  BC  bdng  Fadits,  AC  is  the  fine  of  tk 
angle  ABC  by  def.  4.  and  BA  being  radius,  AC  is  the 
and  BC  the  fecant  of  the  angle  ABC,  by  def.  6*  7. 

Cor.  I.  Of  the  hypothenufe  a  fide  and  an  angle  of  a  ri 
angled  triangle,  any  two  being  given,  the  third  is  alio  giveiu 

Cor.  2.  Of  the  two  fides  and  an  angle  of  a  right  m^ei  txh 
angle,  any  two  being  given,  the  third  is  alfo  gL\cs. 

PROP.    n.     Fic.<5e7. 

TH  £  fides  of  a  plane  triangle  are  to  one  anotbeff 
as  the  fines  of  the  angles  oppofite  to  them. 

In  right  angled  triangles  this  prop,  is  manifeft  from  prop,  i* 
for  if  the  hypothenufe  be  made  radius,  the  fides  are  die  Gats  d 
the  angles  oppofite  to  them,  and  the  radius  is  the  fine  of  a  i^ 
angle  (cor.  to  def.  4.)  which  is  oppofite  to  the  hypodienoie. 

In  any  oblique  angled  triangle  ABC,  any  two  fides  AB^  if ' 
will  be  to  one  another  as  the  fines  of  the  an^es  ACB,  ABC 
which  are  oppofite  ta  them. 

From  C,  B  draw  CE,  BD  perpendicular  xvpon  the  epfobc 
fides  AB,  AC  produced,  if  need  be.  Since  CEB,  CDB  axe  q^ 
angles,  BC  being  radius,  C£  is  the  fine  of  the  angle  CBA,  ^  < 
BD  the  fine  of  the  angle  ACB ;  but  the  two  trianries  CAfc 
DAB  have  each  a  right  angle  at  D  and  E ;  and  Bkcwifc » 
common  angle  CAB  ^therefore  they  ap&  fimilar,  asd  coaSeqjBeaifr 
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C  A  is  to  AB,  as  CE  to  DB  $  that  is,  the  fides  are  as  the  fintf 
p{  the  angles  oppoiite  to  them. 

Cor.  Hence  of  two  fldes,and  two  angles  oppofite  to  them,  m 
»  plain  triangle,  any  three  being  giveni  the  fourth  is  alio  givem. 

PROP.    HL     Fig.  8. 

4 

IN  a  plain  triangle,  the  Aim  of  any  two  fides  is  to 
their  difFerence,  as  the  tangent  of  half  the  fum 
of  the  anjg^les  at  the  bafe,  to  the  tangent  of  half  their 
difierence. 

Let  ABC  be  a  plam  trian^e,  the  Tarn  of  any  two  fides  AB, 
AC  will  be  to  thdr  difierence  as  the  tangent  of  half  the  fum  of 
the  angles  at  the  bale  ABC,  ACB  to  the  tangent  of  half  their 
difference. 

About  A  as  a  center,  with  AB  the  greater  fide  for  a  diitance, 
let  a  circle  be  defcribed,  meeting  AC  produced  in  E,  F,  and  BC 
in  D  \  join  DA,  EB,  FB  -,  and  draw  FG  parallel  to  BC,  meeting 
EB  in  G. 

The  angle  EAB  (32*  i.)  is  equal  to  the  fum  of  the  angles 
at  the  bale,  and  the  angle  EFB  at  the  circumference  is  equal  to 
the  half  of  EAB  at  the  center  (20.  3.);  therefore  EFB  is  half 
the  fum  of  the  angles  at  the  bale;  but  the  angle  ACB  (32.  i.) 
is  equal  to  the  angles  CAD  and  ADC,  or  ABC  together ;  there^ 
fpre  FAD  is  the  difierence  of  the  angles  at  the  bale,  and  FBD  at 
the  circumference,  or  BFG,  mi  account  of  the  parallels  FG,  BD, 
is  the  half  of  that  difierence ;  but  fince  the  angle  EBF  in  a  ier 
midrde  is  a  right  angle  ( i.  of  this)  FB  being  radius,  BE,  BG^ 
are  the  tangents  of  the  angles  EFB,  BFG ;  but  it  is  manifeil  that 
^C  is  the  fum  of  the  fides  BA,  AC,  and  CF  their  difierence  *, 
and  fmce  BC,  FG  are  parallel  (2.  6.)  EC  is  to  CF,  as  EB  to  BG  -, 
chat  is,  the  fum  of  the  fides  is  to  their  difierence,  as  the  tangent 
of  half  the  fum  of  the  angles  at  the  bafe  to  the  tangent  of  half 
tbor  ^jfffTfncfr 

PROP.    IV*.  Fig.  i8- 

IN  aay  plain  triangle  BAG,  vrhofe  two  fides  are  BA,^ 
AC  and  bafe  BC,  the  lefs  of  the  two  fides,  which 
let  be  BA,  is  to  the  greater  AC  as  the  radius  is  to 
^e  tangent  of  an  angle  j  and  the  radius  is  to  the 

*  3         ' 
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V 


< 

^^gent  of  the  cxcefs  of  tJiis  angle  above  half  a  rig^ 
angle  as  the  tangent  of  half  the  fum  of  the  angles  B 
and  C  at  the  bafe,  is  to  the  tangent  of  half  their  dif- 

• 

fcrencc.  I 

At  the  point  A»  draw  the  ibaight  line  BAD  perpendicnbr  o 
BA ;  make  A£,  AF^  each  equal  to  A6,  and  AD  to^ACj  joa 

BE,  BF,  BDy  and  from  D,  draw  DG  perpeadiciilar  upoo  BF. 
And  becaule  B A  is  at  right  angles  to  £F»  and  £A»  AB^  AF  se 
equgl,  each  of  the  angles  EBA^  ABF  is  half  a  right  angle»  tti 
the  whole  £BF  is  a  right  angle  ;  alfo  (4*  i.  £1.)  £B  is  equal 8> 

BF.  And  fmce  EBF^  FGD  are  right  angles,  £B  is  paraOd  fi> 
GD,  and  the  triangles  £BF,  FGD  are  fimilar »  therefore  £B  is 
to  BF  as  DG  to  GF,  and  £B  being  equal  to  BF^  FG  mnfi  be 
equal  to  GD*  And  becauie  BAQ  is  a  right  angle,  BA  thekfc 
fide  is  to  AD  or  AC  the  greater,  as  the  radius  is  to  (he  tangoK 
of  the  angle  'ABD  f  and  becauie  BGD  is  a  right  an^e»  BG  b  to 
GD  or  GF  as  the  radius  is  to  the  tangent  of  GBD,  which  b  die 
excefs  pf  th^  angle  ABD  above  ABF  half  a  right  angle.  Bat 
becaufe  £B  is  parallel  to  GD,  BG  is  to  GF  as  £D  is  to  DP,  tto 
is,  fince  ED  is  the  iiim  of  the  fides  BA,  AC  and  FD  their  <S^ 
ference,  (3.  of  this,)  as  the  tangent  of  half  the  fum  of  the  ai^hs 
B,  C,  at  the  bafe  to  the  tangent  of  half  thdr  diffinnQe.  Tbs^ 
fore^  in  any  plam  trianglej  &<;•  Q;^£*  Dt 

PRQP.   Y.     Fip,  9.  and  lo^ 

IN  any  trianglf ,  fwice  the  reftangle  contained  bf 
any  two  fides  is  to  the  difference  of  the  fum  q{ 
the  fqiiarcs  of  thcfe  two  fides,  and  the  fquatre  of  the 
bafe,  as  the  radius  is  to  the  co-fine  of  the  angle  oi- 
eluded  by  the  two  fides. 


Let  ABC  be  a  plain  triangle,  twice  the  reAangk  ABC 
tained  by  any  two  fides  BA,  BC  is  to  the  difieroice  c£  the 
of  the  fquares  of  BA,  BC,  and  the  lqnar«  of  the  bafe  AQ  n 
the  radius  to  the  co-fine  of  the  angle  ABC 

From  A,  draw  AD  perpendicular  npon  the  onx>lite  fide  BC; 
then  (by  1 2p  and  13.  2.  El.)  the  difference  of  the  fiun  of  tbc 
ic^uares  of  AB,  BC,  and  the  fquare  of  the  bafe  AC,  is  cqad  ta 
f wice  the  rectangle  CBD ;  but  twice  the  reAangk  CBA  is  m 
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twice  thfi  reftangle  CBD,  that  is,  to  the  difference  of  the  fiim  of 
the  fq'uares  of  AB,  BC,  and  the  fquare  of  AC,  (i.  6.)  as  AB  to 
BD  ;  that  is,  by  prop.  i.  as  radius  to  the  fine  of  BAD,  which  is 
the  complement  of  the  angle  ABCj  that  is,  as  radius  to  the  cor 
fine  of  ABC. 

PROP.    VI.     Fig.  ii. 

IN  any  triangle  ABC,  whofe  two  fides  arc  AB,  AC, 
and  bafe  BC  ;  the  redangle  contained  by  half 
the  perimeter,  and  the  excefs  pf  it  above  the  bafe  BC, 
is  to  the  redangje  contained  by  the  firaight  lines,  by 
which  the  half  of  the  perimeter  exceeds  the  other 
two  fides  AB,  AC,  as  the  fquare  of  the  radius  is  to 
the  fquare  of  the  tangent  of  half  the  apgle  BAC  op- 
pofite  to  the  bafe. 

Let  the  angles  BAC,  ABC  be  bifefted  by  the  ftraight  lines 
AG,  BG ;  and,  producing  the  fide  AB,  let  the  exterior  angle 
CBH  be  bifefted  by  the  Araight  line  BK,  meeting  AG  in  K  j 
and  from  the  points  G,  K,  let  there  be  drawn  perpendicular  uponr 
the  fides  the  ftraight  lines  Gp,  GE,  GF,  KH,  KL,  KM.  Since 
therefore  (4.  4.)  G  is  the  center  of  the  circle  infcribed  in  the 
tt-iangle  ABC,  GD,  GF,  GE  will  be  equal,  and  AD  wll]  tp 
equal  to  AE,  BDJPJ  BF,  and  CE  to  CF.  In  like  manner  KH, 
KL,  KM  will  be  ^i^al,  and  BH  wiU  be  equal  to  BM,  and  AH 
to  AL,  becaufe  the  angles  HBM,  HAL  are  bifefted  by  the 
ftraight  lines  BK,  KA  :  and  becaufe  in  the  triangles  KCL,  KCM, 
the  fides  LK,  KM  are  equal,  KC  is  common  and  KLC,  KMC 
are  right  angles,  CL  will  be  equal  to  CM  :  fince  therefore  BM 
is  equal  to  BH,  and  CM  to  CL ;  BC  will  be  equal  to  BH  and 
pL  together  ;  and,  adding  AB  and  AC  together,  AB|  AC,  and 
BC  will  together  be  equal  to  AH  and  AL  together :  but  AH, 
AL  are  equal:  wherefore  each  of  them  is  equaj  to  half  the 
perimeter  of  the  triangle  ABC :  but  fince  AD,  AE  are  equals, 
and  BD,  BF,  and  alfo  CE,  CF,  AB  together  with  FC,  will  be 
equal  to  half  the  perimeter  of  the  triangle  to  which  AH  or  AL 
was  Ihewn  to  be  equal  5  taking  away  therefore  the  common  AB, 
the  remainder  FC  will  be  equal  to  the  remainder  BH  :  in  th^ 
iame  manner  is  it  demonftrated,  that  BF  is  equal  to  pL  :    an^ 
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{inct  the  points  B,D,  G»F,  are  in  a  circle,  the  angle  DGFiinllbf 
equal  to  the  exterior  and  oppofite  angle  FBH,  (22.  3*};  where* 
fore  their  halves  BGD,  HBK  y^ill  be  equal  to  one  another  :  the 
right  angled  triangles  BGD,  HBK  will  therefore  be  equiangalar, 
and  GD  will  be  to  BD,  as  BH  to  HK,  and  the  reAangie  coqp 
iained  by  GD,  HK  voll  be  equal  to  the  reftangle  DBH  or  BFC : 
but  fince  AH  is  to  HK,  as  AD  to  DG,  the  re£bng^e  HAD 
(22.  6.)  will  be  to  the  re^angle  contained  by  HK,  DG,  or  the 
fcftangle  BFC,  (as  the  fquare  of  AD  is  to  the  fquare  of  DG, 
l^hat  is)  as  the  fquare  of  the  radius  to  the  fquare  of  the  tangent 
pf  the  angle  DAG,  that  is,  the  half  of  BAG  :  but  HA  is 
half  the  perimeter  of  the  triangle  ABC,  and  AD  is  the 
excefs  of  the  fame  above  HD,  that  is,  above  the  bafe  BC  ;  but 
BF  or  CL  is  fhe  es^cefs  of  HA  or  AL  above  the  fide  AC,  and 
FC,  or  HB,  is  the  excefs  of  the  lame  HA  above  the  fide  AB  ^ 
therefore  the  reAangle  contained  by  half  the  perimeter,  and  the 
excefs  of  the  fame  above  the  baie,  viz.  the  redangle  HAD,  is  tQ 
^e  redangle  contained  by  the  ftraig^t  liQes  by  which  the  half  of 
f he  perimeter  exceeds  the  other  two  fides,  that  is,  the  reAangk 
~  BFC,  as  the  fquare  of  the  radius  is  to  the  fquare  of  the  tangent 
of  half  the  angle  B  AC  oppofite  to  the  bafe.     (^  E.  D. 

PROP.    Vn.      Fig.  12.  13- 

IN  a  plain  triangtc,  the  bafe  is  to  the  futn  pf  thq 
fides,  as  the  difference  of  the  fides  is  to  the  fum 
^r  difference  of  the  fegments  of  the  bafe  made  by  the 
perpendicular  upon  it  from  the  vertex,  according  a$ 
the  fquare  of  the  greater  fide  is  greater  or  lefs  than  the 
fam  of  the  fquares  of  the  leffer  fide  and  the  bafe. 

Let  ABC  be  a  plane  triangle }  if  from  A  the  vertex  be  drawn  4 
ftraight  line  AD  perpendicular  upon  the  bafe  BC,  the  bafe  BC 
ViU  be  to  the  fum  of  the  fides  BA,  AC,  as  the  difference  of  the 
fame  fides  is  to  the  fum  or  difference  of  the  fegments  CD,  BD, 
according  as  the  fquare  of  AC  the  greater  fide  is  greater  or  left 
ihan  the  fum  of  the  fquares  of  the  leffer  fide  AB,  and  the  bafe 
BC. 

Aboat  A  as  a  center,  with  AC  the  greater  fide  for  a  diftance,^ 
let  a  drcle  be  defcribed  meeting  AB  produced  in  E,  F,  and  CB 
in  G :  it  is  manifeft  that  FB  is  the  fum,  and  BE  the  diflfercnct 
</  the  fid« }  and  fiace  AD  is  perpendicolar  to  CXp  GD,  CD 
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Will  be  eqnal ;  confequeady  GB  will  be  equal  to  the  fom  or 
dKfFerence  of  the  fegmcnts  CD,  BD,  according  as  the  pcrpendi^ 
cnlar  AD  meets  the  bale,  or  the  baie  produced }  that  is,  (by 
CoQV.  1 2.  and  1 3.  2,)  according  as  the  fquare  of  AC  is  greater 
pr  lefs  than  the  fum  of  the  fquares  of  AB,  BC :  but  (by  35.  3.) 
the  reftangle  CBG  is  equal  to  the  reft  angle  EBF;  that  is^  ( 1 6.6.) 
BC  is  to  BF,  as  BE  is  to  BG ;  that  is,  the  bafe  is  to  the  fum  of 
the  fides,  as  the  dlfib-ence  of  the  fides  is  to  the  film  or  difference 
of  the  f^^ments  of  the  bale  made  by  the  papendicular  from  thf 
vertex,  according  4s  the  fquare  of  the  greater  fide  is  greater  or 
lefs  than  the  fiim  of  the  fquares  of  the  lefler  fide  and  the  baft^ 

ft  E.  D. 

-  • 

PROP-    Vm.     PR  OB-    Fig.  14. 

TH  £  fum  and  dUTerence  of  two  magnitudes  being 
given,  to  find  them. 

Half  the  g^ven  fum  added  lo  half  the  giren  difference,  vrill  be 
^e  greater,  and  half  the  difference  fubtra^ed  from  half  the  film, 
will  be  the  lefs. 

"^  For,  let  AB  be  the  given  fum,  AC  the  greater,  and  BC  the 
lefs.  Let  AD  be  half  the  given  fum  ;  and  to  AD,  DB,  which 
are  equal,  let  DC  be  added,  then  AC  will  be  equal  to  BD,  and 
DC  together ;  that  is,  to  BC,  and  twice  DC ;  coniequently  twice 
DC  is  the  difference,  and  DC  half  that  difference ;  but  AC  the 
greater  is  equal  to  AD,  DC ;  that  is/  to  half  the  fum  added  to 
half  the  difference,  and  BC  the  lefs  is  equal  to  the  exceis  of  BDj 
|ialf  the  fum  above  DC  half  the  difference.      Q^E.  F. 

g  C  H  O  L  I  U  M. 

Of  the  fix  parts  of  a  plain  triangle  (the  three  fides  and  three 
angles)  any  three  bdng  given,  to  find  the  other  three  is  the  bu- 
finefs  of  plane  trigonometry  ^  and  the  feveral  cafes  of  that  problem 
inajT  be  refolved  by  means  of  the  preceding  propofitions,  as  in  the 
two  following,  with  the  ubles  annexed.  In  thefe,  the  fbludon  is 
cxprefled  by  a  fourth  propordonal  to  three  given  lines;  but  if  the 
^ven  parts  be  exprefled  by  numbers  from  trigooometricai  tables, 
Ix  may  be  obtained  aiithmetically  by  the  common  Rule  of  Three. 

Note.  In  the  tablet  the  followiog  abbreviatioos  are  ofed.  R,  is  pnt 
for  the  Radios ;  T«  for  Tangent ;  and  S,  for  Sine.  Degrees,  minatet, 
feconds,  fcc.  are  written  in  this  raaooer  ;  30*  a$'  13%  kc^  which 
fignifiet  30  degrees,  25  mimites,  13  feconds,  ^c. 
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SOJjUTION  of  the  Cases  of  light  angled  Tkiangles, 

GENERAL    PROPOSITION. 

T  N  a  right  angled  triangle,  of  the  three  fides  and 
•  three  angles,  any  two  being  given  befides  the  right 
angle,  the  other  three  may  be  found,  except  when  the 
two  acute  angles  are  given,  in  which  cafe  the  ratios  of 
the  fides  are  only  given,  being  the  fame  with  the  ra- 
tios of  the  fines  of  the  angles  oppofite  to  them. 

It  is  manifeft  from  47.  i.  that  of  the  two  fides  and  hypothec 
nuie  any  two  be  given  the  third  may  alio  he  found.  .  It  is  alio 
manifeft  from  32.  i.  that  if  one  of  the  acute  angles  of  a  rights 
angled  triangle  be  given,  the  other  is  alio  given,  for  it  is  the 
complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  be  given,  the  third  is  alio  given,  be- 
ing the  fupplement  of  the  two  giyep  aogles  to  two  right  angles, 
y    j^^      The  other  caies  may  be  refblved  by  help  of  the  preceding  prot 
ppfitions,  as  in  the  following  table. 


Given. 


Sought. 


Two  fides,  AB 
AC. 


B,C. 


The  angle?'     AB  :  AC  :  :  R  :  T,  B,  of] 


which  C  is  the  complement. 


AB,  BC,  a  fide     The  angles 
and  the  hypojhe-p,  C. 
nuie. 


AB,  B,  a  fide 
and  an  angle. 


AB  and  B,  a 
fide  and  an  angle. 


\ 


BC  and  B,  the        The  fidd 
hypothenuic    and  AC 
fn  angle. 


BC  :  BA  :  :  R  :  S,  C,  of 

which  B  is  the  complement. 


The   other 
fide  AC. 


The  hypo- 
thenufe  BC. 


R  :  T,  B  :  :  BA  :  AC 


S,C:  R  :  :  BA  :  BC. 


R  :  S,  B  :  :  BC  :  CA. 


Theic  five  cafes  are  rcfolved  by  prop.  i. 
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SOLUTION  of  the  Cas  ex  of  oblique-angled 

TXIANGLIS.     ' 


GENERAL    PROPOSITION. 

T  N  an  oblique-angled  triangle,  of  the  three  fides  and 
three  angles,  any  three  being  given,  the  other 
th^e^  may  be  found,  except  when  the  three  angles 
are  given  ;  in  which  cafe  the  ratios  of  the  fides  are 
only  given,  being  the  fame  with  the  ratios  of  the 
^es  of  the  angles  oppofite  to  them. 


Given. 


Sought. 


A,B,  and  there- 
fore C,  and  the 
fide  AB. 


^ 


AB,AC,andB, 
xyfo  fides  and  an 
angle  oppofite  tu 
one  of  th^f 


AB,  AC,  and 
A,two  fides,  and 
the  included  angle 


BC,  AC 


The  angles 
AandC. 


The  ^gles 
BandC. 


S,  C  :  S,  A  :  :  AB  :  BC, 
andalfoS,C:S,B:  :  AB  : 
AC.  (2.) 


AC  :  AB  :  :  S,  B  :  S,  C 

(2.)  This  cafe  admits  of  two 
lblutio0s  )  for  C  may  be 
greater  or  lefs  than  a  qua- 
drant. (Cor.  to  def.  4.) 


AB+AC:AB— AC::T, 
C+B  ;  T,  C— B  ;  (3,)  and 

2  2 

the  fum  and  diflerenceof  the 
angles  C,  B,  being  giren, 
each  of  them  is  given*  (7.) 

Otberwife.    Fig.  18. 

BA  :  AC:  :R:T, ABC,Mid 

alfo R  :  T,  ABC— 45*  :T, 

B+CtT,&— C;  (4.)  th^^ 


fore  B  and  C  are  g^vcn  as 
before.  (7,) 


Fig.itf.  17* 


»A 
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GiTBN. 


Sought. 


AB,  Be,  CA, 
tho  three  fides. 


A,  B^  C,  the 

three  angles. 


t  ACxpB :  A  Cj+CBq 
— ABjr:  :R:CoS,C  If 
AC7+CB;  be  greater  thao 
ABq.     Fig.  16. 

2  ACxCB  :  AB;^— AC^ 

— <a57  :  :  R  :  CoS,  C    If 

AB;  be  greater  than  AC^-f 

CByTig.  17.(4-) 

Othenxoie. 

Let  AB+BC+AC=r2  P. 


PxP  — AB:P  — AC  X 


P — BC  ::Kj:  Ty,iC,  and 
hence  C  is  known.  (5.} 
Otfaerwife. 

Let  AD  be  perpendicular 
to  BC  I.  If  AB;  be  lefs 
than  ACq+CBj.  Fig.  i(J, 
BC  :  BA  +  AC  :  :  BA  — 
AC :  BD— DC,  and  BC  the 
film  of  BD,  DC  is  ^vcn ; 
therefore  each  of  them  is 
pven.  (7.) 

2  If  AB;  be  greater  than 
ACjr+CB;.  Fig.  17.  BC: 
BA+AC::BA— ACtBD 
+DC ;  and  BC  the  difFer- 
ence  of  BD,  DC  is  ff^Gx^ 
therefore  each  of  them  is 
pven.  (7.) 

AndCA:CD::R:CoS4 
C  (z.)  and  C  bdng  found, 
A  and  B  are  fpnnd  by  caft 


n 


SPHERICAL  TRIGONOMETRY. 


DEFINITIONS. 

t 

TH  E  pole  of  a  drde  of  the  fphere  is  a  point  in  the  fuper' 
fides  of  the  fpherei  from  which  all  firaight  lines  drawa 
to  the  circum&rence  ci  the  drcl^  are  equal. 

n, 

A  great  drde  of  the  iphere  is  any  whole  plane  pafles  throu^  the 
center  of  the  lphere>  and  whole  center  therefore  is  tho^  iaiaf 
with  that  of  the  Iphere. 

m. 

A  ipherical  triangle  is  a  figure  upon  the  fuperfides  of  a  fphere 
comprehended  by  three  arches  of  three  great  cirdes,  each  of 
which  is  lels  than  a  iemidrde. 

IV. 

A  Ipherical  angle  is  that  which  on  the  fuperfides  of  a  fphere  is 
contained  by  two  arches  of  great  cirdes,  and  is  the  fame  withr 
the  inclination  of  the  planes  of  thele  great  cirdes. 


GR 


PROP.    I. 

EAT  circles  bifedl  one  another^ 


As  they  have  a  common  center  their  common  feftioii  will  loe  a 
diameter  of  each  which  will  bifeA^  them. 


PROP.  IL    Fig.  r. 


T 


H  £  arch  of  a  great  circle  betwixt  the  pole  and 
circumference  of  another  is  a  quadrant 


Let  ABC  be  t  great  circle  and  D  its  pole ;  if  a  great  drde 
DC  pafs  through  D,  and  meet  ABC  in  C,  the  arch  DC  will 
6e  a  quadrant. 

Let  the  great  drde  CD  meet  ABC  again  in  A,  and  let  AC 
fm  the  commoA  leQieo  of  the  groat  drdes^  which  will  pafs 


'»4 
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through  E  the  center  of  the  fphere  :  join  DE,  DA,  DC :  by 
def.  I.  DA,  DC  are  equai,  and  A£,  EC  are  aUb  equal,  and  DS 
is  common  ;  therefore  (8.  i.)  the  angles  DEA,  DEC  are  equal  ; 
mrherefore  the  arches  DA,  DC  are  equal,  and  confequently  each 
of  them  is  a  quadrant.     Q^  £.  D. 

PROP.  nL     Fig.  2. 

T  F  a  great  circle  be  defcribed  meeting  two  great 
circles  AB,  AC  paffing  through  its  pole  A  in  B,  C, 
the  angle  at  the  center  of  the  fphere  upon  the  circum- 
ference EC,  is  the  fame  with  the  fpherical  angle  BAG, 
and  the  arch  BC  is  called  the  meafure  of  the  fpherical 
angle  BAG. 

Let  the  planes  of  the  great  circles  AB,  AC  interie^  coe  ancv 
ther  in  the  ftraight  line  AD  pal&ng  through  D  thdr  coaunoa 
center ;  join  DB,  DCi, 

Since  A  is  the  pole  of  BC,  AB,  AC  Vill  be  quadrants,  and 
the  angles  ADB,  ADC  right  angles  y  therefore  (6..de£»  1 1.)  the 
angle  CDB  is  'the  inclination  of  the  planes  of  the  drcks  AB, 
AC  «,  that  is,  (def.  4.)  the  fpherical  angle  B AC.     (^  E.  D. . 

Cor.  If  through  tKe  point  A,  two  quadrants  AB,  AC,  be 
drawn,  the  point  A  will  be  the  pole  of  the  great  drde  BC,  paf- 
fing  through  their  extremities  B,  C 

Join  AC,  and  draw  AE  a  ftraight  line  to  any  other  point  E  * 
in  BC;  join  DE :  iince  AC,  AB  are  quadrants,  the  angles  ADB, 
ADC  are  right  angles,  and  AD  will  be  perpendicular  to  the 
plane  of  BC :  therefore  the  angle  ADE  is  a  right  angle,  and  AD, 
DC  are  equal  to  AD,  DE  each  to  each  ;  therefore  AE,  AC  ate 
equal,  and  A  is  the  pole  of  BC,  by  def.  i.     Q^  E.  D. 


I 


PROP.    IV.     Fig.  3. 

N  ifofceles  fpherical  trianglcb,  the  angles  at  the  bafe 
are  equ^. 


Let  ABC  be  an  ifofceles  triangle,  and  AC,  CB  the  equal  fidc^i 
the  angles  BAC,  ABC,  at  the  bafe  AB^fee'^equal. 

Let  D  be  the  center  of  the  fphcrf,  and  join  DA,  DB,  DC ; 
ta  DA  take  any  point  £,  from  which  diraw,  in  the  plane  ADC^ 


the  ftraight  line  EF  at  right  angles  to  ED  meeting  CD  in  F,  and 
draw,  in  the  plane  ADB,  EG  at  right  angles  to  the  fime  ED  ^ 
therefore  the  re^ilineal  angle  FEG  is  (6.  def.  1 1.)  the  indinatioii 
of  the  planes  ADC,  ADB,  and  therefore  is  the  iame  with  the 
fpherical  angle  BAC :  from  F  draw  FH  perpendicular  to  DB^ 
and  from  H  draw,  in  the  plane  ADB,  the  ftraight  line  HG  at 
right  angles  to  HD  meeting  EG  in  G,  and  join  GF,  Beczofe 
DE  is  at  right  angles  to  EF  and  EG,  it  is  perpendicular  to  the 
plane  FEG,  (4.  1 1.)  and  therefore  the  plane  FEG  is  perpendi- 
cular to  the  plane  ADB,  in  which  DE  is  r  ( 1 8.  1 1.)  in  the  lame 
manner  the  plane  FHG  is  perpendicular  to  the  plane  ADB ;  aid 
therefore  GF  the  common  fe^^ioi^  of  the  planes  FEG^  FHG  is 
perpendicular  to  the  plane  ADB }  (19.  11.)  and  becaufe  the 
angle  FHG  is  the  inclination  of  the  planes  BDC,  BDA,  it  is  the 
fame  with  the  fpherical  angle  ABC ;  and  the  fides  AC,  CB  of  the 
fpherical  triangle  being  equial,  the  angles  EDF,  HDF,  which 
ftand  upon  them  at  the  center  of  the  fphere,  are  equal  i  and  in 
the  triangles  EDF,  HDF  the  fide  DF  is  common,  and  the  angles 
DEF,  DHF  are  right  angles ;  therefore  EF,  FH  are  equal ;  and 
in  the  triangles  FEG,  FHG  the  fide  GF  is  common  and  the  fides 
EG,  GH  wiH  ble  eqtfal  by  the  47.  i.  and  therefore  the  angle 
FEG  is  equal  to  FHGj  (8.  i.)  that  is,  the  fpherical  angle  BAC 
is  equal  to  the  fpherical  angle  ABC. 

PROP.    V.     Fig.  3. 

T  F,  in  a  fpherical  triangle  ABC,  two  of  the  angles 
-*•  BAC,  ABC  be  equal,  the  fides  BC,  AC  oppofitc 
to  them,  are  equal. 

Read  the  conftruAion  and  demonftration  of  the  preceding  pro* 
pofition,  unto  the  words,  '^  and  the  fides  AC,  CB,''  &c.  and  tlie 
reft  of  the  demonllration  will  be  as  follows,  viz. 

And  the  fpherical  angles  BAC,  ABC  being  equal,  the  reAilineal 
angles  FEG,  FHG,  which  are  the  fame  with  them,  are  equal; 
and  in  the  triangles  FGE,  FGH  the  angles  at  G  are  right  angles, 
and  the  fide  FG  oppofite  to  two  of  the  equal  angles  is  common; 
therefore  (26.  i.)  EF  is  equal  to  FH ;  and  in  the  right-angled 
triangles  DEF,  DHF  the  fide  DF  is  common ;  wherefore  (47.  i») 
'•ED  is  equal  to  DH,  and  the  angles  EDF,  HDF  are  therefore 
equal,  (4.  i.)  and  conlequently  the  fides  AC,  BC  of  the  fpbcricil 
arc  equal* 
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PROP.    VI.     Fic.  4, 

AN  T  two  fides  of  a  fpherical  triangle  are  greater 
than  the  thirds 

Let  ABC  be  a  fpherical  triangle,  afiy  two  tides  AB^  BC  wSt 
i>e  greater  than  the  other  fide  AC* 

Let  D  be  the  center  of  the  fphere ;  join  DA,  DB,  DC. 

The  folid  angle  at  D  is  contained  by  three  plane  angles  ADB, 
ADC,  BDC ;  and  by  20.  11.  any  two  of  them  ADB,  BDC  axt 
^eater  than  the  third  ADC;  that  is,  any  two  fides  AB,  BC  o£ 
Hit  fpherical  triangle  ABC,  are  greater  than  the  third  AC' 

PROP.    Vn*     Fic.  4* 

TH  C  three  fides  of  a  fpherical  triangle  are  lefir 
than  a  circles- 
Let  ABC  be  a  fpherical  triangle  ais  before,  the  three  fides  Al^ 

BC,  AC  are  lefs  than  a  circle. 

Let  D  be  the  center  ot  the  fphere  :  the  iolid  angle  at  D  is 
contained  by  three  plane  angles  BDA,  BDC,  ADC,  which  to- 
gether are  lefs  than  four  right  angles,  (21.  1 1  •)  therefore  the  fiddr 
AB,  BC,  AC  together,  will  be  lefs  than  four  qtladrants  v  that  i% 
USs  than  a  circle.  ' 

PROP.     Vni.      Fid.  5. 

T  N  a  fpherical  triangle  the  greater  angle  b  oppofite 
to  the  greater  fide  j  and  converfely. 

Let  ABC  be  a  fpherical  triangle,  the  greater  angle  A  is  op^ 
^ied  to  the  greater  fide  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B,  and  then 

BD,  DA  will  be  equal,  (5.  of  this)  and  therefore  AD,  DC  are 
equal  to  BC ;  but  AD,  DC  are  greater  than  AC,  (6.  of  this,} 
therefore  BC  is  greater  than  AC,  that  is,  the  greater  angle  A  is 
•ppofite  to  the  greater  fide  BC.  The  coaveric  k  demonftratod 
prop.  19.  I.  £L    Q.  TLD. 
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PROP.    IX.     Fig,  6. 

T  N  any  fpherical  triangle  ABC,  if  the  fum  of  the  fidei 
AB,  BC  be  greater,  equal,  or  lefs  than  a  femi- 
circle,  the  internal  angle  at  the  bafe  AC  will  be  great- 
er, equal, or  lefs  than  the  external  and  oppofite  BCD; 
and  therefore  the  fum  of  the  angles  A  and  ACB  will 
be  greater,  equal,  or  lefs  than  two  right  angles. 

•    Let  AC,  AB  produced  meet  in  D. 

1.  If  AB,  BC  be  equal  to  a  iemicirde,  that  is,  to  AD,  BC, 
BD  will  be  equal,  that  is,  (4.  of  this)  the  angle  D,  or  the  angle 
A  will  be  equal  to  the  angle  BCD. 

2.  If  AB,  BC  together  be  greater  than  a  femicircle,  that  b^ 
greater  than  ABD,  BC  will  be  greater  than  BD  v  and  therefore 
(8  of  this)  the  angle  D,  that  is,  the  angle  A,  is  greater  than  the 
angle  BCD. 

3.  In  the  fame  manner- is  it  fliewn,  that  if  AB,  BC  together 
be  Icfs  than  a  femicircle,  the  angle  A  is  lefs  than  the  angle  BCD. 
And  fmce  the  angles  BCD,  BCA  are  equal  to  two  right  angles, 
if  tlie  angle  A  be  greater  than  BCD^  A  and  ACB  together  will 
be  greater  than  two  right  angles.  If  A  be  equal  to  BCD,  A 
and  ACB  together  will  be  equal  to  two  right  angles ;  and  if  A  be 
lefs  than  BCD,  A  and  ACB  will  be  lefs  than  two  right  angles. 
Q^  E.  D. 

PROP.    X.     Fig.  7. 

T  F  the  angular  points  A,  B,  C  of  the  fpherical  tri- 
-*•  angle  ABC  be  the  poles  of  three  great  circles, 
thefe  great  circles  by  their  interfeclions  will  form  ano- 
tlier  triangle  FD£,  which  is  called  fupplemental  to 
the  former ;  that  is,  the  fides  FD,  DE,  EF  are  the 
fupplements  of  the  meafures  of  the  oppofite  angles  C, 
B,  A,  of  the  triangle  ABC,  and  the  meafures  of  the 
angles  F,  D,  E  of  the  triangle  FDE,  will  be  the  fup- 
plements of  the  fides  AC,  BC,  BA,  in  the  triangle 
ABC- 
Let  AB  produced  meet  DE,  EF  in  G,  M.  and  AC  rrxzt  FD, 
FE  in  E,  L,  aiid*BC  meet  FD,  D£  in  N,  il. 
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Since  A  is  the  pole  of  FE,  and  the  circle  AC  pafles  duoogh  A4 
EF  will  pafs  through  the  pole  of  AC,  (13.  15.  i.  Th.)  and 
fmce  AC  pafles  through  C,  the  pole  of  FD,FD  will  pafs  through 
the  pole  of  AC ;  therefore  the  pole  of  AC  is  in  the  pcMnt  F,  id 
which  the  arches  DF,  EF  interfeft  each  other.  In  the  fiune 
manner,  D  is  the  pole  of  BC,  and  £  the  pole  of  AB. 

And  fince  F,  £  are  the  poles  of  AL,  AM,  FL  and  £M  an 
quadrants,  and  FL,  £M  together,  that  is  F£  and  ML  together, 
are  equal  to  a  femicircle.  But  fince  A  is  the  pole  of  MIj,  ML 
is  the  meafurc  of  the  angle  BAC,  confcquently,  FE  is  the  fnp- 
plcment  of  the  meaiure  of  the  angle  BAC.  In  the  &me  maiH 
ner,  ED,  DF  are  the  fupplemcnts  of  the  meafiires  oi  the  angles 
ABC,  BCA. 

Since  likewife  CN,  BH  are  quadrants,  CN,  BH  together,  that 
is,  NH,  BC  together,  are  equal  to  a  femicircle ;  and  iinoe  D  is 
the  pole  of  NU,  NH  is  the  meafure  oi  the  angle  FDE,  there- 
fore the  meafure  of  the  angle  FDE  is  the  fapplement  of  the  fide 
BC.  In  the  fame  manner,  it  is  (hewn  that  the  meafures  of  the 
angles  DEF,  EFD  are  the  fupplements  of  the  fides  A]ft,  AC,  10 
the  triangle  ABC.     Qj^  E.  D* 

PROP.     XI.     Fig*  7. 

THE  three  angles  of  a  fpherical  triangle  are  greater 
than  two  right  angles,  and  lefs  than  iix  right 
angles. 

The  meafures  of  the  angles  A,  B,  C,  in  the  triangle  ABC,  ft> 
getlier  with  the  three  fides  of  the  fupplemental  triangle  DEF,  are 
( I  o.  of  this)  equal  to  three  femicircles  ;  but  the  three  fides  of  the 
triangle  FDE,  are  (7.  of  this)  lefs  than  rwo  femicircles;  there- 
fore  the  meafures  of  the  angles  A,  B,  C  are  greater  than  a  (emi* 
circle  \  and  hence  the  angles  A,  B,  C  are  greater  than  two  right 
angles. 

All  the  external  and  internal  angles  of  any  triangle  zsc  equal 
to  fix  right  angles  *,  therefore,  all  the  internal  angles  are  lefs  than 
fix  right  angles. 


PROP.    Xn.    Fig.  8. 


I 


F  from  any  point  C,  which  is  not  the  pole  of  the 
great  circle  ABD,  there  be  drawn  arches  oi  great 
circles  CA,  CD,  CE,  CF,  &c.  the  gr?atcft  of  thefc  is 
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CA,  which  paffcs  through  H  the  pole  of  ABD,  and 
CB  the  remainder  of  ACB  is  the  leaft,  and  of  any 
fathers.  CD,  CE,  CF,  &c.  CD,  iVhich  is  nearer  to  CA. 
Is  greater  than  GE,  which  is  more  remote. 

Let  the  common  feftionof  the  pkncs  of  the  great  circles  ACB, 
ADB  be  AB ;  and  from  C,  draw  CG  perpendicular  to  AB^  which 
will  alio  be  perpendicular  to  the  plane  ADB  ;  (4.  def.  x  z.)  jcdn 
CD,  GE,  GF,  CD,  CE,  CF,  CA,  CB. 

Of  all  the  (faraight  lines  drawn  from  G  to  the^circtimfercnce 
ADB,  GA  is  the*  greateft,  and  GB  the  leaft;  (7.  3.)  and  GD 
which  is  nearer  to  GA  is  greater  than  GE,  which  is  more  re-« 
mote.  The  triangles  CGA,  CGD  are  right-adgled  at  G,  and 
they  have  the  common  lide  CG  $  therefore  the  fquares  of  CG, 
GA  together,  that  is,  the  fquare  of  CA,  is  greater  than  the 
fquares  of  CG,  GD  together,  that  is,  the  fquare  of  CD ;  and 
CA  is  greater  than  CD^  and  therefore  the  arch  C A  is  greater 
than  CD.  In  the  fame  manner,  fince  GD  is  greater  than  GE, 
and  GE  than  GF,  &c.  it  is  fheWn  that  CD  is  greater  than  CE, 
and  CE  than  CF,  &c.  and  coiifequently,  the  arch  CD  greater 
than  the  arch  C&f  and  the  arch  CE  greater  than  the  arch  CF,  &Ci 
And  fince  GA  is  the  greataft,  and  GB  the  leaft  of  all  the  ftraight 
lines  drawn  from  G  to  the  circuMerence  ADB,  it  is  manifeft 
that  CA  is  the  greateft,  and  CB  the  leaft  of  all  the  ftraight  lines 
drawn  from  C  to  that  circumference ;  and  therefore  the  arch  C  A 
is  the  greateft,  and  CB  the  leaft  of  all  the  circles  drawn  througH 
A  meeting  ADB.    (^E-D. 

PROP-    Xm.     Fig.  g. 

IN  a  right-angled  fpherical  triangle  the  fides  are  of 
the  fame  affeftion  with  the  oppofite  angles ;  that 
is,  if  the  fides  be  greater  or  lefs  than  quadrants,  the 
oppofite  angles  will  be  greater  or  lefs* than  right 
angles. 

Let  ABC  be  a  fpherical  triangle  right-angled  at  A,  any  fid* 
AB,  will  be  of  the  fame  afFeftion  with  the  oppofite  angle  ACB. 

Cafe  I.  Let  AB  be  lefs  than  a  quadrant,  let  AE  be  a  qua- 
drant, and  let  EC  be  a  great  circle  paffing  through  E,  C.  Since 
A  is  a  right  angle,  and  AE  a  quadrant,  £  is  the  pole  of  thic 
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great  circk  AC,  and  EC  A  a  right  angle  j  but  ECA  is  greater 
than  BC A,  therefore  BOA  b  lefe  than  a  right  angle.  Q^JE.  D. 
if.  !••  Cafe  2.  Let  AB  be  greater  than  a  quadrant,  make  AE  a  qua- 

drant, and  let  a  great  circle  pafs  through  C,  E.  ECA  is  a  right 
angle  as  before,  and  BCA  is  greater  thaDi  ECAj  that  is^  greater 
than  a  right  angk.     (^  £-  D^ 


tROP-    XIV^ 

T  F  the  two  fides  of  a  right-angled  fphcrical  triangle 

be  of  the  fame  affe6lion,  the  hypothenufe  will  be 

lefs  than  a  quadrant ;  and  if  they  be  of  different  affec* 

tion,  the  hypothenufe  will  be  greater  than  a  quadrant. 

Let  ABC  be  a  right-angled  fphcrical  triangle,  if  the  two  fides 
AB,  AC  be  of  the  fame  or  of  different  afleAion,'  the  hypothe-^ 
nufe  BC  will  be  lefs  or  greater  than  a  quadrant. 
fSg,  ^  Cafe  I.  Let  AB,  AC  be  each  lefs  than  a  quadrant.     Let  AE, 

AG  be  quadrants  *,  G  will  be  the  pole  of  AB,  and  £  the  pole 
ef  AC,  and  EC  a  quadrant ;  but,  by  prop.  1 2.  CX  is  greater 
than  CB,  fmce  CB  is  farther  off  from  CGD  than  CE.  In  the 
fame  manner,  it  is  {hewn  that  CB,  in  the  triangle  CBD,  where 
the  two  fides  CD)  BD  are  each  greater  than  a  quadrant^  is  left 
than  CE,  that  is,  lefs  than  a  quadrant.     Q^  E.  D.  | 

Fig.  «©.  ^^^  ^*   ^^  ^^  ^  '^^>  ^^  ^  greater  than  a  quadrant ; 

then  the  hypothenufe  BC  will  be  greater  than  a  quadrant ;  fiar 
let  AE  be  a  quadrant,  then  \E  is  the  pole  of  AC,  and  EC  will  be 
a  quadrant.  But  CB  is  greater  than  CE  by  prop,  j  2.  fincc  AC 
paffes  through  the  pole  of  ABD,     (^E*  !)• 

PROP.    XV- 

T  F  the  hypothenufe  of  a  right*angled  triangle  be 
greater  or  lefs  than  a  quadrant,  the  fides  will  be 
'  of  different  or  the  fame  affeftion. 

This  is  the  converfe  of  the  preceding,  and  demonflxated  ia 
the  fame  manner. 
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PROP-     XVI. 

TN  any  fphericaLtriangle  ABC,  if  the  perpendicular 
AD  from  A  upon  the  bafc  BC  fall  within  the 
triangle,  the  angles  B  and  C  at  the  bafe  will  be  of  the 
fame  affeftion ;  and  if  the  perpendicular  fall  without 
the  triangle,  the  angles  B  and  C  will  be  of  diflferent 
afie6tion. 

1.  Let  AD  fall  within  the  triangle ;  then  (13.  of  this)  finceFJj-  "• 
ADB,  ADC  are  right-angled  fpherical  triangles,  the  angles  B,  C 
muft  each  be  of  the  fame  affeflioa  as  AD. 

2.  Let  AD  fall  without  the  triangle,  then  (13.  of  this)  the  rig.  is« 
angle  B  is  of  the  fame  affeftion  as  AD ;  and  by  the  fame,  the 
angle  ACD  is  of  the  fame  aiFeftion  as  AD  ;  therefore  the  angle 
ACB  and  AD  are  of  different  afleAion,  and  the  angles  B  and 
ACB  of  different  affection. 

CoR.  Hence  if  the  angles  B  and  C  be  of  the  fame  affedion, 
the  perpendicular  will  fall  within  the  bafe ;  for,  if  it  did  not, 
(16.  of  this,)  B  and  C  would  be  of  different  affection.  And  if 
the  angles  B  and  C  be  of  oppofite  affeftion,  the  perpendicular 
will  fall  without  the  triangle ;  for,  if  it  did  riot,  ( 1 6.  of  this,)  the 
angles  B  and  C  would  be  of  the  fanae  affeftion,  contrary  to  the 
fuppofition. 

PROP.    XVII.     Fig.  13. 

T  N  right-angled  fpherical  triangles,  the  fine  of  either 
**"  of  the  fides  about  the  right  angle,  is  to  the  radius 
of  the  fphere,  as  the  tangent  of  the  remaining  fide  is 
to  the  tangent  of  the  angle  oppofite  to  that  fide* 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A ;  and  let 
/  AB  be  either  of  the  fides,  the  fine  of  the  fide  AB  will  be  to  the 
radius,  as  the  tangent  c^  the  other  fide  AC  to  the  tangent  of 
the  angle  ABC,  oppofite  to  AC.  Let  D  be  the  center  of  th« 
fphere  \  join  AD,  BD,  CD,  and  let  AE  be  drawn  perpendicular 
to  BD,  which  therefore  will  be*  the  fme  of  the  arch  AB,  and 
from  the  point  E,  let  there  be  drawn  in  the  plane  BDC  the 
ftraight  line  EF  at  right  angles  to  BD,  meeting  DC  in  F,  and 
let  AF  be  joined.     Since  therefore  the  firaight  line  D£  is  at    . 
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right  angles  to  both  £A  and  £F,  it  will  alfo  be  at  right  anglps 
to  the  plane  AEF,  (4.  11.)  wherefore  the  plape  ABD,  which 
pafles  through  DE,  is  perpendicular  to  the  plane  AEF,  (18.  11,) 
mid  the  plane  AEF  perpendicular  to  ABD  :  the  plane  ACD  or 
AFD  is  alfo  perpendicular  to  the  fame  ABD  :  therefore  the 
common  feflion,  viz.  the  {faraight  line  AF,  is  at  right  angles  to 
the  plane  ABD :  ( 1 9-  1 1.)  and  FAE,  FAD  ar9  right  angles ;  (3, 
def.  1 1.)  therefore  AF  is  the  tangent  of  the  arch  AC  \  and  in  the 
fedilineal  triangle  AEF,  having  a  right  apgle  at  A,  A£  will  be 
to  the  radius  as  AF  to  the  tangent  of  the  angle  AEF,  (i-  PL 
Tr.  i)  but  AE  is  the  fine  of  the  arch  AB,  and  AF  the  tangent 
pf  the  arch  AC,  and  the  angle  AEF  is  the  indication  <^  die 
planes  CBD,  ABD,  (6t  def^i  i.)  or  the  fpherical  pigle  ABC; 
therefore  the  fine  of  the  arch  AB  is  to  the  radius  as  the  tangent 
pf  the  arch  AC,  to  the  tangent  of  the  oppoiite  angle  ABC. 

Cor.  I.  If  therefore  of  the  two  fides,  and  an  angle  oppofitiq 
to  one  of  them,  any  two  be  given,  the  third  will  alio  foe  given. 

Cor.  2.  And  fin^e  by  this  propofidon  the  fine  of  the  iidc 
AB  is  to  the  radius,  as  the  tangent  of  the  other  fide  AC  to  the 
tangent  of  the  angle  ABC  oppofite  to  that  fide  j  and  as  the  ra- 
dius is  to  the  co-tangent  of  the  ahgle  ABC,  fo  is  the  tangent  df 
the  fame  angle  ABC  to  the  radius,  (Cor.  2.  def.  PL  Tr.)  by 
equality,  the  fine  of  the  fide  AB  is  to  the  co-tangent  of  the  angle 
ABC  adjacei^t  to  it,  as  the  tangent  of  the  other  fide  AC  to  th^ 
fadius. 

« 

PR  OP,     XVni.     Fig.  13, 

TN  right-angled  fpherical  triangles  the  fine  of  the  hy* 
pothenufe  is  to  the  radius,  as  the  fine  of  either 
fide  is  to  the  fine  of  the  angle  oppofite  tp  that  fide. 

Let  the  triangle  ABC  be  right-^gled  at  A,  and  let  AC  be 
either  of  the  fides ;  the  fine  of  the  hypothenufe  BC  will  be  to  the 
radius  as  the  fine  of  the  arch  AC  is  to  the  fine  of  the  angle 
ABC. 

Let  D  be  the  center  of  the  fphere,  and  let  CG  be  drawQ 
perpendicular  to  DB,  which  will  theref<He  be  the  fine  ot  thq 
hypothenufe  BC ;  and  from  the  point  G  let  there  be  drawn  in 
the  plane  ABD  the  ffaraight  line  GH  perpendicular  to  DB,  and  let 
CH  be  jcaned  :^  CH  will  be  at  right  angles  to  the  plane  ABD,  as 
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was  (hewn  io  the  preceding  propofition  of  the  ftraight  line  FA : 
wherefore  CHD,  CHG  are  right  angles,  and  CH  is  the  fine  of 
the  arch  AC ;  and  in  the  triangle  CHG,  having  the  right  angle 
CHG,  CG  is  to  the  radius  as  CH  to  the  fine  of  the  angle  CGH: 
(!•  PI.  Tr.)  but  fmce  CG,  HG  are  at  right  angles  to  DGB, 
which  is  the  common  ieftion  of  the  planes  CBD,  AfiD,  the  angle 
CGH  will  be  equal  to  the  inclination  of  thefe  planes;  (6.  def. 
II.)  that  is,  to  the  fpherical  angle  ABC.  The  fine,  therefore, 
of  the  hypothenufe  CB  is  to  the  radius  as  the  fme  of  the  fide 
AC  b  to  the  fine  of  the  oppofite  angle  ABC.     Q^  E.  D. 

Cor*  Of  thefe  three,  viz.  the  hypothenufe,  a  fide,  and  the 
$mgle  oppofite  to  that  fide,  any  two  being  g^ven,  the  third  is  a]fi> 
given  by  prop.  2. 

PROP.    XIX.     Fig,  14. 

IN  right-angled  fpherical  tmnglcs,  the  co-fine  of  the 
hypothenufe  is  to  the  radius  as  the  co-tangent  of 
either  of  the  angles  is  to  the  tangent  of  the  remain* 
ing  angle. 

Let  ABC  be  a  fpherical  triangle,  hamg  a  right  angle  at  A,  the 
co-fine  of  the  hypothenufe  BC  will  be  to  the  radius  as  the  co^ 
tangent  of  the  angle  ABC  to  the  tangent  of  the  angle  ACB. 

Defcribe  the  circle  DE,  of  which  B  is  the  pole,  and  let  it 
meet  AC  in  F,  and  the  circle  BC  in  £  ;  and  fince  the  circle  BD 
pafies  through  the  pole  B  of  the  circle  DF,  DF  will  alfo  pafs 
through  the  pole  of  BD.  (13.  i8.  i.  Theod,  fph.)  And  fince 
AC  is  perpendicular  to  BD,  AC  will  alfo  pafs  through  the  pole 
of  BD  ;  wherefore  the  pole  of  the  circle  BD  will  be  found  in 
th^  point  where  the  circles  AC,  D£  meet,  that  is,  in  the  point  F; 
the  arches  FA,  FD  are  therefore  quadrants,  and  likewife  the 
arches  BD,  BE :  in  the  triangle  C£F,  right-angled  at  the  point 
£,  C£  is  the  complement  of  the  hypothenufe  BC  of  the  triangle 
ABC)  £F  is  the  complement  of  the  arch  £D,  which  is  the  mea- 
fure  of  the  angle  ABC,  and  FC  the  hypothenufe  of  the  triangle 
CEF,  is  the  complement  of  AC,  and  the  arch  AD,  which  is  the 
meafure  of  the  angle  CF£,  is  the  complement  of  AB. 

But  ( 1 7«  of  this)  in  the  triangle  C£F,  the  fine  of  the  fide  CE 
U  to  the  radius^  as  the  tangent  of  the  other  fide  is  to  the  tangent 
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of  the  angle  ECF  oppofite  to  it,  that  is,  in  the  triangle  ABC,  tli« 
co-fine  of  the,hypothcnufe  BC  is  to  the  radius,  as  the  co-tangent 
of  the  angle  ABC  is  to  the  tangent  of  the  angle  ACB.  Q^E.  D. 

CoK.  I.  Of  thefe  three,  viz*  the  hypothenufe  and  the  two 
angles,  any  two  being  given,  the  third  will  aUb  be  given* 

CoR.  2.  And  fince  by  this  propofition  the  co-fine  of  the  hy- 
pothenufe BC  is  to  the  radius  as  the  co-tangent  of  the  angle  ABC 
to  the  tangent  of  the  angle  ACB*  But  as  the  radius  is  to  the 
co-tangent  of  the  angle  ACB,  fb  is  the  tangent  of  the  iame  to 
the  radius  ;  (Cor.  2.  def-  PI.  Tr.)  and,  ex  aequo,  the  co-fine  of 
the  hypothenufe  BC  is  to  the  co^tangent  of  the  angle  ACB,  as 
the  co-tangent  of  the  angle  ABC  to  the  radius. 

PROP.     XX.     Fig.  14. 

TN  right-angled  fpherical  triangles,  the  co-fine  of  sin 
angle  is  to  the  radius,  as  the  tangent  of  the  fide 
adjacent  to  that  angle  is  to  the  tangent  of  the  hypo- 
thenufe. 

The  fame  conftruftion  remaining ;  in  the  triangle  CEF.  (17% 
of  this)  the  fine  of  the  fide  EF  is  to  the  radius,' as  the  tangent  of 
the  other  fide  CE  is  to  the  tangent  of  the  angle  CFE  oppofite  to 
it ;  that  is,  in  the  triangle  ABC,  the  co-fine  of  the  angle  ABC  is 
to  the  radius  as  (the  co-tangent  of  the  hypothenufe  BC  to  the 
co-tangent  of  the  fide  AB,  adjacent  to  ABC,  or  as)  the  tangent 
of  the  fide  AB  to  the  tangent  of  the  hypothenufe,  fince  the  tan- 
gents of  two  arches  are  reciprocally  proportional  to  their  co- 
tangents.    (Cor.  I .  def.  PI.  Tr.) 

CoR.  And  fince  by  this  propofition  the  co-fine  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  the  fide  AB  is  to  the 
tangent  of  the  hypothenufe  BC  j  and  as  the  radius  is  to  the  co- 
tangent of  BC,  fb  is  the  tangent  of  BC  to  the  radius  5  by  equality, 
the  co-fine  of  the  angle  ABC  will  be  to  the  co-tangent  of  the  hy- 
])othenufe  BC,  as  the  tangent  of  the  fide  AB>  adjacent  to  the 
angle  ABC  to  the  radius* 
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PROP-     XXI.     Fig.  14. 

TN  right-angled  fpherical  triangles,   the  co-fine  of 
ciUier  of  the  fides  is  to  the  radius,  as  the  co-fine 
of  the  hypothenufe  is  to  the  co-fine  of  the  other  fide. 

The  fame  conftruftion  remaining ;  In  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius,  as  the  fine  of  the 
fide  CE  to  the  fine  of  the  oppofite  angle  CFE  5  ( 1 8.  of  this) 
that  by  in  the  triangle  ABC  the  co-fine  of  the  fide  CA  b  to  the 
radius  as  the  co-fine  of  the  hypothenufe  BC  to  the  co-fine  of 
the  other  fide  BA.     Q^E.  D. 

PROP.     XXn.     Fig.  14. 

TM  right-angled  fpherical  triangles,  the  co-fine  of 
•*"  either  of  the  fides  is  to  the  radius,  as  the  co-fine 
of  the  angle  oppofite  to  that  fide  is  to  the  fine  of  the 
other  angle. 

The  fiune  conftruftion  remaining ;  in  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius  as  the  fine  of  the  fide 
£F  is  to  the  fine  of  the  an^^e  ECF  oppofite  to  it  ^  that  is,  in  the 
triangle  ABC,  the  co-fine  of  the  fide  CA  is  to  the  radius,  as  the 
co-fine  of  the  angle  ABC  oppofite  to  it,  is  to  the  fine  of  the  other 
ang^e.     Q^  E.  D, 


n 
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OF  THE  CIRCULAR   PARTS. 

f^  U*  T  N  any  right-angled  fphencal  triangle  ABC>  the  complement 
J|_  of  the  hypothenufe,  the  complements  of  the  angles^  and  the 
two  fides,  are  called  The  circular  parts  of  the  triangle ^  as  if  it 
wei*e  following  each  other  in  a  cuxulaF  order,  from  whatcrcr 
jMOt.we  be^  :  thus,  if  we  begin  at  tlie  complement  of  the  hy« 
pothenufe,  and  proceed  towards  the  fide  BA,  the  parts  following 
in  order  will  be  the  complement  of  the  hypotheQufe,  the  coo^ 
plement  of  the  angle  B,  the  fide  BA  the  fide  AC,  (for  the  lighc 
angle  at  A  is  not  reckoned  among  the  parts,}  and,  lafUy,  the 
complement  of  the  angle  C«  And  thus  at  whatever  part  we  be^n, 
if  any  three  of  thefe  five  be  taken,  they  dtb^  will  be  all  con- 
tiguous or  adjacent,  or  one  of  them  wiU  i^ot  be  contiguons  to 
cither  of  the  other  two :  in  the  firft  caiSb,  the  part  which  is  be- 
tween the  other  two  is  called  the  Middle  part^  and  the  other  two 
are  called  /4djacent  extremes*  In  th§  i^nd  caie,  the  part 
which  is  not  contiguous  to  either  of  the  other  two  is  called  the 
Middle  party  and  the  other  two  Oppojite  extremes.  For  ex-  • 
ample,  if  the  three  parts  he  the  complement  of  the  hypothende 
BC,  the  complement  of  the  angle  B,  and  the  fide  BA  \  fince  thefe 
three  are  contiguous  to  each  qther,  the  complement  of  the  angle  i 
B  will  be  the  middle  part,  and  the  complement  of  the  hypothenufe  t 
BC  ^nd  the  fide  BA  will  be  adjacent  extremes  :  but  if  the  com-  { 
plement  of  the  hypothemife  BC,  and  the  fides  BA,  AC  be 
taken  ;  fince  the  complement  of  the  hypothenufe  is  not  adjacent 
to  either  of  the  fides,  viz.  on  account  of  the  complements  of  the 
two  angles  B  and  C  interveening  between  it  and  the  fides,  the 
complement  of  the  hypothenufe  BC  will  be  the  middle  part^  and 
1  the  fides,  BA,  AC  oppofite  extremes.  The  mofi  acute  and  inge- 
sious  Baron  Napier,  the  inventor  of  Logarithms,  contrived  the 
two  following  rules  concerning  thefe  parts,  by  means  of  which 
all  the  cales  of  right-angled  (pherical  triangles  are  refolved  ^th 
the  greateft  eafe. 

R  U  L  E    1. 

The  reftangle  contained  by  the  radius  and  the  fine  of  the  mid- 
dle part,  i9  equal  to  the  reftangle  contalaed  by  the  tangents  of  the 
adjacent  paxts* 


t  ' 
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RULE    n. 

^e  reftangle  contained  by  the  radius,  and  the  fine  of  the  middle 

part  is  equal  to  the  reAangle  contained  by  the  co-fines  of  the 

the  oppofite  parts. 

Thefe  rules  are  demonftrated  in  the  following  manner. 

Firft,  Let  either  of  the  fides,  as  B  A,  be  the  middle  part,  and  Fig.  t<* 
there^e  the  complement  of  the  angle  B,  and  the  fide  AC  will 
be  adjacent  extremes.     And  by  Cor.  2.  prop.  1 7.  of  this,  S| 
BA  is  to  the  Co-T,  B,  as  T>  AC  is  to  the  radius,  and  therefore 
RxS,  BA=Co-T,  BxT,  AC. 

The'£une  iide  BA  being  the  middle  part,  the  complement  of 
fhe  hypothenufe,  and  the  complement  of  the  angle  C,  are  oppofite 
extremes  \  and  by  prop.  1 8.  S,  BC  is  to  the  radius,  as  S,  BA  t9 
S,  C  5  therefore  RxSi  BA=S,  BCxS,C. 

Secondly,  Let  the  complement  of  one  of  the  angles,  as  B,  be 
the  middle  part,  and  the  complement  of  the  hypothenufe,  and  the 
iide  BA  will  be  adjacent  extremes :  aqd  by  Cor.  prop.  20.  CoS, 
B  is  to  Qo^T,  BC,  as  T,  B  A  is  to  the^  radius,  and  therefore 
RxCoS,  B=CorT,  BCxT,BA. 

Again,  Let  the  complement  of  the  angle  B  be  the  middle  part^ 
and  the  complement  of  the  angle  C>  and  the  fide  AC  will  be 
pppofite  extremes  :  and  by  prop.  2  2.  CoS,  AC  is  to  the  ra- 
dius, as  CoS,  B  is  to  S,  C ;  and  therefore  RxCoS,  B=CoS, 
AC  xS,  C. 

Thirdly,  Let  the  complement  of  the  hypothenufe  be  the  mid- 
dle part,  and  the  compltments  of  the  angles  B,  C,  will  be  adjacent 
extremes  :  but  by  cor.  ^.  prop.  1 9.  CoS,  BC  is  to  Co-T,  C  ag 
to  Co-T,  B  to  the  radius  :  therefore  RxCoS  BC=Co-Ti 
BxCo-T,  C. 

Again,  Let  the  complement  of  the  hypothenufe  be  the  middk 
part,  and  the  fides  AB,  AC  will  be  oppofite  extremes  :  but  by 
prop.  21.  CoSv  AC  is  to  the  radius,  CoS,  BC  to  CoS,  BA^ 
Jhercfore  R  X CoS,  BC=CoS,  BA  X  CoS,  Ad     C^E.  D* 


/ 


SOLUTION  of  the  Sixteen  CASES  of  right- 
angled  Spherical  triangles. 

GENERAL     PROPOSITION. 

IN  a  right-angled  fpherical  triangle,  of  the  three 
fides,  and  three  angles,  any  two  beicg  given  be- 
fides  the  right  angle,  the  other  three  may  be  found. 

Id  the  foUowing  table  the  fotutions  are  deriTcd  froci  the  preceding 
propofltioQS.  It  is  obvious  that  the  June  liilutions  may  be  de> 
tiyed  froDj  Baron  Naper's  two  roles  alx>yc  demoofirated^which, 


■ 

AC,C 

B 

K  :  uoa,  AU : :  &,  tj :  tjos,  D.  Ana  »  ■; 

rf  the  fame  fpecifis  with  C  A,  by  2  2.  and  1 3, 

2 

AC,  B 

C        CoS,  AC:R::CoS,  B;S,  C.  Byji. 

3 

B,C 

^g    is,C:CoS,B;:R;CoS,AC.  By  22.ind 
AC  is  of  the  fame  fpedes  with  B.  1 3. 

4 

BA.AC 

BC 

R:CoS,BA::CoS,AC:CoS,BC2I.and 
f  both  BA,  AC  be  gteatei  or  iefs  than  a 
quadrant,  BC  will  be  Iefs  than  a  quadrant. 
But  if  they  b«  ot  diffcieDt  affeftioo,  BC 
will  be  greater  than  a  quadjant.   1 4- 

5 

BA,BC 

AC 

CoS,  BA:R;:CoS,  BC:CoS,  AC  21 
and  if  BC  be  greater  or  Iefs  than  a  qua 
diant,  BA,  AC  will  be  of  different  or  tin 
rameaffeftion  By  15. 

i    « 

BA.AC 

B 

S,  BA-.  Rt  :T,CA:T,B,  17.  andB  U 
of  the  fame  alTeifHon  wtlli  AC.  1 3. 

7 

BA,  B 

AC 

R-S,BA::T,BiT,AC.  17.  And  ACi 
of  the  fame  affi^ton  with  B.  1 3. 
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*9 


Cafe 


8 


Given  ISought 


AC,  B 


BC,  C 


lO 


BA 


T,  B  :  R  :  :  T,  CA  :  S,  BA.  17. 


AC 


AC,C 


BC 


R :  CoS,  C :  :T,  BC  :T,  CA.  20.  If  BC 

be  lefs  or  greater  than  a  qnadrant,  C  and 
B  will  be  of  the  iame  or  difietentafie^tioa 


„ 


12 


BC,CA 


CoS,C :  R :  :T,  AC  :T,Ba2o.  And  BC 

Is  lefs  or  greater  than  a  quadrant,  accord 
ing  as  C  and  AC  or  C  and  B  are  of  the 
fame  or  difi^ent  a£feftionsi  1 4.  i  • 


BC,  B 


13 


AC,B 


r,BC:R:  :T,CA:CoS,C.  20.  IfBC 
be  lefs  or  greater  than  a  quadrant,  CA 
and  AB,  and  therefore  CA  and  C,  are  of 
the  fame  or  different  afle£ti(m.   1 5« 


AC 


Miita 


R:S,BC::S,B:S,AC.  18.  AndACis 
of  the  fame  afFedtion  v^ith  B. 


BC 


^taaa* 


M 


«5 


BC,AC 


S,  B  t  S,  AC :  :  R  :  S,  BC.  i  8. 


B 


S,  BC :  R :  :  S,  AC  :  S,  B.  i  8.    And  B 

is  of  the  fame  affcftion  v/ith  AC. 


B,C 


3C 


T,  C:R  : :  CoT, B : CoS, BC.  19.  And 

according  as  the  angles  B  and  C  are  of  dif- 
ferent or  the  fame  afiedtion,  BC  Mirill  be 
greater  or  Ids  than  a  quadrant.  1 4. 


16 


BC,  C 


B 


R :  CoS,  BC :  :T,C :  CoT,  B.  rp.  IfBC 
be  lefs  or  greater  than  a  quadrant,  C  and  B 
will  be  of  the  fame  or  different  affedtion.  i  5. 


•    

The  fecond,  eighth,  and  thirteenth  cafes,  which  are  commonly 

^ed  ambiguous,  admit  of  two  folutions  :  for  in  thefe  it  is  not 

determined  whether  the  fide  or  meaiure  of  the  angle  fought  be 

greater  or  lefs  than  a  quadrant. 
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PROP.    XXni.     Fig.  i6. 

IN  fpherical  triangles,  whether  right-angled  of 
oblique-angled,  the  fines  of  the  fides  are  propor* 
tional  to  the  fines  of  the  angles  oppofite  to  them. 

Tvrfkf  Let  ABC  be  a  right«angled  triangle,  having  arig|it  an^e 
at  A  ;  therefore  by  prop.  1 8.  the  (ine  of  the  hypothenide  BC  is 
to  the  radius  (or  the  fine  of  the  right  angle  at  A)  as  the  fine  of 
the  fide  AC  to  the  fine  of  the  angle  B.  And,  in  JSke  manner, 
the  fine  of  BC  is  to  the  fine  of  the  angle  A,  as  die  fine  of  AB 
to  the  fine  of  the  angle  C ;  wherefore  ( 1 1.  5.)  the'  fine  of  the 
fide  AC  is  to  the  finex»f  the  angle  B,  as  the  fine  of  AB  to  die 
fine  of  the  angle  C* 

Secondly,  Let  BCD  be  an  oblique-angled  triangle,  the  fine  of 
cither  of  the  fides  BC,  will  be  to  the  fine  of  either  of  tbe'other 
two  CD,  as  the  fine  of  the  angle  D  oppofite  to  BC  is  to  the  fine 
of  the  angle  B  oppofite  to  the  fide  CD.  Through  the  pcxnt  C, 
Wig.  ly.  It.  let  there  be  drawn  an  arch  of  a  great  circle  CA  perpendicular  upon 
BD  ;  and  in  the  right-angled  triangle  ABC  ( 1 8.  of  xhis)  the  fine 
of  BC  is  to  the  radius,  as  the  fine  of  AC  to  the  fine  of  the  angle 
B I  and  in  the  triangle  ADC  (by  1 8.  of  this :)  and,  by  inverfion, 
the  radius  is  to  the  fine  of  DC  as  the  fine  of  the  angle  D  to  the 
fine  of  AC  :  therefore,  ex  aequo  perturbate,  the  fine  of  BC  is 
to  the  fine  of  DC,  as  the  fine  of  the  angle  D  to  the  fine  of  the 
angle  B.     (^  K  D. 

PROP.     XXIV.     Fig.  17.  18. 

T  N  oblique-angled  fpherical  triangles,  having  drawn 
a  perpendicular  arch  from  any  of  the  angles  upon 
the  oppofite  fide,  the  co-fines  of  the  angles  at  the  bafe 
are  proportional  to  the  fines  of  the  verticle  angles. 

Iiet  BCD  be  a  triangle,  and  the  arch  C  A  perpendicular  to  the 
bafe  BD ;  the  confine  of  the  angle  B  will  be  to  the  co-fine  of 
the  angle  D,  as  the  fine  .of  the  angle  BC  A  to  the  fine  of  the  angle 
DCA* 

For  by  12.  ihe  co4ine  of  the  angle  B  is  to  the  fine  of  the 
angle  BC  A  as  (the  co-fine  of  the  fide  AC  b  to  the  radhis)  that 
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Is,  by  prop.  2  2.  as)  the  co-fine  of  the  angle  I)  to  the  fine  of  the 
angle  DC  A ;  and,  by  permutation,  the  co-fine  of  the  angle  B  is 
to  the  co-fine  of  the  angle  D3  as  the  fine  of  the  angle  BC  A  to 
to  the  fine  of  the  angle  DC  A. .  Q^E.  D. 

PROP.   XXY.     Fig.  17.18. 

TH  E  fame  things  remaining,  the  co-fines  of  the 
fides  BC,  CD,  are  proportional  to  the  co-fines 
of  the  bafes  BA,  AD.  ' 

For  by  ai*  the  co-fine  of  BC  is  to  the  confine  of  BA,  as  (the 
co-fine  of  AC  to  the  radios  ;  that  is,  by  2 1*  as)  the  co-fine  of 
CD  is  to  the  co-fine  of  AD  :  v^herefore,  by  permutation,  the 
co-fines  of  the  fides  BC,  CD  are  proportional  to  the  co^nes  of 
the  bafes  BA,  AD.     Q;^  E.  D. 

PROP,     XXVI.     Fig.  17.  18. 

THE  fame  conftrudion  remaining,  the  fines  of  the 
bafes  BA,  AD  are  reciprocally  proportional  to 
the  tangents  of  the  angles  B  and  D  at  the  bafe. 

For  by  1 7.  the  fine  of  B  A  is  to  the  radius,  as  the  tangent  of 
AC  to  the  tangent  of  the  angle  B ;  and  by  1 7.  and  inverfion, 
the  radius  is  to  the  fine  of  AD,  as  the  tangent  of  D  to  the  tan* 
gent  of  AC :  therefore,  ex  aequo  perturbate,  the  fine  of  B  A  is  td 
the  fine  of  AD,  as  the  tangent  of  D  to  the  tangent  of  B. 

PROP.    XXVII.     Fig.  17.  1 8. 

THE  co-fines  of  the  vertical  angles  are  reciprocally 
proportional  to  the  tangents  of  the  fides. 

For  by  prop.  20.  the  co-fine  of  the  angle  BCA,  is  to  the  ra^ 
dius  as  the  tangent  of  C  A  is  to  the  tangent  of  BC  \  and  by  the 
fame  prop.  20.  and  by  inverfion,  the  radius  is  to  the  confine  of 
the  angle  DC  A,  as  the  tangent  of  DC  to  the  tangent  of  CA  : 
therefore,  ex  aequo  perturbate,  the  co-fine  of  the  angle  BCA  is 
to  the  co-Cne  of  the  angle  DC  A,  as  the  tangent  of  DC  is  to  the  . 
tangent  of  BC.     Q^  E.  D. 
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LEMMA.     Fig.  ip.  2o» 

T  N  right-angled  plane  triangles,  the  hypothenufe  ia 
to  the  radius,  as  the  excefs  of  the  hypothenufe 
above  either  of  the  fides  to  the  verfed  fine  of  the  acute 
angle  adjacent  to  that  fide,  or  as  the  fum  of  the  hypo* 
thenufe,  and  either  of  the  fides  to  the  vcrfcd  fincof 
the  exterior  angle  of  the  triangle. 

Let  the  tnangle  ABC  have  a  right  angle  at  B ;  AC  will  be  to 
die  radius  as  the  excefs  of  AC  above  AB,  to  the  verfed  fine  of 
the  angle  A  adjacent  to  AB ;  or  as  the  fum  of  AC,  AB  to  the 
veried  fine  of  the  exterior  angle  CAK. 

With  any  radius  DE,  let  a  circle  be  deicribed,  and  from  D  the 
center  let  DF  be  drawn  to  the  circumference,  making  the  angle 
EDF  equal  to  the  angle  BAC,  and  from  the  point  F,  let  FG  be 
drawn  perpendicular  to  D£ :  let  AH,  AK  be  made  equal  to  AC^ 
and  DL  to  DE :  DG  therefore  is  the  co-fine  of  the  angle  EDF 
or  B  AC,  and  GE  its  verfed  fine  :  and  becaufe  of  the  equiangular 
triangles  ACB,  DFG,  AC  or  AH  is  to  DF  or  DE,  as  AB  to 
DG :  therefore  (19.  5.)  AC  is  to  the  radius  DE  as  BH  to  G£, 
•  the  verfed  fine  of  the  angle  EDF  or  B  AC  :  and  fince  AH  is  to 
DE,  as  AB  to  DG,  (i2,  5.)  AH  or  AC  will  be  to  the  radius 
DE  as  KB  to  LG,  the  veried  fine  of  the  angle  LDF  or  K AC. 
Q;  £•  D. 

PROP-    XXVni.     Fig.  21.  22. 

TN  any  fpherical  triangle,  the  rectangle  contained  by 
the  fines  of  two  fides,  is  to  the  fquare  of  the  ra- 
dius, as  the  excefs  of  th:*  verfed  fines  of  the  third  fide  or 
bafe,  and  the  arch,  which  is  the  excefs  of  the  fides,  is 
to  the  verfed  fine  of  the  angle  opofite  to  the  bafc. 

Let  ABC  be  a  fpherical  triangle,  the  reftangle  contained  by 
the  fines  of  AB,  BC  will  be  to  the  fquare  of  the  radius,  as  the  ex- 
cels of  the  veried  fines  of  the  bafe  AC,  and  of  the  arch,  which  is 
the  excefs  of  AB,  BC  to  the  verfed  fine  of  the  angle  ABC  oppofitc 
to  the  bale. 

Let  D  be  the  center  of  the  fphere,  and  let  AD,  BD,  CD  be 
joined,  and  let  the  fines  AE,  CF,  CG  of  the  arches  AB,  BC,  AC 
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fee  drawn ;  let  the  fide  BC  be  greater  than  BA,  and  let  BH  W 
made  equal  to  BC :  AH  will  therefore  be  the  excefs  of  the  fides 
BC,  B  A  5  let  HK  be  drawn  perpendicular  to  AD,  and  fince  AG 
h  the  verfed  fine  of  the  bafe  AC,  and  AK  the  verfed  fine  of  the 
arch  AH,  KG  is  the  excefs  of  the  verfed  fioes  of  the  bafe  AC, 
and  of  the  arch  AH,  which  is  the  excefs  of  the  fides  BC,  BA  : 
let  GL  likewife  be  drawn  parallel  to  KH,  and  let  it  meet  FH  in  L,' 
let  CL,  DH  be  joined,  and  let  AD,  FH  meet  each  other  in  M. 

Since  therefore  in  the  triangles  CDF,  HDF,  DC,  DH  are 
equal,  DF  is  common,  and  the  angle  FDC  equal  to  the  angle 
FDH,  becaufe  of  the  equal  arches  BC,  BH,  the  bafe  HF  will  be 
equal  to  the  bafe  FC,  and  the  angle  HFD  equal  to  the  right 
angle  CFD  i  the  ftraight  line^  DF  therefore  (4.  1 1 .)  is  at  right 
^gles  to  the  plane  CFH  :  wherefore  the  plane  CFH  is  at  right 
angles  to  the  plane  BDH,  which  pafles  through  DF.  ( i  8.  1 1  .^ 
In  like  manner,  fince  DG  is  at  right  aiigles  to  both  GC  and  GL,- 
DG  will  be  perpendicular  to  the  plane  CGL ;  therefore  the  plantf 
CGL  is  at  right  angles  to  the  plane  BDH,  which  pafles  through' 
DG :  and  it  was  fliewn,  that  the  plane  CFH  or  GFL,  was  per- 
pendicular to  the  fiime  plane  BDH ;  therefore  the  common  feftionr 
cf  the  planes  CFL,  CGL,  viz.*  the  ftraight  Une  GL,  is  perpen- 
dicular to  the  plane  BD A,  (19.  11.)  and  therefore  CLF  is  a  right 
angle :  in  the  triangle  CFL  having  the  right  angles  CLF,  by  the' 
lemma  CF  is  to  the  radius  as  LH,  the  excefs,  viz.  6{  CF  or  Frf 
above  FL,  is  to  the  verfed  fine  of  the  angle  CFL ;  but  the  angle 
CFL  is  the  inclination  of  the  planes  BCD,  BAD,  fince  FC,  FL 
are  drawn  in  them  at  right  angles  to  the  common  feftion  BF  r 
the  fpherical  angle  ABC  is  therefore  the  fame  with  the  angle 
CFL ;  and  therefore,  CF  is  tor  the  radius  as  LH  to  the  verfed' 
fine  of  the  fpherical  angle  ABC  5  and  fince  the  triangle  AED  Is 
equiangular  (to  the  triangle  MFD,  and  therefore)  to  the  trianglcT 
MGL,  AE  will  be  to  the  radius  of  the  fphere  AD,  (as  MG  to 
ML ;  that  is,  becaufe  of  the  parallels  as)  GK  to  LH :  the  ratio 
therefore  which  is  compounded  of  the  ratios  of  AE  to  the  radius, 
and  of  CF  to  the  fame  radius ;  that  is,  (23.  6.y  tlie  ratio  of  the 
reO:angle  contained  by  AE,  CF  to  the  fquare  of  the  radius,  is  the 
fame  with  the  rado  compounded  of  the  ratio  of  GlC  to  LH,  and 
the  ratio  of  LH  to  the  verfed  fine  of  the  angle  ABC ;  that  is,  the 
lame  with  the  ratio  of  GK  to  the  verfed  fine  of  the  angle  ABC  ;- 
therefore,  the  reftangle  contained  by  AE,  CF,  the  fines  of  the* 
fides  AB,  BC,  is  to  the  fquare  of  the  radius  as  CK,  the  e>tC«&f 
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•f  the  Teiied  fines  AG»  AK,  of  die  bafe  AC»  and  die  ardi  AH, 
which  is  die  excefe  cf  die  fides  to  the  verfed  fine  at  the  ai^ 
ABC  oppofice  to  die  bale  Aa    Q^E.  D* 

PROP.  XXQl     Fic.  23, 

^T^HE  rcdang^e  contained  by  half  of  the  ndius,  and 
-^     the  excefs  of  the  verfed  lines  of  two  arches,  is 
equal  to  the  rechingle  contained  by  the  fines  of  half 
the  fum»  and  half  the  difference  of  the  fame  vches^ 

Let  AB>  AC  be  any  two  arches,  and  let  AD  be  oiade  eqoal 
fo  AC  the  kfs ;  the  arch  DB  therefore  b  the  fiun,  and  die  arch 
CB  the  difierence  cf  AC,  AB:  through  E  the  center  of  the  drcle^ 
let  there  be  drawn  a  diamcfer  DEF,  and  A£  joined,  and  CD 
Iike\nfe  perpendicolar  to  it  in  G ;  and  let  BH  be  perpendicular 
to  AE,  and  AHidll  be  the  verfed  fine  of  the  arch  AB,  and  AG 
the  verfed  fine  of  AC,  and  HG  the  exods  ef  defe  verfed  fioes ; 
kt  BD,  BC,  BF  be  joined,  and  FC  alfo  meedngBH  in  IC 

Since  therefore  BH,  CGare  parallel,  the  akemate  angles  BCC^ 
KCG  will  be  equal ;  but  KCG  is  in  a  femidrde,  and  thereforea 
light  an^ ;.  therefore  BKC  is  a  lighr  angle ;  and  in  the  triangles 
DFB,  CBK,  the  an^es  FDB,  BCK  in  t^  lame  fegment  are  eqoal, 
and  FBD,  BKC  are  right  angles  -^  the  triangles  DFB,  CBK  are 
therefcH-e  equiangular  ^  wherefore  DF  is  to  DB,  as  BC  to  CK,  or 
HG ;  and  therefore  the  re£iangk  contained  by  the  diameter  DF, 
and  HG  is  equal  to  that  rontained  l^  DB^  BC  i  wherefore  the 
lae^tangle  comsdned  by  a  fourth  part  of  the  diameter,  and  HG,  is 
equal  to  that  contained  by  the  halves  of  DB,  BC :  but  half  the 
chord  DB  is  the  fine  of  half  the  arch  DAB,  that  is,  half  the  fum  of 
the  arches  AB,  AC ;  and  half  the  chord  of  BC  is  the  fine  of  half 
the  arch  BC,  which  is  the  difierence  of  AB,  AC  Whence  the 
fropofidon  is  xnanifefL, 

PROF.    XXXI     Pic.  rp.  24. 

HTTIE  redangle  contained  by  half  of  the  radios,  and  . 
X       the  veried  fine  of  any  arch,  is  equal  to  the 
iquare  of  the  fine  of  half  the  fame  arch. 
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Let  AB  be  an  arch  of  a  circle,  C  its  centeri  and  AC,  CB,  B A 
ing  joined :  let  AB  be  bifeAed  in  D,  and  let  CD  be  joined,  which 
'^p^U  be  perpendicular  to  BA,  and  bifeft  it  in  E.  (4. 1 .)  BE  or  A£ 
thereS^re  is  the  (ineof  the  arch  DB  or  AD,  the  balf  of  AB :  let 
SF  be  perpendicular  to  AC,  and  AF  will  be  the  verfed  fine  of 
the  arch  BA ;  but,  becaufe  of  the  fimilar  triangles  CAE,  BAF, 
CA  is  to  AE  a3  AB,  that  is,  twice  AEto  AF ;  and  by  halving  the 
antecedents,  half  of  the  radios  C  A  is  to  AE  the  fine  of  the  arch 
AD^  as  the  fame  AE  to  AF  the  verfed  fine  of  the  arch  AB^ 
'Whiecefore  by  1 6.  6.  the  propofitioo  is  manileftr 

PROP.    XXXI.     Fic.  2^ 

T  N  Ji  fpherical  triangle,  the  reflangle  contained  by 
•*•  the  fines  of  the  two  fides,  is  to  the  fquare  of  the 
radius,  as  the  rectangle  contained  by  the  fine  of  the 
arch  which  is  half  the  fum  of  the  bafe,  and  the  excefs 
of  the  fides,  and  the  fine  of  the  arch,  which  i$  half 
the  difference  of  the  fame  to  the  fquare  of  the  fine  of 
half  the  angle  oppofite  to  the  bafe. 

Let  ABC  be  a  fpherical  triangle,  of  which  the  two  fides  are 
AB,  BC,  and  ba(e  AC,  and  let  the  iefs  fide  BA  be  produced,  {o 
t)iat  BD  ftiall  be  equal  to  BC :  AD  therefore  is  the  excefs  of  fiC, 
B A ;  and  it  is  to  be  (hewn,  that  the  reftangle  contained  by  the 
fines  of  BC,  BA  is  to  the  fquare  of  the  radius,  as  the  re^angle 
contained  by  the  fine  of  half  the  fum  of  AC,  AD,  and  the  fine  of 
half  the  difierence  of  the  fame  AC,  AD  to  the  fquare  of  the  fine 
of  half  the  angle  ABC  oppofite  to  the  bafe  AC 

Since  by  prop.  28.  the  reAangle  contained  by  the  fines  of  the 
fides  BC,  BA  is  to  the  fquare  of  the  radius,  as  the  excefs  of  the 
verled  fines  of  the  bafi:  AC  and  AD,  to  the  verfed  fine  of  the 
angle B;  that  is,  (i.  6.)  as  the  reftangle  contained  by  ht9  the 
l^dius,  and  that  excefs,  to  the  re^angle  contained  by  half  the  * 
radios,  and  the  verfed  fine  of  B ;  therefore  (29.  30.  of  this,)  the 
reAangle  oontaiDed  by  the  fines  of  the  fides  BC,  BA  is  to  the 
fquare  of  theradbs,*  as  the  reftangle  contained  by  the  fine  of  the 
arch,  which  is  half  the  fiim  of  AC,  ADy  and  the  fine  of  thQ 
arch  which  is  half  the  difference  of  the  fame  AC,  AD  is  to  th^ 
fqaare  of  the  fine  ot  half  the  ang^  ABC.     (^  E.  D. 
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3  O  LU  T I O  N  OF  THE  TWEJ.VE  C  A  S  E  S  OF OBUQUE. 

ANGLED  SPHERICAL  TRIANGLES. 


General    Proposition. 


I 


Tn$-  x6^tj. 


N  any  obUquc-angled  fphcrical  triangle,  of   the 
three   fides  and  three  angles,  any  three  bcui« 
giyen,  the  other  three  may  be  found.  ^ 

GivEK,  Sought. 


B,  D,  andj 
BC,  two  an- 
gles  and  a 
fide  oppofite 
one  of  them. 


I  CoS,BC:R::Co.T,B:T:BCAr7^« 
Ukcwife  by  24.  CoS,  B :  S,  BCA  : :  CoS,' 
D :  S,  DCA ;  vherefi>re  BCD  b  the  fum' 
or  tfiierenceof  the  angles  DCA,BCA  ac 
cording  as  the  perpendicular  C  A  fells  wiri 
in  or  without  the  triangle  BCD  j  that  i 
( 1 6.  of  this,)  according  9s  the  angles  B, 
bre  of  the  fame  or  different  affcftioo. 


B,C,  and 

BC  two  an- 
gles and  thtj 
llde  between 
them. 


D. 


3  }    ^.  CD, 
;«dB. 


Cos,  BC :  R :  :  Co-T,  B :  T,  BCA.  1 9. 
apd  alfo  by  24.  S,BCA  :  S,  DCA : :  CoS, 
B:  CoS,  D }  and  according  as  the  angle 
BCAis  kfsor  greater  than  BCD,  the  pa-- 
pcndicular  CA  fidk  within  or  without  the 
triangle  BCD }  and  thoefo*  { 1 6.  of  t 

the  angles  B,  D  will  bp  of  th?  lame  or 
feroit  afBaOkxL 


R:CoS,B::T,BC:T,BA.2o.an^ 
»S,  BC  :  Cos,  BA  :  :  CoS,  DC  :  Cos, 

>A.  25.  and  BD  is  the  fum  oc-diflbma 
'^BA,DA,  ^^ 


R :  CoS,  B :, :  T,  BO.:  T,  BA.  ao.  and 

BA  :  Cos.  BC :;.:  CkiS.  DA  :  CoS, 

25.  and  according  as  DA,  AC  are  of 

une  or  diff^feot  affeOion,  DC  vill  be 

fe<^  .or  greater  than  a  quadnat.   ia 
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t 

Given.  Sought, 


p 


B,  D  and 
8C. 


DB. 


.'  R  :  CoS,  B : :  T,  BC  :  T,B A.  2 o.  and 
iT,  D  :  T,  B :  :  S,  BA  :  S,  DA.  26.  and 
IBD  is  the  iujn  or  d'uSerence  of  BA,  DA. 


S 


BC,  BD 

and  B. 


D. 


.  R  :CoS,  B : :  T,  BC  :T,  BA.  20.  and 
S,  DA:  S,  BA  ;  :  T,  B  :  T,  D}  and  ac- 
cording as  BD  is  greater  or  lefs  than  BA, 
the  angles  B,  D  are  of  the  fame  or  diffe- 
rent a£[edion.  16.  ) 


BC,  DC 

andB. 


9 


BC,  DC 

and  B. 


} 


ZI 


B,Cand 
BC 


C 


DC. 


CoS,BC:R::Co-T,B:T,BCA.  19. 
and  T,  DC  :  f,  BC  :  :  CoS,  BCA :  CoS,, 

DC  A,  2.7.  the  fum  or  difference  of  the 
angles  BCA,  DCA  is  equal  to  the  aogle 
BCD. 


CoS,  BC : R  : :  Co-T, B  :T,  BCA.,19- 
alfo  by  2  7.  CoS,  bCA :  CoS,  BCA  : :  T, 
BC  :  T,  DC.  27.  if  DCA  and  B  be  of 
the  fame  afFeftion  ;  that  is,  (13.)  if  AD 
and  C  A  be  iimilar,  DC  will  hz  lefs  than  a 
quadrant,  1 4.  and  if  AD,  CA  be  not  <rf 
the  fame  affection,  DC  is  greater  than  a 
quadrant.  14. 


D. 


B,Dand 


BC. 


•        * 


BC,BA, 
AC. 

Fig.  25. 


DC. 


B. 


S,  CD  :  S,  B  :  :  S,  BC  :  S,  D. 


S,D:S,BC  :  :S,B:S,  DC. 


S,  ABxS,  BC  :  Ry  :   :  S,  AC+AD 


XS,  AC — AD  ;  Sg,  ABC.    Sec  Fig.  25. 

2  2 

AD  being  the  diiferepce  of  the  fides  BC, 
BA. 
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GiTEM.  Sought. 


i 


12 


Fig.  7* 


Sec  Fig.  7. 

In  the  triang^  D£F»  DE,  £F»  FD  arc 

refpedvrely  the  fuppkmeats  of  the  meaiiires 

The  of  the  g^ven  angles  B,  A^  C  in  the  triangle 

Cdes.|BAC;  the  fides  of  the  triangle  DEF  are 

ecefore  g^en,  and  by  the  preceding  caic 

angles  D,  £»  F  may  be  founds  and  the 

des  BC,  B A,  AC  are  the  fnpplements  of 

themeafores  of  thefe  angles.  


The  3d,  5tfa,  7th,  9th,  I  odt|  qrfes,  which  are  commonly  calk 
cd  ambq^oosy  admit  of  two  fidntions,  ddier  of  which  will  aniwer 
the  cofufitions  reqmred ;  for,  in  thefe  cafes^  the  meafme  of  the 
ang^  or  fide  fought^  may  be  either  greater  or  lefs  than  a  qna- 
^ntkt,  and  the  two  iblutioos  will  be  fiipplements  to  each  others 
(oor.  to  def.  4.  6.  PL  Tr.) 

If  firom  any  ot  the  angles  of  an  oblique-angled  iperical  tri- 
ang^  a  perpendicnlar  arch  be  drawn  upon  the  oppofite  ^dc^ 
m<^  of  the  cafes  of  obfique-angled  triang^  may  be  reibiTed| 
^ymesBs  of  Napier's  rules. 


F    I    |I    I    S. 


i 


\ 


/ 


/ 


Sei 


y^ 


:b' 


\ 


k 


.  lo; 


-,  ^»  ■ 


Tti 


ii    V  s  • 


A 


I  * 


H 


3; 


.  ;'•! 


ii 


4  > 


f 


